14 HKAEBMIDER

BEORELIZESPEHND DX 19 K DEZETH D, THUEIOFEIFESZHVTIZER I T Y
72, WEDNZ, TNE T > TEZNFILENT 1 RARANDIECTHROFHFE R ERLER %2 FhET5
BETHY, T XIS IZEAMSEMUETBRE R R o7, LTS, TNMBIZZERIHNEIZDWN
THLEEGZHAVTIZERZERTZ 22D, HD5WIETE»E L., UL, ZOSBIZE#T I,
S8, & 0 EHERBES SRR BIN SR T, EHRPHEEZ PRBERICERRNI 2228025720, H5
WIEEEIIZ B W TEFEIC B E TR WIS 2 1ITIEH 2 D55 & 5 2 1R BN & v A % &
WCHERT DI Li127572A5. LAL, TNTREEZL OFE 2 REIZEXDESLZ LIZR->TLED.

BERBEFZICBWTEAEZHWEREANTREEZ G0, TOHEEZHVS EHBEIZRRPT VW &
IZDED. AT BOEIINZE DA I N TIER L, TN INEFETH D LT BT
BWTC, BN v AR MO TICRR Bb B EAIC L 2RI L P E LRV, Kiad 2OV %
BE DECIIESLEGREHWZER 2T, T2 CARE 198iTIE, £I214B X0 1.5ETHR
REESLEBEHIZEHTAMEROFKBEL LT, 2NS6D L0 EERMENGIZOWTIHRIITS. 2720, #F
REZEDIRIZEIN B IR DAZILD LT 2 2, TNUANDES, Bl 2 I XEIESPILEL Y, MES
W EETHALR EDIR NI OWTIXESRD AN LS EEEZSRINZ .

14.1 &£E502EERK
HEBRIE, —ODELED—H e RTEICREL RIWMETH 5.

EFE 14.1.1. ZDO0EELEABPEZONTED, ADWHKRETE BIZETAL X, Al BOEYE
& (subset) THHE VW, ACBHHWIEBDALKT.

LI, AHBIZ ADHNELSTHS. ACBTHDLE TAIZBIZEENE] R HH 5.
ZORBUL, ANBDOILTHEZYL (DF0 Ac B) LHEAINIZBNEHIDATEELEW. —H4, A
N BOWMHELETRVE WS ZEE, BIZEIRWADILPFET S L E2ERT 5.

Bl 14.1.2. (1) { VAT, A4 AYC{ VAT, ADA, A1 1} TH5.
2) NCQCRCCTHhd. ZNHDi=DERIT 14 22T K.

(3) £EH A=1{2,9,11,30 M 1XHEAE B = {2, 9, 15, 26, 30, 37} DEHELSTITAWV. [l 511 A
BLU11¢BTHH, ADETOILE BIZET 2D TIERVWNSLTHS.

(4) A={1} (—ROADEE) L, X ={1, A} (HRE1 LEEGAD—DOOILN 6K EH) & T
N, Ae X & AcC X DT LD,

RCED DR RECIIETOEADINEL LR S:
EE 14.1.3. WL GHEERVESEZEES (empty set) & LT, Thz ) L EL.
B8 14.1.4. EAEX ITHLUT, ZEE DI X DWIEETH 5.

Proof. HHIETRT. 0 08 X OMAEESTRVEREL LS. ZOLEWAELEDOERIZELD, X ITE
XRVWODTaDFHETS. 2I2achTHY, TN OV TEEETRVWIEIZFETD. D220
X DWMAEETH 5. O

TODESABPELVWEIR, ARWBKT S0 BEBKT N BTN S I THE. Z
N, ADTIEBDILTEDY, £/ BDTIFADITTEDHE I LITIENRSRN. ThbL, KRB
URVASY

H£4H5 A BIZOWT, A=B < ACB»DBCA. (14.1.1)
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Bl 14.1.5. FAEA={ VAT, AM A} LHEAEB={VAZ, A1, A1 77 P IFFEL V. EE, G
ROEH1411IZEINEACBBLOBCADPEYLD. LA >TA141.1 LD A=BTH5. %
BBIZAAANZDAS>TWEDITTRAEVWI EIZERLES. A1 W E2 OG0 HEE2EXA VWD T
HNE, ZDODEAA W EKENTE2FEEDHONPUDEITEE (BIZIE, AA A1, AL 22T )V%
Biz), {OAZ, A4 711, A4 2} LEFIX X,

Bl 14.1.6. AHiLRTOFHRICPVWTE, R14.1.1DEME TACBH»DBC A=— A= B] »ER#E
DD HBIAEPFHNT W,

cx + dy
BB THRELEHR R 5 R2EBEKOESY BT A 2R L. #Hl1.6.3128VWTY C X
ERART, ZTOHOFERIIBVWT X CY ZRLTWS.

(1) #11.6.38 XVZDOHDOHFEMZBNT, R? ﬁleQAG)%ﬁﬁ;g@ém@%Ang( ) . (aaz+by>
Yy

(2) fRE4.1.1 DT, AR Az = b DMEROES X L —mD 6 58EY = {Bx} " —H
T2Za2BRTVWD. £9, a 2 HBERAOM (DFVac X) TN ald Briz—HT5Z L
(DEVacY)ERLE ZNREX CY 2RTIEITHYLTWA. I Bx BARRDMRTH
LTl EMERLUZ. ZHIXY C X 289 Z &I/ 50,

(3) —MDMHANT 1 RIGFERDIRE (4.4 TH) IZH 5 RO TIRIZOVWTEEKD Z & 217-o72. Jifk
R Ax = b DEERDES X & ag+ c1a; + cas + csa3 TREINDZRT MVEEDESY Hi—
HT2Z2%2, XCYBLUOY CXDMAZERTHILIZLoTRHRLTVS.

PSRV \ S5 S T \
r&b&%(%mﬁ%b\/ ZlFESWDS Zeh). ~

TODEENRHTELIFESIWVWD ZENBDTERIATADL L, BE2ONLE5%, 2hedHbi
WEBULPTERWZ 2IZRDOL. B, R 1411088362820 6H 6 L BRZD, Hﬁli
[ACBH»2BCA=— A=DB] OHIZLTVAEV. THIEFEALIZIELWEEEZS S . Iz
RV A Dy ’Qé’ﬁiﬂu E2DADBASTWVWEEL, BWRBIZEHE 12 20ANRA->TVEE L K
5. ZOZODOWFEPESTVEIIZEHDLLT -HLTWDERLEZADDEAIN. THEELFRT
WABGEAIF—HTE] LEVWEZWVWEIATEIZTINES, ZORMIZA14.1.1 ZHWVWDDIFIZIE
W7, ﬁéﬁztu}, WERX14.1.1 23T 57-DDHFHiHmE L TWAENSTHD. TlE, £H%-T
AL BR—HT2Z 28T IEIVDEAS .

DX, BEV BT HI e E2HIWPTL20EFBMCEH L VOTHE. TITELEHTIE, X
1411 2R UTED, MEMANBE L IEATWS, XD FENRETIE, X 14.1.1 BEEPEL WV
ZLDERBTHDIDLEEATHINESS.

J

14.2 £HDXRLA

BAZBES T, AP UosOMa2HELLS - , REL DU TEYDOHENDSZ LIZED
. HT-ER AZBETHIIH720, ATHEHEDETNTHET L HIEEMENRERZ L VW, AN
FFoTWwWaMHEIZL > THET 3 HiE2NANRERL VWS, HIZIX, EZHAEDERL LT, RO @

DIRRFND 5

o AEEMES: EVUMEMARS X CIENHAR, E/VEAR, I+ K, [E- AR5 XE 2L TES
mEE WS,

e NEAMES: STEAVFAUHOHELEL, TRTOHEMPERRIESL AR L & 5L HIKD % ESEE
AN

BEoIEMEICIE, 22 TRMZEERDAZEZZTWS.
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FEDRLUGIZOWTE ZDZ &3S TIE7 <, FMERZEdE & NAMZRER DM G A W6 1 5.
BIZ L, ROERIZIMERNZ2FETH 5

X :={ DAZ, &hi, 217 ).

2, o U a, (7z7ZUneN)REZLONTWVWE L E, a1,a0,a3,... ETRTEDEZELED T
L&

{an|n eN}

LRI, INBIMERLFIETH S,
REEBET 225G, FHEL <,y 2HVWAZWEHIE L>TWD. £72, EOXTHWZES “|”
ORHYIZaay “” ZHWSCERD Z .

Bl 14.2.1. ROPNINTNEHIMER 22 30ETH 5.
(1) EOMBBBERDOESIIRD LS ITRIND:

{2,4,6,8 10, 12, --- }, »3WE {2n|neN}.

7272 U, BPIDELIEIR, 12 BIREOFNTBEA L NRBEND L WS REEHRE ZIZH HEPNTHE 5T,
BRaRGLE 52 5. RO EMEEZ BT 20D THNI, BOFEDIFZS BEE L.

2) BB R-R% f(r) =22 TEDD. ZOLE, EHRIERDOLE fFITRAUZME f(x) OHIPHZ
RIEEAZRD LS 1TEL:

{22 |z eR}, HBWIE {f(x)|zcR}.
ZORABIF O EOEBERDOEAIZ—HT 5.

FIZNURFLIEZFAL LS. HONUDEAE X MEA6NTED, BHIZ, X IZET Sxa 7251
BT 250 P(x) P5256NT0WE2 T30 Z02E X DiED5E Plr) BT 50k E2THE
DEE, TROL X ITB\WT P(x) ML T 5 #ifH %

{zeX|P(x)}
&L
Bl 14.2.2. ROEEDEL FIZVWTHHNEUWTH 5.
(1) £E5 {2z eN|x=2m 2729 m e NWEFELET S} ZEOBBEEKOESTH 5.

(2) (m,n)- 475 AB I EMRINRT MV bIZHUTEE {z € R?| Az = b} 1FEV 1 X GFER Az = b
DIRERDP SR BEETHS.

(3) RROMAEE {zeR? |z = (n,y) LELS L, 2>02Dy>0} ZFE1LRRE VS,
4) B {zeR|z£z} BEEARDIZFELY. FMioc Az 2T 2 e RP—DELVNLTHS.

T 14.2.3. a, b ZEBE T 5. alkEP DA TOEREITRTEDEEE [0,b]) L EFEE, ZNEEHAK
LIPS a KORELI DO b RIMOFELEZ TN TEDLESL%E (a,b) &FE, TNEZHARBEITER. &
7z, a A E O RIGEDOEBEERDES % [a,b), a KO REL VU TOEBEEDOESE (a,b] EEFEEZ, TN 5
ZHRAXE IR, B, a L EOEBEARE [a,0), a £ D RKEVWERDNAEKEZ (a,00) EFEEZ, a LFDE
Bk, BLO a KGOEBBERE ZNEN (—00,a], (—o0,a) £FEL.

5P ofilid 3.2 HESEE &
ITHERRTE T, & TP(x) 2o e X) #WDT Q(z) EEBEL Z2I2&0, {z|Qx)} &T.
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EFH 1423 IZHNZEBITR = (—00,00) ZMMAZEDERMUCERB L IER., —HEA {a} = [a,d]
PEEL)=[2,1] QLA EPD I UTORIFELE) BXETH S,

HE 14.2.4. EFH 1423 THAZZNETNOXMIZOWT, ZINZ2EADOHNENLRRFTLTERYE.
B (BPE): [a,b) :={z €eR|la<x<b}, (a,b) :={z€R|la<z<b}, [a,0)={a€R|a>0}.

SEIE (5 —D DK ED5E ).

WERRZXEOEHIE, KEZ2ITRTHELEZED T THEINOMENE E 2 5. — /T, &t
la,bcIPDa<z<b=zcl] 2T ROWHLESL L TKHEZ2EXRTIHELH S (WA
MK EOER). ZNSDERN T2 Z LIFHS TR L, FEHICIZEROEGEDO B %
295, LRI OARZ ST L.

14.3 AEMHDARIHIH

FEDRELAIMER 72 S DHPNTUK LS DI ARTHWT§ 2 Z &, AhIZIiZMER & b NEl e b
ENDBEIEDVD B:

Bl 14.3.1. ROREFNTHEEIE RS £ T 5 2 KESHTARKDRTHES My(Z) KT (1) D
AL T (4) ANAMNETH 2. ZORHOLEE LT (2) % (3) 0iks LIELIZAV s ha. 2
NS EIERE T2 DRI E T 2 EBREO B ERSNE S,

a b

(1) B4 F : R — My(R) % F(a,b,c,d) := ( d) CEDTEL. My(Z) ={F(z)|z ez}

Cc

(2) LD x X F(x) % BRI SRR UKL My (Z) = { (a b)

c d
(3) M (2) ={ (Z Z)

a,be,d e } My(Z) = { (‘C‘ Z) € Ma(R)

A= (“ 2) LBLE, abedel }

C

(a,b,c,d) € Z* }

a,b,c,d € Z }

A DRRPIMEH D NE D E BEICSE LW THNIE, EOFIZEITS (2) % (3) Dk 5%
K 2RDORVWI L LR, 5 “|” OLEMIZEHN S EAEDuE2RTHEVPROF EIH STV
EWNEH, XEPRAFITONTOWIIEMMER L THIX W, 22T, a2 RTEEVETH B &1,
r€EX YWD XD, TERTHEN - DOXFr DANSRIGEEET. £/2, RATITSNLTH
BEE, @y HDNE 22, f(z), zp L\ 072k DI, JILEDE DPEBO T (£721355) 2HWTRE
NTVWBIZLZIFT. B, RATFOToNLIE, HEAGHRIZEI > TRAINAZMETHEERBRTI &
NTE 518

UL U S, Sl SN EADPERT 2 & 2 A IR o ThE, Fl14.3112805% (2)H5
W (3) D& D UKL 2RO THHANFERII L FEIZ L, ZLDORT I D &S LElEXH WS T W
5. Kb ZNIZHEL B,

B3 14.3.2. ROEEDEIRIINEN I NEHNEZ K.

(1) {zeZ|x T}, (2) {(z,y) eR?|22+y2 =1}, (3) {(v,sinz)|z R},

185 21X ERT an, DEEIF, n eNIZH LT a, eREZMNIESEEER fF: N REZANVWSI LT, fIZHBERBERAL
(R TR c
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fREH (1) & (2) NENRFLTH Y, (3) WMENRTLTH 5. 72721, (2) 13#l14.3.1TVWH & T A
DO OREE b ARES. 4B, (1) ZEREROES, (2) IER? EOF 2RO T 51 OME
FORERDOES, (3) 1 f(x) :=sinz TED SN F’aﬁ?ﬂz [T RSRDIITEDOHREEROESEERT.

HRERXR 2L LI1X, NEWEHR 2 MERGRIZE ERETITAITIENR SR
®E 14.3.3. XTHEAONELE X OAEMREL 252 X.

(1) X={zeR|22-1=0}.
FRED: 22 —1=0%07=9T8iEr=18L0r=-1Ths. DXIZTX={1, -1}.

0130 2 4
(2) X=¢ zeR>| |0 0 0 1 1|z=|5
00000 0

fRAH: Z DN 1 HREROMIEIZ44HTERZZE TH Y, TOMEROESIZ

[0 ] (1] [0 | [0 ]
4 0 -3 —2
X = 0 + 0 + 2 1 + c3 0 C1,C2,C3,C4 € R
5 0 0 -1
0 0 0 1

14.4 SE8mEVIE (RE)

WERRESDORBREZEALZZ 212X, ZRREICEAZEGORBD AR 7. L2, 22
WZIERERZLE LRDBBATVWDZERHISNT VWS, ZHUIRDMNIZBII2ERTHD, T vEILD
WL IEHENT WS,

/ 7 v ']Z}]/@i')?_fi \
FEAONEBEITRTOERREDER2 U LTE (0FW UREADELETH D). HIZEKM
P(X)% “X ¢ X7 LD, £BY ZRCEHRT 5:

Y={XecU|X¢X}

OLE LAY HBRY DL RETHAIM. Y Y BLXOY Y OVTULDHLT 51
TTHS. EHLHMBELVOPREL &S,

() YeYy &RET s e, ERICEINEY B35 P(X) 2T HEEDEX D THo120 5, D
TLTHDY HEEEMZ2HZT. TR0 Y Y DKL TE. LELINIEY Y IEL
722 EIZFET 5.

(2) I T, Y Y LIRETS. DF0 Y I3&M P(X) 272U TH Y, P(X) Zifi7- $EE2IK
DEZONRY THo7M5, Y €Y THhD. LPLINEY ¢Y LWHIKEICFET 5.

k:ibf, WINOLESFEMECTLE -7 )

BUAPiz B 25k d 2 WIXEEHIE, —BOFHER 2L R TEHHEEPERICEVEDOTHE LD
}\#mu%kb’clné 55, be)b TwRIIVOHIIZL D & BFOFMIIZE DL HPSXRIH A
HBENDZERDIEAIMD. £z, FSTEBRVWETEDTHNE, EOXSBRFEEHIRT 20725
THEF OB (RHICEET) 2K T 2 2 LIXATREZR DS S5 2. BUETIE, Wz [t s 5 72 DF
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MPFENTED, HIFEENZDIUIDVTALR D BEITRNI 212> TW5S. AETIE, Z 0D/
DWTHIIKH i Z L THE 5.

WEL A FEET B -0 DR AR T A0 THNIE, THTE [GEH] LIXMTLrEEZETI2HEN D S
255, ZDODEHE LR o MR —2 )y REMFTHE. 12—V vy REEMFTIE, W D0
DA ZFHEE U THEBMIZEZ K OEMA2BENT W, ZREFEBIZULTEERIIBWTS, EAICHE
TEHEWK DDA ERD, TS DNE L IREKNIZE L WHEP S L O =Bk S oimill 24
BREZ AW OMmEZES Z ez [GEH] EEDDIDTHS. 5 LV CTRET 2E8mze R
BME SR L 520

BMONHE UTMEZRHATARELE WS R, £ 5 25 AREESEANDMESIZ & > THRAD
DB Z e L. ULhLELRS, BIETIK ZFCPLEIIEN 2 ABRAN S K OBMFHEDORE %
BT, AW LN T WS, ZFC OFFHll 2 E S RMIER WD, ZOAHRIZEWTIZELSL2EROES
U TE S, Lo THNOEMRIZBIT2 Y 3EBETERL (FELWVWHEHBIXAT RO I T L2
). A UTIvEIVDNAT Ry 7 AL#ITSNEDTHS.

EZAT, BOAMRZEALUZHG@IZIBEWT, BIEP I v vVOHHIZAEURWIZLTS, TN T
Z v )VOWE L IR DOFFEEMIIZEL RN WSIRIEEH EDEA 5 h. £ U, Hil- B FEmiEn "7
DONoTULELROI, ZOFEZHERT 2 & 52 L DHEHBERAERAVBENS DL S 2 HEHE X
RO, 2O UEALEHT 5720125, ZFCIZBWTHFENEINS Z 2 IEBRW (INEEFET
HBEND) ZEEFAHL &S5 L WS MM AN LI N (ZOAATEILNILE - TOT S LI
ENs). eV k- Ta S5 AIBTEREINBREZ T — TV E>THEZALONTE Y, Hizkh
i, BRBGR 2 SDEFFERVWHIRIAHRAIZEVWTE, ZOARADONITHY DR FVEZIFHT S
TR (=TI OE2RRLUER) L VWO DTHD. WFFEENRIEEIND Z L IFHR L T
WEWS T —=FILDEEZEBITREZLEEZID. ZOFHMIIBFERONEBIZE EES5TELLDAN
Bk %2 K5 H ) bA e BERITILITRo 7.

LIAT, HOCERIZE > THFEZEL L WD Ty 2L OWH L #EED LI/ N L DDE SN T
W5, FIZIE TZOXEMES>TWS ] WS UIIE LW, T EEE->TWA D0, ELWVWETHh
W, ZOXHED EES TWAPSFFETHY, HiE-oTwd Tl IiE->TWS ] Z eidfEw e
WHZETIELWZ 222D, RIFOFIEEZES. 25 UHESEOHAZ®Z L IZE DRI IZIRE ML
WOMES H D, MEHZICMA CEREFPRHER e Vo s B R2HX - Z OB IL<RMU SN
ZOEZED S bREAZRHDLE LT, HIZIEV 1 Nryvyakaro IGREEERE] »ETFoN5.

YA= A% (A= B)= (-B= -A) L wolz@mlld A, BIZEALMBRENRALTCHETHS. 25 Vo -iRidfE
BRI, FHGHZIIPVWTHEIZERINS.

PR UT, AR FIORENICESEE RO I RIMEGHRE S .

Az Au=7 LV VORAHR (ZF) ITERAH (Axiom of Choice) ZIMA7ZAMRD I L.
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- JEIR (s £ A1)

AHMEGRIIB T L2EEWMSDOMBERERL IZMATH S S50, TNIEHEBIF 2 HELL <
THRIRBIETHAD. Mz RITERTUE S &, EABMRICHERE - 2 EHE 2 1350, #ilz
Ea—2 0y REMZIZET5 THER] 1220 TE, ABIZE > TWL D OMEMIE X 1D DA
THoT, HBHFOHLDNERINBEDIT TR, FNEFEBRIC, ESRIBVTHEEI L
DIFRHETHOVEEHEGTIERVDTHS.

LU EIRB L, SEERADPEFZTHVWSIELEO L EHDD, AMNELETRDOXRICB I 55
BTHEIZDONEINLE VI RLIZIWVWRENSLE LR, ZORUIEWT, K, RO X
ZABETZTBIRHATHS. —2iF, EHEARRPEEZEKEAC, 2—2 1) v REMR 2 EHE
MIZEN D EEZEAROANHEZMAGDOEDL I L TR TELZ N> THEY, ThHhHE
BTHDEI L (BALUTHEETHI L) 2R RIMIZLVWEWVWS 2L THS. 5 =2, Hxd
IR T 2EEGIZDODVWTOERTH D, TN DODVWTIFEBRAT L SHAH 2B XX TEITIX
FWw, BERAELIIRKENMIERE, AMENRTERIZL > TEEZEATIVEWS NHIZFHEYS L,
SHEAEE, NERLREERIZE > TEE X OMAEAZERL TLIVEWVWSI REIZHY TS, Zh
S5DNEDE NS T, FEMNBELIZENDRRPESTH 0000 % FL2 PERT 2 B0EIT%R
WDTH 5.

SHAEIZOWTEIADALFHLLED &, ZTNIXRD XS Iz REN5:

~

SHAE: X 284, P o CHET2REAL TIUL, BAE A= {2 € X | P(z) } BFAET 5.

SHADD DTSN [X 2 EGLTNIE~] LRoTWVWEHTHS. £E2KU 2HEE5TH
LZLRELTED X IZHHATRLE Iy VOB HIZE > TFENVELLZenS, Lzd>TU X
BETERW, EELREEZRT IO BREAIFFEELRVEWSFGRIZES. TNXVFELVEFIZD
W BOHRBR A O HFIZHES S
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15 #RZEME

MR B W T EEE R R ETH 5. AHULI - REMEE %5 U 2 HHIE, 2.4
HTRRZEDICHEDEBRBIZWHLWHLR SR THEHMMNTED LW &, U TR 22220 % [F I
Wi LB Z ENTELRUIH 5. HIZIE, RPIZBVWTREINZMEENERDRTELSIZEVWTERIN,
ZTNSDFHIZHDONZFHIESIZEAEHELE VWS DTHNIE, TN 5 ZFAIRHIZFEHTE % & 5 il
AEEZTEL L FMNET S (M 6.2.3 & 6.2.4 DFELMEEEWEZZ ). 20 &5 8FTIE, WA
P2 B L TR RRBEREEZEAL TV,

15.1 R MNILZEBDOAE
RMIZBIIBHEAN T —fEOMBEDRNTRICEZE L BbNn o 2Ed 5 Z & T, Fix ks
MDEHRZGD:

& 15.1.1. EEV ICHLUTHI + 207 —fF - OFEEVEDSNTE D, IS5IZRHILIL0 e VA
HEZoNTW3ET5. 2o DEEVPRIZEAREZRT MVEBONH 2723 L &, MOH (V,0,+, )
% 22 [ (linear space) 7213~ Y MILZE[E (vector space) & T3

- N7 MVZEBO R ~

a,bceV,r,scR&95.

. Zia,becVIZHLTMHa+beVHREE-THEY, ROMWEZ M7
(1) a+b=b+a, (2) (a+b)+c=a+(b+¢c), (3) a+0=0+a=a.

II. &tacVBELIUreRIZHULTAAT—fEr-aPEE->TEY, ROWEZ-T:
4) r-(s-a)=(rs)-a, (5) (r+s)-a=(r-a)+(s-a) (6)r-(a+b)=(r-a)+(r-b)
(7) 1-a=a, (8) 0-a=0.

J
FOMEZEZTODIEV OBTELIIBRY MLEER. 72, SLEROTLEZRIEL TR K
LR,

ERZMUVRV O THEIe2EHAL, TNz 0y & ELZEH L. BHITIEAN T —fEoEER
B XEB LU Tra &EE, HIZWOHM (V,0,+,) 2 V LT 5.

R MVZEBO RN (1) 05 (8) ZE B ITHERL L 722\ & PR DR REE DB IZ KBS T S0 & v
ZIE, TD LS 2id\w. [fiifd S, MIPERICBE T B EBEIX R I2H 1 2 #E & AR 5
LIZWH I NS 7o THSL. UL, R OEFEM LS 2EEZE DRG] LBIRICHP2ER 2 E
EITHDLTIZEWRLT, EOLS RN REERE G X T
Bl 15.1.2. X7 MVEBOARIZB T HME (1) 26 (8) I, i 2.4.1 1281 5ME (1), (3), (2), (11),
(15), (14), (10), (9) IZHHMT 222, M 2.4.1 22 SRDGES

(1) RMIZBITBFEF0:=(0,---,0) ZFn e AT ILIZE D, LAHTEDL R IZEITSHE XA

T — IR PVEROREZ RS, Lo TR ERT MLVZEHITH 5.

(2) (m,n)ATHI KDL THEEE M, ,(R) £ EL. 22 THRAT & 512 My, o(R) IZIEHIE AH 5 —
EREZINT VS, BITH Oy BBITRERBT I LIZED, My n(R) IZB T BHIE 20T — £
IZRZ MVEBOAHEZ L, Uhi> T My, (R) 3B ZETH 5.

EAIER" & My (R) (B0 M, (R) ZF—HL Tz, 72, FHROEBEIZBWT n RIES
T EEROELE M,(R) L EWT W, 2D, M,(R) = M, ,(R) TH 5.

BURENST, ZBRIERY MVERTH S, LB ld, K7 MV BER &6l EIER 2 072 38R (N L 7 AR50
BOZ iy FFLVWERIT 2 figEoa7 L2/ L).
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15.2 #RFZERE DA

M ZEM DFI 2 W DODZEITFT LS. ELODFIE R DI ESL UTEAEKKIZRRTESLHDTH
5. ZOHD—BALIZ DWW TIEREI CTHIZFEL KRR 3B,

Bl 15.2.1. Wiy 4y :={(z,y) € R?|x—y=0} 290X WikERMRy =2 EOMEAEKERT. Wiy
BT EMEAN T —fEDERE, RZICBIIEMEAN T —fEDEEIZE->TEDES. §5&,0cR?
MWy ICBENEIE, BET W), ) DEITLE D LOFIP W OLD AN T —fERET W)y _y) DT
CRBIENRDE S ICHERTE !

Proof. 0—0=0 &Y (x,y) = (0,0) &5 Tz —y =0] Z2i7=73. DXI20=(0,00€ WTH5. RXIZ
a—(al,ag)EW b= (b1,be) eW,reREREL, a+brac W ZRZD. a+b= (a1 +by,as+by)
DWIZEEND Z L 2RTITE, (z,y) = (a1 + b1, a2+ be) DBFM: To—y =0] iz L2 VAT
W.oa,beW &0, (z,y) = (a1,a2) BE (2,9) = (b1,b) ITDOWTHRM Tx—y=0] PRI TS. OF
Dal—aQ:O, bj—by=0THh 5. bf:bfof(al—l—bl)—(ag—kbg):(al—ag)—i—(bl—bg):O—l—O:O. L
72M5T, (z,y) = (a1+b1,a2+bo) 35 Tx—y =01 Z2W72L,a+be W TH 5. £7zra = (rai,raz)
PWIZEEND Z L a2RTITE, (z,y) = (ray,raz) WEME To—y=0] 275202 iEL0. 2
NE (ra;) — (rag) =r(ag —ag) =r0=0 EEBITHN5. O

WIZBITEME AN T —fERRT MVEMORNEZNE-23Z 2k RSB HENRZSTHEZ L
MOBHSRTHY, Uiz ->T W IKRIEEMTH 5.

-2V y RZEMR" &1En KORBEHZFFOEBDOI L THo7z. TINLHEMI NI ZEME LT,
SRR oD e i & Rp DM 2 E A K D
Bl 15.2.2. fERIEDFEDM (21, 20, 23,---) BED R THESLSZ RY B 20k, FEEICHE < EZ85

2HRORTELELIEZONDS. RPOGELABKIZLT, RVIZERDESIZHME AN T —fERED S
NnN5:

o (v1,22,73,- ) + (Y1, 92,43, ) := (x1 + y1, 22 + y2, 23 + ¥3,- - ),

o r(x1,xo, 3, ) := (ray, w2, TTI, " ).

Trbb, KEEEILIZHE AN T G2 B->TW5E. N5 DHBEIIRZ FVEMO A%~ L, RN
BT NVERME RS, BB, ?ﬁﬁ(acl,xg,:z:g,---)%( wneny EMBET 222155, ZOHBEEA VN
63’; L®{5‘£%6i>ﬁ<®i 5 61%6&5 (xn)neN + (yn) = (xn + yn)neNa (wn)neN = (T‘rn>n€N-

RIZBEAD R TREEZ2EZ LS.
EFE 15.2.3. XF o B LOHEAER n, Fag,a1,...,a, ZANT

Zaixi = apz™ + ap_12" 1+ +a1r + ag

i=0
ERINDZADZ L 2 FEHERBE TS n RELTFDZIEN (polynomial) & \W5. T 2T, A
D =12EDE. EORIIBENVTa,#A0LkDLE fORY (degree) 2 n LED, TN%FLH deg f
TRT. F/2, ZOLE, f 2 n REZHEAE WD,

m>nDEE nRUFOLERIZm XU TDLEKXTEH 5. HlZI1E 222 + 32 — 11X 2 RLIEAT
HO, ZNE 03 +222+32r -1 RTILTIRUTOZHEAL L ALES.

Bl 15.2.4. FEEFEHE T2LHARKROESG % R[z] L FE, TNZ2EHREBZEARE VWD, /2, %
DHTn XA TFDOLZHALRDOLRTEHAESE Rlr], L EFL. FIZIER[2]y = {a2® +br+cla,b,c € R}
Thd. SCREIICBWTHIEAAN T —f52ROELSICEDD L, TNSIFHUEHAII L 5:

(zn: ) <be)::zzn;al+b (Zal)::zn:rai)xi.

1=0 1=0
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INS DBV MVERO R Z 729 Z LIXEGITHE»D 5, Uzdd> T Rz] IZFRIPZAERTH
5. 28, Rz] 2B 2FLL L, TRTOBEKa; BWERREZLZIHADI L THS. TNzl Rad
WX, CABEEMRALTS 012z & 2 EHBEHBEERT 5. £72, n KU TOZHAZBWTHI® A
T—fEEITO L, n RUTOLZHADEONEZ Lo, Rlz], BEEMTH 5.

ZIHA, AW BRI vGe, ¢ 228 e 208 AR NEVRH 5. #iElE, —20%
HA p(z) =YL jain’ & qla) =Y 0 bz BELWI L%, £i=0,--- ,niZD\WTa;=b THDLE
DENGTHD. BEI, plr) =q@) PO RDBERIEDITC 2 ITHFUTHHDLDI L% p=qDER
ETBNGTHD. 0B, BHEOEBRIIBVWTIEH SN UDOERBEZES L TEPRIER SR, BEIZ
E, TINS5 " ODNGERFTRETH DD, MIPRBOWNHE2ZRIH 2> TI I 2D D HEIFHRNT
HAHD. ROMBEIXZTORAE 725,

8 15.25. n + 1 AU LD EZEL R OWHEE T 2R IHK L T2 =20 n RELF DL IHABIK
p(z) =31 jax™, qx) =Y 1 o big" IZDOWT, RIZFEMETH 5.

(1) ZFtellz2VWTp(r) =qx), (2) %i=0,...,nlZ2WVWTa; =b;.

Proof. (2)=(1)1ZHS»WZ (1)=(2) 257 . p(z) = q(z) L VB p(z) —q(z) = D7 ((a;i — b))z 1% 0
WEZ B EBEBTHL. TEn+ 1L EDIEZELZ D0, n+ 1 IEHDORR D8 t,- tyyr1 €1
EMBIEMNTE, TNODHE px) — q(z) ITRATE I L TROAERS.

t1"(an — bn) + 1" (an—1 — by—1) + -+ t1(ar — b1) + 1 - (ag — bo) =0
to"(an — bn) + 2" H(an—1 — by—1) + - +ta(ar — b1) + 1 (ag — bo) =0
: (15.2.1)
tn(an — bp) + " Han—1 — bp—1) + -+ +tn(ar — b1) + 1+ (ao — bo) =0
tnp1™(an — bp) + tnp1™ Han—1 — bp—1) + -+ tnr1(ar —b1) + 1+ (ag —by) =0

ERIZHNDE (a; — b;) I BB E KD &35 n+ 1 RIEFHITH A ZRTEDS:

[ 4" tvt oy 1]
to" vl sty 1
A=
t,m oty et 1
_tn+1n 75n+1n_1 R S| 1_

T5EA15.2.1 ‘i, xTr = t(an_bn’ ce 7a0_b0) NMAr =0DETHB I L 2Z R LTWVWE. Ty VFILE
Y ROAR (GEH11.2.2) £ 0 Al = £[[iojcpar (b — 1) THY, K1, RRRBBDA|A] £0. BRI
AFAETH D R Az = 0 ORI —ffx =0 DA THS. L5 Ta;—b;=0(i=0,---,n). O

ZIHAZ BB E R uGhold, RO LS —REBEAS5N5.

Bl 15.2.6. R LOX[H I 2EH L § 2 KPR EGEIR RO TREZ CO() 2 &HLS. C(I) BV,
MEANT G2 R UL D, Wil h 2ERT DL WVWD 2L, EREDOEITLE h ITRAL A
EEDLZ M SN, FIT, ROXSICHRAZERT 5.
o fLgeC)ITHLUTHEEB (f+9): I > RERDESIZEDS:
Hr e IIZDOWT, (f +9)(z) = f(z) + g(z).
e feC)BLVr eRIZHUTHE (rf): I = RERXRDLSIZED
Hx e IIZDOWT, (rf)(z) :==rf(z).
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fHgXrf PECEGEKRE DD L (Thbb f+g,rfeC)) DIERHIXENTRDHERITES S5,
C(H 2B BELIF0ITMHE L 2 EMEBMTHSD. ETERINFHEDN RS MVEMOAEE 723
ZERBGIHNrD SN, Lz -T, O1) 3P ZEMTH 5.

1524 1281 2L HAZ XM I 2EHF L L T2 E AT UHZBTEVTIE, ZHEHAIZWT S E
WP TH LM O Rz)Cc C(I) 745, TDOEE, Hl15.24 28T 5MEAN T —fF0EHEL, #15.2.6
BB ENE—HT 5.

Bl 15.2.7. (1) BEBOEGMEITBEFIOINFEMSZHWTED SNT Wz, £ 2T, PURBLSPE £ 522
MEEHERRE THEBUCOVWTHLEHNEEZER TSI N TES. HIZIER? DSz, D3 x € R?
CINRT 22 &0, o, & x OFHX201ICNR TR Z 2 o@D OND. IWHEENE X HHE X
BIZIE X % R2ZOEFHEA L TEL V) 2EHRILE T2 ERHEHEB AR O L THEEE C(X)
EEFIE, O(X) B 15.2.6 LFBRIC LU THIEEM L 2 5.

(2) Fix, BB 72T EM 2P ER & AT 7200, B B O A KRS 2 B EIX2. &
D—fRIZ, BE X 2EBB L TEBUEEBEAEOZTEESZ RY 31U, #15.2.6 & FERICH
CANT—fEEEDDB I TRY I EM e 5.

BE, ZOFNZBEWT X =N &I 25548 8415221281 285120 RY OIIZEAZ 141
OGN DO, TNSIEFA—DOEE AT 2N TE S, HE, BEIEB ORI (21,20, -+ ) 1&
z(n) = 2, R58Hx : N - RIZHIGL, #IZEB y : N - RIGFEHS v, = y(n) (Tbb
(y(1),y(2), - ) TRIET 5. ZOxtE, TNZThOME A7 T —fEOHEBEICE L THEANT
H5. NEEHRBE T 2HEBEBHNOENE, 2(1),2(2), - EEID, HDEWNIE a1, 29, £EL
NEWS EPREE EOEVNLIPRVDTH 5.

Bl 15.2.8 (FE). C(X) ITIFRD LS IZUTHEEEDDEZ LN TES.
f,ge C(X) T UTHEE fg #RTEDS: F e XIZD2WT, (fg)(z) := f(x)f(9).

DL E, C(X)IZBI2HEAIX, 1 e RICMEZISEHEH1 2 HA L T2 TR 2411281
BI2BF5 (1) 25 (18) TRTOWEEW- T2, $hbb, O(X) 3% BRE %5, 7, LHADM
BFHEOLERIZRE 205, Rla] S B 05. Rz, 3% LBITIZR S5\, il S, n REIH
A LOFIF 20 ROLERE 72D, THIER[z], TEEFNBRVHLS5THS.

FiE, WhH RPN, SEKENIREZEAT LI TEHUBREART IENTES. L1LAR
NS, RUZBKREZVWDIZATLHICEOHEZEO THEYDHIBMENEOLNDE I LIIHRWTH A S.
MIARBEEIC BT 217508 OWE, T7hbb M, (R) DBEFEMZRIEZ %2 WA FEET 50 2\ 5 SR
WZBWTELREOMSHERZRFOTH D, OGN 6 BN 72 FEERHIN 2 RIZOWTIE, A
TIEFEELZW,

15.3 K K EDRFZEME (RE)

INFETOFBMIBVCT, [THNICEND BN B LT AH T — 1505 @7 1 RGFRERTEN 2 R80T
WINEFEHTHD L LT W UL, OB ERBURE NS 2B E Z 1280 o 72, RIT
HBETHNE HFEICELSTHREAA—IDPDERTVNSLLWVWS ZLIIRESE7ZA5. I TN
BN E2AHBUZR 720, 5 WIEEFZRERAD D L Vo2 RiEF X LS.

RIZER 3 2 BRI BRE L7256, (TP IEE 2 0 R LR L CH S IC BN 2 DITEHBUIZR S 1,
THROMEE EHBTH L. X -EBEBRBOESN 1 RAGBRROME HHBTH D, —F, (75D
BEBERDD5E1F, RIEVITFHEERO KRS TV ADMEIFER B L 0 5. HRB 2R E T 58

BULHFNI & B MO % % AT, SR ORTRES I TH D,

M, = (an,bn) & @ = (a,b) DHEHIE X TS5 ADEHIZL Y \/(an — a)2 + (b — b)2 LFHHETE .
PME 2.4.1 TREATCOIFIT 1 TRRAEL EZ2HVWTWA.
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I RGEARDMEERBTH D, ZDX S ICEEE S OEHE, @RFuH@ U 2BHE0E L 55 RITIE,
INoDMAHETHU TWBE 2 WS HLEIELH 5.

U725 C, THRITEE L E £ 2 REMEE K X 252 5 v, F78I O A H 5 —fEOFRE, #7 1
RARRCBENLHEBUIC K O2S 22T, K IZHETA2MERBOIANREZ SN 5. TUHIEED
5z 50 5 REFEE 134K (field) & IFIEN S, %@ﬁ/zﬁﬁ’atxi%ciﬁﬁ%@%ﬁ%%%ﬁﬁémm\%.

Bl 15.3.1. (1) EHAAR B L OHHMAE Q, B AHK C I EZhTNKTH S,
(2) EHAIKZ 1T, BBE S LOEN D FAEIT 2 B & IEE S VD AR TR, B KRS LT 5
FHNZ BT, FHIEEA DS R IIRIEHE I B L 7 5. LU, SRR ST 1 K
BT, BT WA RIS D 2 2 A 5. T IRESEOASE] D BT LT 2 & Iz
LTWa.

(3) MEFERAKITARTIZ A, EHHY S UOMAEIESIZ RS L BRSNS THS. HlXIEV2
BEU1 - V2 I3 EIETH B (3 15.3.2), TOM V2 + (1 —V2) = 1 FEHEKTH 5.

HE 15.3.2. V2PV BHBM THAEI L 2ADEIATL - V2PEHKTH L Z L 2Rt

PR A2 1 — V2 DMERB TRV ITNIREINBEHEKTHY, V2 IZAEHEY S Log| &
V2=1-(1-V2)THtEE. LEP>TV2REBBELD, ZhEX V2P EHETHEZLITKT
5. O

I K 2B 8B REFA T, RTED DRP LM Z N R LT 5.

EE 15.3.3. K 295 EAVIIRLUTH 4+, BLUO K OIZBEHT A0 T —f% . OFEENED 5
NTHO, ISIHRIRITL0 e VAERAONTWE LTS, 25 DFEHBEIRDEM: (R MIVZEFO A
M) 29 RCHii7z 9 & &, MO (V,0,+,) 2K K EORY MVERB E 72 I3 ZERE & L.
I ZiXa,becVIZLTMHa+beVHEEE-TEY, ROMWEZW /2T
(1) a+b=b+a, (2) (a+b)+c=a+(b+c), 3) a+0=0+a=a.
I £tacVBEIPre KIZHLTAANT—fGr-aPEE->THYH, ROWEZ-T:
4) r-(sra)=(rs)-a, () (r+s)-a=(r-a)+(s-a) (6)r-(a+b)=(r-a)+(r-b)
(7) 1-a=a, (8 0-a=0
A CEEE THMEERIER EOMEZEMTHS. LAL, KELTRUNDEDEZHEHALTH, £
K DGEIZAFEDFEmIMIGEONDE Z L ZHDFIRIZBOTE 72\, FEi, ﬁv‘:b’C%’E?ﬁéﬂt%%ﬁﬁbk

IMERDIGE LD LHERVBRBIZR DO DHS. ZORIZODVWTEDFELWI L IXFEAEMHEDOIEE T
AR E S,

UGB K 5B EROWIZEGPRERICE L T R L & K 220D,
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- SEIE (UK BB 2 R

PURIEBR SR T 2K K B&13, AROEE E L TOMEBE2MEEMICBIT52ME AN T —1%E
AT Z L TRIBZERNIC 22 5. Bl Z X FERIELR R IZEERD 1 D Lo WiBEfTHh 5. R, —
DDIKK,LPE5EZ6NTEY, KCLPKRONDEEEZEZLD. ZOLEIRKREIWEALIE, /MW
KK EOBERMEARTILETES. HIRIERCCTHEILH 5 CIlER _EOKILLEM & 42
L. ZOZIIERTHZBELT, CRRZ EHIGDT oI ehobnhd. —HT, QCRIZD
WTR % Q EOIBZER L A7z &, Z ORIEZEMOMWE %2 N2 DIXES TR (R, X
L7 B). —f, KANERO B 2 D DKRDRNZ B 23 FME (TbbRE) 2R 25 Mm% A (F
07 ) £V,

BEBRCoEHEEBWEZ S, EROMBUZARN 22 = —1 22302 H72I12MZ, 502
VUHIEHBE A D LD K S BZEM A LT 5 22 TC %2185, 22 = —1 2 THIEZOFEL (2h
Za,bl L&), 20— H2BBHEMELTibEE Z0LEE—Hlk —i &FEMND. Z
IT—DODRMNENG. HEAVEBEAL LT 2BOSEE A 2EE, O AP BB
WO ZBATSEEBZ2EHEVZL T, Z2EEFEADIFIBEEBD —i ITHYT 5. Lo T,
TODBEBETHRRSNT VWD EMmEZIRL &5 & B 2R EE 2BRIEEPN R ERIZTTHS. L
MU, BIEIZIZZ D &S5 EREIILERL, 3FF A B 2lif7 U THOBICHIER 2 5657 5 KX
BV, ZHUIAEEER Z ETIER V.

KB L OREOBER A F N2 I, WHAEE 2 R5 DA% W7z 5 XA OO ANDIEF
B B - 7=, HREROME I INZ 724K %F 2 T, ROXNHME L HRERXOBRE Mo 5 Z &2 T,
RO NRDIFIEMED A INZDTH 5. /2, ETRREZBFREEEIBE RN 2 1F, 22 = —1
K@@ﬁ@iﬁfﬁ‘l‘i’ﬁ:ﬁbffﬁﬁt’ééz’bfb\6.
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16 WA WA RRFERD 22

B15.2.141281F 5 Wy _q) & R? OBIRY, #1524 12513 % Rz, & Rlz] DBIRDO L D1z, Kb k&
AR O ES L U TERI NP EMOBIN N DB FZEZ6NE. Z0s 2T &L
U TR 22 M7 2 & % 195 .

ARENZ THRAZEE DL < DY ZFENT 5. 5, MR OMFMATIRL 5 Z L DTE S0
KPVDICEETHIPEMIND Z L t,%lo.

16.1 T
FEZER V O EE W BRI F'aﬁt&ét&b@;ﬂtlﬁ%%zcko WIZBF5MEAT T —EDE
BN M VEBOAH AT 213, BIZVICB T AHENZES THAZ L HEBLIZEONS.

ZAZ, W DNRIEZEM & 72 B 72 0121d, W N TOHBRRPHO W IZEEND I L (DI % W DY
HTHALTWR 2V, BEAUOBELADNEL NI L0015, 25 L THLAIIRDEHRIZES:

EFE 16.1.1. FLEMEV = (V,0y,+, ) OESEES W BXROME (1) 256 (i) 2 TN THizd & &,
W = (W,0y,+, ) & 7=k Fﬁaaé

(i)oy e W, (ii)a,beW =a+beW, (i)acW,recR=raecW.

ZDEEW %V OFRE2ZM (linear subspace) £72 382N MLERE WS . KTk, Zh
5 & ERZEME L SRR TR R 527,

fl 16.1.2. BPPAER VI LT, VARV OMAEMTH L. £V OFETOAD» S L L5HEE {0}
LV OHAERTHE. 2o —DOWREBMOI &%, V OBRAREIZERE WS,

EAEMORIIAT OB TRRS. ZOHNIT, WA 5 72D DEM ()~ (iii) 2 & < HET 3
72012, R2 DI EE DR THA IR S Wl & 5. & (1)~ (iil) OWThh—DTH i
72 IR NEIB A EENIZ R 0BV e s, FEMFIETWL S THiFICHETES. 22T, =

DODHEDSH DI TEDD, O D —2&iHEIBVWESHH, 2F 0, HE —HTHHEMIZk
S5WIEZZTIREZD.

Bl 16.1.3. (1) & (1) & (ii) 2wz (iil) 27z X 204
Wi={(z,y) ER? |z >02D2y>0} LFTHEXW X (i) & (ii) 27z L, (i) 27z 20,

Proof. (z,y) = (0,0) 2’&f: Tz > 02Dy > 0] 23T en50= (0,00 WThH5. %
72, w = (z1,1), v = (z2,92) &L, w,v € W ERKETIUL, x1,y1,72,92 > 0 THH, DZIT
T1+22>0,y1+y2 >0THB. U5 T, (2,y) = (x1+ 22,91 +y2) 1 F5&MF T2 > 02Dy >0
iz, EoTCw+v=(x1+wz,y1 +y2) €EW. DX D WL (ii) 28729, W A (iii) 27z
BNWZ & aRTITI, (i) 2 S RWKEHAlE -2 IThiE L. flAiXae=(1,0),r=-1&7
NiXaeW, reRTHD. LNULERMS ra=—1(1,0) = (—1,0) TH Y, (z,y) = (—1,0) &5
x> 07Dy >0] 273 LVDZ rag¢ W. O

(2) &A1) & (iil) 2723 (i) 27z & 2
W={(z,y) eR*|z=0F7iFy=0} FHEWIF (i) & (iii) 27z L, (ii) 2z T 2.
Proof. (z,y) = (0,0) W& 2 =0F7Ey=0] 23 Ien50=(0,00e WTH5. %

7z, w= (a,b) € W, r € RERETNIX, a,b DI EDRLLHEVTNR—FHIZ0THS. DX
Zra, b DWTNN—HIZ0THY, (z,y) = (ro,rb) 1354 T2 =0F72Fy=0] Z2Hi=73. L

T TIIRE L RZERIEAN S Z SNTH D, DAITMENGEE LTWABMNIT & > THRAERMOEERIT RS,
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=RoTrw = (ro,ry) € W THD. WA (ii) 27z VW e 2RE5. #lZIX, a = (1,0),
b=(0,1) 29 NEa,be W THhb. a+b=(1,00+(0,1)=(1,1) TH Y, (z,y) = (1,1) &M
(2 =0F7%Fy=0] 2T VDPa+bg W. O

(3) Z&ff (i) & (i) Z2¥E723 2% (i) &7z X AWl
mnrsmfr—o%xﬁﬁé’tf()“H6m5@z,:@¢5@Wuﬁﬁb@ma%itm
EZATHD. UL, EFBIZIZROHINEZ 55!

W &2 A LTI, WIKERM (i) & (1i) 2729 (i) Z2Hi7z I 20,

Proof. HHELGRTEEEHVEAD R, LB RLEET, LA TW L () 2z 20,
(ii) 27232 LIERD &S ICHHETRINS. B UIKIC (i) 2z 20w e dhiE, Thi
w,wEW THIIZEHOOT w+v ¢ W LR2HDVHDL NI ZLTHE. ZOFIIBNT, &
IZweWThHO, LEVP>TWEHLEZEL. ZhEW RL2EEFRVWEATH-Z I LIIK
T2, LLEXD WL (i) 27z S RIER SRV, FAREOmEZAWT, WA (i) 2232 2%
REND. O

KB (HIHED B ). N

$116.1.3 (3) IZBEWTHEESDERM (i) 2232 L DOFBAE LT [(*) fifa%m 7z S e\l
I, WHRBEERPIBERSNTVWTHIELW] EWIMRBEOFEAZRHHTZ 2% 0. WEoflT
i, BiRE % a,be WDSRSZ LW X (i) BRETH B L WHIEXHTHS. LrLars, 2
DFEDFA 2 FHMIZERD B3IFII > TEIDTHNE, THIZREZEBMLUTWBIZE L.
FHI (F) DD SNBD X AIMTH, BHODEETIHRYT 5 Z L AFAH LI TWS.

AT, AHEDH - I N VERL DB LD T X, LD RHEFEIT LB EERLSBE L
MO;kf%é.ﬁﬁ&b,ﬁ%%éi%%@%%%b#?%@fbf% ZD &S RFIEE D S
HRPHFEITIIFAE LR WA D 205 TH 5. Eiila s\l h, KHNT BG4 %
XIFBZ itk o ThRIRIER SR,

T, B () RO &S ICLTEE NS

B 16.1.4. F 2143535, AEDSEMEPIZOWT [FR6I1E Pl XL T 5.

Proof. TFROIEP] ZRT7-DICFZIRNELLD. §5L [FEZIEP] THEHEIENRREDON
5. b FEPOIBABIEEWTNL—ANKILTEILIIRDE. LIANF MBS
ZMTH oD ZIRANIET, ULz T P AKX SRV, LEXD PR EI N, dJ

#16.1.3(3) *°, TN &P 7zGmiEE W7 14.1.4 TIREIEIC K 23iHZ LTwiz. fiucs, 5
iy (P T&Vﬁ&b@ﬂ”@@ﬁ i%ﬁ#ﬁbvﬁi@xﬁf%b,@iﬂ%t®fF@%ﬁPJ
HHE, LHPHTEILETEEE5 D, BN EIZHARAA T, WHIKIZ L S3RECHHEDM
EMEDIFRSD &3 D DIXATHIE 5 S D, %;Li Mt TAl L ZDEE TATHRW] IZBWT, —f
DIRNL LT NIEE D —HIENI T 2 B Z B (I aHIREL W) BERIZH D,

A7 L 72 B 72D DEAE (i) & (1) IERDEDILE L DB NTES.

8 16.1.5. 7% 16.1.1 128 1F D5 (i) & (iil) PHITEIITH T & &, ROFMEDPHRALT B Z LI
T 5:

(iv) rseR a,beW — ra+sbeW.
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Proof. (ii) & (iii) ZKE L T (iv) 2RZ 5. r,s € R, a,b € W & THIX, (iii) &£ D ra,sbe W TH 5.
ZHIZ (i) Z@EHLU ra+sbe W 2185, $48b5 (iv) RO D. £z, (iv) IZBWVWTr=s=1&W
SRR E DY (1) ICHY U, s = 0 2 25808 (iii) ITHM T 5. $4hbb (iv) &6 (i) 2D (iii) TH
5. O

DB, ¥ 22 TH 5 Z & MR T HBRESAM: (i) & (iii) ORb 0 IR (iv) VLS. Zhizk
DEEANZ DI B THA S, iz, R (iv) 2 S FHEIROVWEIErN 5.

EE 16.1.6. W ’Eﬁ% Fﬁ \% @jB/\WFﬁX?MCi, %"UZ‘ eWw ZBJ:U‘TZ eERIZDOWT Zle r;v; € w.

Proof. FIOMAB 0 12T 2RMNETRT. £ = 1 OBEIFESEROME (iil) 12 fMize S 2. FIOEEL
DU DEZIHLT D e L, MBS (+1 D& m%o. vieW,rneR@E=1,....0+1) &L,
w=" s 2L, w = (0 rivs) + v BT D IRIMEORKEL D Y5 rv, e W TH
D, ME (i) &V repve e WTHB., KoT, HE (1) &9 (Zl 1 Ti;) + v €W, RO
ucWThs. d

17 fiCRUERE G LIEIEN A2 EAT S, ZhE2HAVWT, LOMETERTWS W OWEIX TW
IIRERESTH U TWS] LIEENS.

16.2 R" OERHZEE
R" D4R DIMEKFE 7 & WAIFRRIZOWTH L 3.

Bl 16.2.1. R® IZBWVWTHWIZEFBTRWARZ Ml a,b € R 25 L (72720 a,b # 0), W =
{ria+mrb|ry,m ER}IZESTR? EOFMOB LIV a,b Z2ELFEAEES. 20O W LR OF 4
ZEHTHh 5.

Proof. ¥{7 78 725720 D5%M: (1) BLO (iv) MWz E N5 Z L 2 HERTIE L.

(i): ri=ro=0&95Z,TO0=riat+mrmbdRES DIIZ0cW TH5.

(iv): ¢,y € W TN 21, 20,91,92 € RZHWVWT & = 110 + 19b, y = y1a +1y2b & EIT B, &
r,s € RIZDWT

re + sy = r(x1a + x2b) + s(y1a + y2b) = (rz1 + sy1)a + (rxa + sy2)b

Thd. §Hhbb, re+syldr =rz;+sy, ro=rag+sys 352 Tria+mbe&RESL. PRIC
re+sycWThd. O

B116.2.1 12 2 DIFHIZBE VT, a, b BT TRV I L IZHWSN TV, a,b Vi Th D551,
WIER3 OFUSE@ELERRIC D, —MRIZ, R O ZEM &I, F A% @5 s & O A% 5 ER,
H 7822 (R® & {0)) OWUREIZIR S5, ZONMIIRTGCRIMR2EL THREIND (H22.4.2).

O, P ERV BE T ug, - u, eVIZODWTW = {30 ru|r,...,rp ER}IEV D
ﬁﬁﬁ“ﬂﬁﬁtaé (M 18.1.2). T DHINER ZEFDIMERF R TH S DIZH LT, WEIHNERIZRTEX
5N5. T 15.2.1 O—BBIZAHS LT\ 52,

B 16.2.2. (m,n)-175 AIZH LT, RTEDSND Wy IR DERFZEH L 725

Wpap={xecR"|Ax =0}.

BIILZERNZBIT S 0 TRV _DDORY "Ml a,b WEFTTH D L1E, ra=b &2l dFER r WEET DI LEED .
20 15.2.1 1, (1,2)-1551 A = [1,—1] DBEITHYET 5. 28, Fi 15.2.1 TRATRZ FLVTERLTWED, 22 TIRAINR
IR L BRFEER TV,
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Proof. 3 EM e w2 720D5M (1) BLU (iv) 7235 2 L Z2ERTIEE V.

(i) x=0eR" L TNIE 2 IZHRM A =0%2i7=F. DRIZ0ec W, ThHS.

(iv): a,be Wy, r,s e RETBH. ZDLE, Wy DEHENPS Aa =0, Ab=00PHEHID. ZDLk
& A(ra+ sb) =r(Aa) + s(Ab) =10+ s0 = 0D A, & = ra + sb I35 Ae = 0 2{ii7= 9. DRI
ra+sbeWyThH5. O

D Wy FFRIEHENL 1 RGN Ax = 0 D RROZERIZ =T 5. £I T, Wy iZ/iEX Az =0
DFRZEE & XN 5.

B 16.2.3. A4 BD»D Wy =W B2HNXILDOESZH 5. HlZIX, A, B BT IEFTH72 51,
FNENDMREM W, Wp 13—z =0 DAH 5520 {0} 7 5.

e D BATI R EIRZRF L LS. IR MLz e R* Y Ax =0 217z 320D Z 2, A DRLT
L x LOFHIE LTOBEP0ILRDENIZLTHD. ZNE R EORT MVORNTEEGmAKZS Z
CIZXD, Wy DI THDI LI, ADBITEERTEINI MLV THD I & EFMEIZIRD Z ED5G05.
ZDHEENS, R" DLEDEAZEMMR W DR TRINS Z EDRBI NS, HlAIX #1621 1280
T, NI Mla,b e IZEXRTEHRI Mlee R % —DH5 230 c Dfn 2Bz (1,3)-175% A
ETNE, W =W,y 8RB ZEXRFHINS. FLVHHIZNEEMOH TR ES.

#E 16.2.4. XD R2 DERDEM W IZOWT, W =Wy 5475 A 2R K.
(1) W ={0}. fR&H: Arfializ oiZcs L. fIXIEA=FE, 28 &,

(2) W=R% fREHl: A= 029, A=0O152EETHIEL.

(3) W={ry|reR}, - Ly= Z

] L0 ETB (W RERO & y 205 EM L0 R ekERT).

BB 2z = _b] Xy ICERTERI MVTHD. 2z DD EREIZIR S5 (1,2)-475] A =
a

[—b a] ZOWT, W =Wa b%55. W=W4&5TEdIl, W Wi BET W C W %%

z9.

(W CWa): zeW Z2BFICIUE, Er 2H0Ce=ry HITSH. ZOLE,
a
Ax = A(ry) =rAy =r [—b a} [b] =r(—ba+ab) =70 =0.

WAIZzeWy, THS.

z1

(WaC W) x= e W ZBBFIZHNUE, A = 0 R D> T W5, T7abE, —bri+azxy =0

x2
ThHod y£#0PXa#0ERFbA0THD. a£0DLEFEHRr =2 12OV T =ra TH
D, INekDRXEEDLET ary = bry = b(ra) =rba. a #0WAML%Z a THO, 20 =rb 215

2.0 EEYD, 2= " = [’"Z] —ry. DRIZzcW THB. b#0DHAE, r="2 L BNCTH
T2 r
HOFHEZ TN e W 2155, O

NZDEI% e BEWNDEZNE S DLW RIBEE MR L 2T IER S5V, REICEE L 23T, a & b OAFIEIREIEN B R
JRlVaxbh, ZOFO—DIZHYTS.

95



16.3 ERDZEREDHk < 21

L0 EELRTESEROHZENL KD,

Bl 16.3.1. #i15.2.2 TH X 72 8F12EH RY OMHEE T, ROWLRNZ #7238 2h%2 F 2§ 5:
Tpnio = Tpil + Tn. (n € N) (16.3.1)

ZDEE, FIERY OMAZEMTHS.

Proof. (i): $XTOHEMN 02258510 =(0,0,0,---) &ili{bX 16.3.1 27~ 3. wZRIZ0e F.

(iv): mseR &L, Bl = (2p)neny BEV Y = (Yn)neny DIER 16.3.1 27T LIKET 5. T4
Db, o =Tpi1 + 2, BE L ypio = Y1 +yn PELLTWS. ZOZREZTNZTNr i, s 5L TH
eBHIET

TTnt2 + SYnt2 = (Mgt + SYn+1) + (ren + syn)
2185, ZTNEBI re + sy = (12, + sYn)neny DML 16.3.1 2723 2 LI 50, DRI
re+ sy € F. O
Wb 16.3.1 272 SO T, #WIHD 0 2D 2 HN 1 72 5851
a1:0, a2=1, a3:1, a4:2, a5:3, a6:5, a7:8, a9:13, a10:21,---

%7 4 17 v FHZ (Fibonacci sequence) &\ 5.
#E 16.3.2. HABE > 2, BEOEEDER ag, ag, -, a1 ZEET 5. B2 RY O HEST,
RO Z W72 SN 2ik%2 W £ 35

Tntk = Og—1Tntk—1 T Qg—2Tptk—2 + -+ + A1Tpt1 + ATy (n €eN) (16.3.2)
ZoLE, W HRRNDEHAEMTHSZ L ERYE.

LoD Z & ZIFHEER LI, T iz T8I0 2 & 2 BEEIRHRTIE WS,

R, W53 & N T3 22 D fil & 26 1F 5.

Bl 16.3.3. (1) R LOBXM I 2 &KL 35 C-MEABC 2AEORTHELSE C() £EL . EHEH

BO X C™-BIBTH D, £/ CCHRBBOHP AN T —f5IIHT Co-BE 5. 5 5A C®-
BRI T H . L EX D O°(1) 1341 15.2.6 TH 272 O(I) D ERTH 5.

(2) C®(I) DFEDHT, ROMH HRRE W T y = y(2) 2% W T2

yP(2) = yV(2) +yO(2) (16.3.3)

2T, y"(z) = dd?y(a;) FyDnBEEBOZLTHY, yO(2) =y(x) 2T5. Z0eE W
12 C®(I) DD ZEMTH 5.

Proof. (1): EHBEE 0 DWHEHVO 0 L2220 5, 00K 16.3.3 2723 Z LIZHSNLTH
5. PAIZ0eW.

(iv) f,g € W T HIEBE f,9 13X 16.3.3 Ziliz3. Tabb, fOa) = W)+ fO(z),
g (z) =gV (@) + ¢ O(z) THB. Hrs cRIZHLT, ZOZRZ2ETNThrff, sfELTHE L
5T

rf®(@) + 59 (2) = (rf (@) + 59D (@) + (17O (@) + 59 (@)
(rf(2) + s9(2))® = (rf () + s9(2) D + (rf () + s9(2))

215, ZHUIBEBr f(x) + sg(z) DM FiFER16.3.3 21723 Z it 5700, WRIZrf+sg €
w. n
PAETHEWMATELHBOZ L& OB WS

96



1#E 16.3.4. HAB L > 2, BEITEEDFE R ag, a2, ,ap_1 ZEET D, ROWH FFER2 % 72
By =y(z) &2 E2 W L35, W W CO() OWH2EMTH S Z L E2RYE.

y®(2) = ar_1y*F Y + ap_oy* D 4+ - 4 @y (@) + agyV (2). (16.3.4)

A 16.3.3 DML Z n EB#HD T2 2 & Tyt (z) =yt (2) + ¢y (2) 265, Z Zizilifbk 16.3.1
DREMMEIMA Z & 5. FRRIZUT, 40 R 16.3.4 925

Y (@) = ey ™Y+ apy ™ 4y (@) + agy™ (2)

RSN, ZHIEliEX 16.3.2 LU TWA. 25k Ne U THIZET WS & WS 721 Tldi <, ##
RIS D — T D fRVE & I HE I R R D — i D LA AR B O P Al B W TAAT LT
BoNd I ENBIIHRINETHAD.

Bl 16.3.5 (FE). (1) Rlz] o<, ZHX pz) =2 - 1 TEHO YN LZ EDEEKE2EDEELE (p) &
HLTBL (p) IRz DMHEMTHS. ZOEMIIB VT p DR RZHN 2 — 1 THEHHE
1372 <, EEDLER p(x) 12 DWW T EBEDEHRHK D 2.

(2) R EOKMI Dt E2—DEELTEL, oI, [ 2 TR/ L T LGB f: I > RT, f(t)=0
BT EORRNPORBERE L, LBIS. Z0OLE T ITCI) DHHERL LS.

EOHNZENT, Rlz] DIt L (p) DILOEEED L HU (p) DILIIEENDZ bbb, 72, C()
DILE I DILOBB E- T IZEENDS. 2D &S BRAZRESIZA T I (ideal) & X, BiGm & P
ENERBABTIZBVWTALTARS N TN S.

2HFEX 16.3.4 ZEBRBOBTEBD AR LITENS.
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17 #RIPHEE RPN

MILEMOERNPSED ICEPNEEARNEE, ThbHERT MLOME AN T —EOWEIZDOWT
WU LS. RETRRBEZ LI, DI ZATERIZ MVOREFZIEV KT ZLIZRES. L1, Zh
EHRLERERLZDTIRRL, HEORY MIVOMOBBRIELIRZ 2 Z & T, Hikd SR~ E 2
MRAFEINEDTHS. ZHITE->T, LV EVWREMPSEEMEZRZIOND XDIT8E. B, "I
MV 725 DR ZE TR S 5 2 THA RIS DWW L D IEHT 1R GRREROFR S H U EIC X 23R
EIND. f@EH UIEXHTHIOEKIEZ Lo EE LS XA TARBNICEATE 50z,

17.1 R E
EE 17.1.1. Pz Fﬁvo)TEUEVfJ uy, U, - - ~,unEVJSJ:Zfal,ag,-~~,aneR%ﬁﬁb\’C

v =aju; +au + -+ apuy, = Zaiui
i=1
LEFBELE vidu, -, u, DIRFIESE (linear combination) TEIF 5L WS, 7z, HEXRZ b
EREAEATRTAYD jqu; =0T B &, ZOFXE uy, -, u, KK BBHEMR (F7213 1
RER) &L

:’fb?ﬁ% *TDI:I E’chkﬁ**R

v U, u, OEREATEIND LI, v DIERP uy, - ,u, DFRICHREINTNE LEZN
EEW. B5DULFHEL S BRNIEE, v DIFEBREEDIZIE, w, -, u, DFEREEIEEESITIZEHN S R
ai, - ,ap DIEZ Z P> TVWNEHDLEVWH I THD. b, ”Twﬁfﬂﬁjku;ﬁﬁ?&%
MIEEBRIZE T HEDZ L 2 BKT 5.

Bl 17.1.2. R® DLEDORZ VL, KD nfHD R MIVOIAEGTELS Z L NTE 5!

[1] [0] [0]
0 1 0
er= 10|, e=1(0|, -, e,=
' E 0
10] 10 1]
[ ] [aq ] (a4 ] [0 ] [0 ]
as as 0 as 0
B, & |as| e RMIZDOWT |a3| = O+ 10| +--. 4+ : :a161+'--+anen:Z?:1aie,-’C“
. . . . 0
| an | Lan | 0 0 | L an

H5 (EE, AEOHEER 1241 CBWTHEICF>TW). EDep, -, e, & R" DIEERS ML E -
BEARRI MLEWS.

R Mo u, - u, DEEETEITBZELELDS. v DEHRE ui, - ,u, 25DERITETT
LB, wy, - uy DR TEZDRFBRBIAELRE DD E0H L., FIZIERD &S RN HBE Z 5
nas.

BIAL S X L REE L BTENS.

98



(1) wy, -, up DWVTNHRDERD, IEFNDORY ML 72EDERIZHETE 255
B 2L, wn OFEHRD wr, - up_1 ORI NE S, v OERIT ur, -, uny OTEREZ I SH
HTED T EHRESN, wy FRBEERD. KB, v g, uy OB TEI TH Y, B
Up DY ur, o U] DFIEREATET 7251, v B ur, - up_y DFIEREETEIT 5:
v =30 aug, u, =30 b EEITBRSIE,

n n—1
v = Zaiui = (Z azul> + apu, = <Z alul) + ap, <Z b; ul> = Z a; + apb;)u,;.
i=1 =1

(2) MIAEE BN ZHE a; DO HDWL D00 DHE

ZOLE a; =01l T 5 u; EAEL RS, IR, a= 53,0 € R ZFEHEN Y MVIZHE
35L,a=>5e +3ey+0e3 =5e; +3es PR e3 IAETHB. UL I, Rl s MLz
BRENOT-EE es WARBEIZRSTZDOTHY, REDHIDRT ML ESRL &S EBZIE, es B
MBBENZIRBZ 555, LI, REDIRTORZ ML EJMREL &S5 L BZIE, eq,e9,e5 DT
NHBETHDZ NN D. ZOEEDNS, (2) DAL T u, BAEL NS Z 2%, SEEHV O
W B TEH u, ZHVTIZ U, Uy DAL THIRTEDL I L LRI EIRETHD. K
IZZDERT u, WABIZRDGE, up 132KV DILTHEDS uy, -, Up_1 725 DIREAES
TEHITS. T20b, ZOFEMDKMHZOVWTIE (1) IwEIND.

PR W, (1)) WRET L EHMIATE S, LB, (1) omBEORNE, u, 2 AV WEIERES
2/ ->TW5.

N7 MV wg, - uy ODFIZAREREDDH B0V E W IRINE BN R SETRT 2D
%?ﬁ/?ﬂi'[{‘t fck 6 *E%/L;\ 73: i%)\j_ %) .

17.2 R
IR, W0 A &5 VIdkRZEmTH 2 LT 5.

#F 17.2.1. X7 MVOM uy, -, u, € V DHRFIMII3 (linearly independent) TH 5 & i
ai, - ,ap €ER, a1 +agus+ -+ apu, =0 = ag=ay=---=a, =0

MDD L&D, MM TRWARZ FILOMZ IR AERE (linearly dependent) TH % &\ 5.
Thbb, Al EVnTNL—2130 THRVWE S BERDOMar, - ,ap VT, aqur+- - -+apu, =0
EREDILTHS.

MR OEHZ BN, AR LB VTNL 210 THRWVWE D BREHDM ay, - ,ano)lk’ﬁ:ﬁ
BATRWHE WS, FEBDM ar, -, a, PEHTRVWI 21X, (a1, ,a,) 0 THDB I LIZHFEL.
7z, HHTHRWEROM ay, -+ a0, ZHRHE THHEREZERETAVE VS, HIZINHDH i*ﬂ%,_\
EUT, HPRREROM, B X OCHWPRREEREZED D, X7 MVOM uy, -, u, PEREMNLTH 2
X, FNSIC X BHEBEBRABHHREDIZBOoNEZ L THD. 72, ut, - ,u, DREHLETH D L
X, HHTRWIREBERAGFET 22 TH 5.

Bl 17.2.2. (1) R" DFEHEXRT MLl ey, - e, IFFREILTH 5.

aq 0
Proof. a1e1+---+ane, =023 | | =|:|PRaj=--=a,=0Th5b. O

an 0

SIS (UR0EE) 13 1 RIRST (1 RAERE) & BIRIENS.
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(2) mRFINRZ Mg, uy, PREHNLTH B Z 2 &, m RITRY MV tug, - - fu, DRSNS T
f)é Zr 6i|ﬁ”l§fy)5 %B%\*E, ik] Z?:l a;u; = Om71 tiﬁ] Z?:l (473 tui = Ol,m &iEL\KF@Bﬂ’EEﬁE
UL7ZBRIZH D, DRI, 2NS5DRY MVOKIZET 28 HERIIASETH 5.

(3) wy,- - Uy DFUIZERT MBI, ZNSIFERIETH . HlZ X u, =0 D5HE, HHAT
RWEEROR 0, ,0,1 Z2RE L T BB Ouy + -+ + 0wy + lu; = 0 BIENLT B, E 7z,
up, - u, DHICEEDRD 258V RETH . FIZIE u = us DG, B TRWEROHM
1,-1,0,...,0 Z2fRE & § PR lu; + (—1)uz + Oug - - - + 0u; = 0 HIKILT 5.

Bl 17.2.3. ZIHAKRR[2] BT 2 3205022, 2, LIFAPHNITH S, 22T, 1 LIZEARBEMRAL
TH1eRIMEEZIMDEHEHL T 5.

Proof. as,a1,a9 € R, agz®+a1x+apl =0 EAHEL, as = a1 =ag=0%2RTD. ez’ +a1x+apl =0
DOMHAIZE Y %2 ZDF EMRAL THEN 1 RABRAZHES 2L Tar =a1 = ap =0 ZR_E 27 (f#
15.2.5), ZZ TN K BEEHERB AL & 5. av2? a1z +aol = 0 DELZEMA T 5 L 2002 +a; = 0
THY, TNEZHIZWMDTHIELT 200 =0%215%. D2F0, WhRLIHEMRALTE 20y IZEZHSE
AR (Fe3l) & 012 &2 B EREEE (F3L) IFFE LW, WRIZay =0TH5. TN% 2a9z+a; =012
RALTa=0%2K5%. Zhoz2b DR ez’ +az4+al=0I1IZRATEI L Tay=0%255%. O

B 17.24. n+ 1M 2", 2" 1.+ 2,1 € Rlz] DB MILTH 5 2 & 2IFINEEZ OV TRE.

ROMEILATHO B THELE L 2 BAE M & AR (EEM) oBBREzEXTWS. Thbb,
wl, Uy DFIIAEREDRHDZ L uy, -, u, DIEKBEIXRAETHS. T2, TNSDOEE
EELD, wq, -, u, OFIZARERE DRV L & uy, -, uy, OFIEHNIMEIXFETH 5.

W8 17.2.5. nfldDORZ MLVOM Uy, - ,u, € VIZOWTRD (1) & (2) ZFEETH 5.
(2> UL, o, Uy D SLEDRLLEHE—DDRY NLAD n — 1 HOEEEESTEIT S,

Proof. (1)=(2): uy,--- ,u, PEHETH 2 L THUL, BIHTHRVWER DM aq, -+ ,a, ZFHAVT ajur +
AU, =02 TED. ZDEEay, - ,a, DOIBWVT N DL 0 TIERW. HlXiXa, A0 LT

EED LS. Z0LE, BEHIZELY au, = —ajuy — - — apuy, 2155, a, A0 PZZDML%E a, T
HX u, = <—g—i) up -+ (—a:il) Uy 1. PR uy 1, ug, - uy ) DREREETEIT S, a; £0

(i=1,---,n—1) THILEELHEKIZLUT, u; PO n — 1 EOHEAETEHE TS Z LARINS.
(2)=(1): up D uy, - ,up_ 1 DIEFREATHEITDEGEZEALD. Z0LE, HHFEHDMay, -, an—
ZHWTCu, =aiur + -+ ap_1Un_1 EETL. ZhEBIEHLT aiu] + -+ apn_1Up—1 + (—1)un =0
2195, APTRWVIEERPE S NTZD R, uy, - uy, I RIETH 5. u, DA DR ML HMELD
n— LEDOIEHEETE T 255G OVTHRMKOERIZELD uy, -, u, OFEHEEEZRFS. O

Bl 17.2.6. (1) R2D 0 THRWHIRY bbu, v BERERIETH 5 L 1%, —FHd'd 5 —HOMEAEES TE
2L WVWHSZ e THEINS, ZNEEBMr£02HAVTu=rvEITEIZ L, ThbDE u, v HE
HAEEAE—ER LI H B2 ERT 5.

(2) —H, RZDFIRT My u,v BWEHELTH 5 2 1E, w,v DFE A Z @D —ER EICRNZ e, DF
D u,v TROND AL HMZ R DI L 2 EKT 5. ZHIETH A = [u,v] PAHTH S
ZEIZIEN RS\, ZOHEEE 0 RIZ—BAL LU 7255 OGHIEME 17.3.6 TH X 5.

(B) RZD3DDRY ML uy = H uy = H us = ||| AR TH S, T AUEPIZIE, u =
2up + fup EEFBZENSAND. FIE, R D+ LEORY MVOMIZRTHIEMAEIC LS

(frEH 17.3.5).
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BB 17.2.7. X7 MVOM Uy, - u, € VIZDWTRERYE.

(1) nfADRZ MV ORuy, -+, wy BRMEHNIIR SIE, 2 255 —DED Rz n— 1D uy, - -, up_q

LRI TH 5.

R aqui+ - Fap—1Un—1 =02FTHL, a, =0BLZETaju+ - +an_1Up_1+a,u, =0
2195, u, -, u, OFIEMHNIMEE D= - =41 =a, =0THY, FilZa1 = =a,_1 =0.
V;Di.C: Ui, - ,Up—1 5i%§<ﬁ25§ﬁff)%} ]

(2) n—1MHDOXZ bVOM uy, - uy 1 PERIRERR O, £ 2ITH 722X T MV u, ZINZ 72 n
DR MIVOK wy, - Up_1,u, DREHETH 5.

FREH: (2) 1 (1) DRHBITIED 72 5 7\, O

17.3 IR IRILMEDOHIE
R™ D7 b LVOMOBIPMSINEDHEIEE G R 5.

i 17.3.1. nfHD mRFIRZ PV Dlay, -, an PPN THLEZ L &, (m,n)- 175 A = [a1,- -, ay)
(B B AP 1 X SRER Ax = 0 D ME— 275D Z LIXFAETH 5.

Proof. a1, ,a, RIS THE LT 5. n KIIRT Mvx = (ry,-- ,ry) DY Az = 0 272978
51F,

™
T1a1+"'+rnan:[a1,"',an] E :szo-
Tn
ai, -, a, ODFEHSIMELD 1= =7, =0TH5. 2FDx=0THH, RN Az = 0 DEITH

7 DIZR 5.

RIZ, FREN Az = 0 XY HHBIE U 2Rz vwWeiE@dT 5. 20 Eria+---+rpa, =07%256(1F
x=Yry, - ,r) IZDOVWTC Az =r1a1+ - +7rpa,=087%5. DED Az =0TdhH, ZOHFEAX
HHZELU DR 20w e =0%21F5. $hbbr=---=7r,=0Tdbb. AEED ay, -, a, T4
NI TH 5. O

WE D E N 1 RGERDEEE TR T L A B &, SEMRIEOHIE 1 Tldz <, SRt
BTHIGEIZEDRT MVLHBMIDRT MVDOMREAEES TETE0E 005, T2 ROMmEZEL T
HTA LS.

i 17.3.2. (m,n)-175 A = (a1, ,a,] ZITEALRIZED B=[by,-- ,b,| ICERTED LT 5.
1<ny,ng, - ,n<niZBXTi=1,--- n T UTRPEDLD.

(1) Zf;:l TkQp, =0 <= Zf;:l ribp, = 0.

(2) @i =Yt rhan, LEIFD < b=\ by, LEIFD

Proof. (1): A% BIZATHAZRTELZ 6, A =lan,, - ,an,] & B = [by,, - , by, ] ITITEEARZE
TEd. %7z, [A|0] % [B'|0] TITHALKTES. D2IZmBE421 &0 Az =00ffx Bz =00
fRIET—ELTBED, 2= Yry, - 1) IZDVT
S Tk, =0 <=z & Az = 0 Dt «= x 1% B'x = 0 Dt < S\, riby, = 0.
(2): @i = S k@, ETNIE, i rhan, + (~Da; = 0 THB. L+ 1HDORZ ML
Qnyy o Qpyy @i 1ZDWT (1) AL, N4 by, + (m1)by = 0 2185, $7505, by =S4, bn,.
WEFEBRICREINS. O
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Eo (1) M an,, ..., an, DHEICHNL (2 WVFEWEE) THDZ L Ll by, ..., by, BHEEHAT (H
LZWIEAREREE) TH B Z & DFRfEMEZIBRTWS. XZ7 ML O LR ﬁé)ﬁfi)é ey, R 17.2.5 12
L0, WITNRDORT MLHPMUDO R MLVOREAEATEIT S, EOMEZIGHL T, EOXZ MLHMil
DRT ML OFEAEE TEIT D NFARTHAL S

BIRE 17.3.3. RDFIXRT MV Dl aq,. .., a5 PN TH 2008 5 DHE L, SIERIEDLEILED
RZ MUVHPMUDO R ML OIEAE S TE T 2 0E X L.

1 0 -1 0 -2
0 1 0 1
ai=| —1|,a2=| 0 |,a3= 1 |(,aa=1]11|,a5= 1
2 1 -1 0 -3
1 1 0 0 —1

WA 52 5NFHIRT ML ENAREFH] A = [ay,--- ,as] DERIUEE B = [br,- -, bs] & THIZ,

10 -1 0 -2 10 -1 0 =2
0 1 10 1 01 10 1
A=1] -1 0 11 1 — B=]00 01 -1
21 -1 0 -3 00 00 O
11 00 -1 00 00 O

bi, -, bs WEERIETH 2 Z LR 2 RNIXHS N TH D ((MEREEME X rank A =3 #5 XD A
B Az =02 HIHTARWHEZE DI Lo 00 5), AT a, - ,a; BB TH L. 1751 B D
B4 % RAE by = —by + by, bs = —2b; + by — by EEIT B DD, LzA>Tag=—a; + as,
as=—-2a1+ay—a; TH5.

HEELl: BOESZERNWE by =2b) +by +bs LEEHEITZZERnN5. 20, MORZ MLV THEITELZHDIE
by, by 12D & WS DI TR, ETbs, by 2HD EIF 7201k, TNUADERKD % E T by, by, by DIFEHER
I MVTHBI LS, by, by, by DEREIMILTH B Z &, BEXU by, bs ¥ by, by, by DFEAESTEIT S Z LAHE
LIZnMEP2THD. FlAIE, flb, by, bs BEIEILTH O, THLID by, bs % by, by, bs DEREAEATHRT
TLHTEDLN, TNERTOIKEER S N LOHM by, by, by (L TITS KO ERHFNEZTHAS. KHFELW
FG IE R OB S 2B LU THAI N 5.

HE2: HoMUD aq, as PEIEHNITHEZ B> THD, 2RSS DHAWTHONY ML 2 REAEESTERL
=WEE, Fl 2 OB A T ay, a5 % BIEIZ U217 [ay, as, ar, az, a3) [ZDWTHBROEFHREZ T A IX L.
HRE3: AT FIWIZDOWTHMROMEZ Z 2 258 13 EE L THRI MLVORBBIZEHRL, fFonEX2HBU
Rl L TR MLIZERIE L.

(m, n)-f751 A2 & 23837 1 RAFER Az = 0 DFEAME—f#Z2FFO N L S X, @i 6.2.1 12 & W 175 DRE
BEHAWTHETEZ 5. ZDO5MF1Erank[A|0] =rank A =n TH 5. BEHDEHED 5 rank[A|0] = rank A
THY, Ulzh > TR M rank A = n D Az = 0 DFEDME—TH 57O DFAESZMGTHS. LELDRE
35:

% 17.3.4. R D nfHD m KXFIRT7 MVvDf ay, -, a, PEREHIITH S Z & & ranklay, -+ ,a,] =n
ThHhbHZ LIRBEFRTHS.

B 17.3.5. m < niZOWVWT, R D nfHDFIRZ ML uy, -, u, IFRERIETH 5.

Proof. (m,n)-4151 A = [uy,--- ,u,] DEBIL A DITOBm AR TH S (X 6.1.1). ®ZITrank A <
m<nTh, &< (ZrankA#n. R17.34 XD uy, - ,u, IREREETH 5. O

EHFINCEND R MIVORIZBWTIZRBK D LD, 26 D&M 2EH 6221220 Mx5Z &
MWTE5.
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EIE 17.3.6. n RIEHITH] AT DOWTRIZFAMETH 5.
(1) ARTHTHS, (2) ADEIIMMITHS, (2) ADETERMIBIITH S,
Proof. (1)&(2): £ 6.22 BLXUME 17312 0ELIIFEONS:
AR — Az =0RMH—HzdD — ADEIIRILMAIL.
()e(3): WERLEZ (1) & (2) OFEEMES KAl = 1Al K Eo5n5:

A = |A|#£0 < |"A| #0 — AT
— A DRINIFIAL <= A OEATIXAEIAL.
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18 HIE

171 HCRA L EREHE B VHZ 5. ZOBAO (1) 1ZBIRD b WA & L THILI T Z §ific
Bx7. AICHEAEHRD (2) THUEZ L LBRT 3, N2 MLORIC £ 2 ERICOVWTRAS. 2
NI, V OIEEO D wr, -y OMIGEATEIT 255 p 2 ERILT 2HATH 5. T HIHI
VR G OARBETH D, IROBIZEII B B HEIR, 21— 2 ) v RERIC BT B 0
ST T LY Yo BN Y

18.1 R MNLOHIEKRT 5 ERD 22

V OEEDOIERGZ SN MUy, uy AR TEDZNEI NI ENELT, £F, uy,-- ,uy,
ARTELRI MVO#EHEZRTHETEZEAL &S

EF 18.1.1. X7 b VDM uy, - ,up € VIZBWT, uy, -, u, ZH5DOEFEETEIT D LS5 ML
EINTEDLV OEWAEEE (ur, -, uy) EFL. THROE, (g, ,uy) = { >0 aiwlar, - ,a, €
R} TH5. ROMBEIZLD, ZHIEV OERZEMERD. (uy, - un) 1, g, uy ITK > TERS
N3yl L IEEN 5.

i 18.1.2. NI MVDM uy, -+ ,u, € VIZBWT, (uy, -+ ,uy,) 1V OEHEMTH 5.

Proof. 3 & 272005 (1) BL O (iv) ZHERTHIXE V. 01T uy, -, u, 725 DEAEET
FHIFEDZA0€ (ur, - ,uy) THB. KIT, &,y € (Ug, -+ ,up) EFTHUT 2z =0 au;, y = g by,
LETL. Z0EE, ZrseRIZHLTra+sy=> 1 (rai+sb)u; PAre+syduy, - ,u, 25
DIEAEE THIT D, EoTrz+sy € (ug, - ,u,) TH5. O

Rik, BRERO (1) THRAE T L%, &) — ARSI E S WAL EETH 2.
EE 18.1.3. V ABUBEMET 2. Kor,... v € V AMLw,, ..., w, € V OMIGESTET 37512,
o1, v, DETEATET BT wi, ..., w, ORIAELTETS. Thbb,

Vi,...,V¢ € <’lU1,"' 7wn> — <U17"' 7,U€> C <’UJ1,"' 7wn>-

Proof. W = (w1, ,w,) £BL. WXV OIS ZEMTH D, 4 16.1.6 £ O W IEREAE ST DWW T
FLTWS. IRELD vy,...,0, € W THBIN5, vy,...,v DIEFEATEIT B LIE W ILEENS.
W 2T (vy, -+ ,vp) C(wy, -, wy). O

EDFEIATIE, vy, ..., v DIFFEAEE TE VW ZITHNEBEE wy, ..., w, DMEEETE VL
ZIZHN BB BEOBRIZOWTIEE@R Uo7, 2o DEBOBEBRIZTHOREELZELTHEON
% (25.1 THZ R X).

18.2 EEDEZEEHI

RTEDDIE L 1, MILZER V D& T2 PR E TR T & SITRAR B BEITHR LR FILOM
DZELTH5.

EE 18.2.1. X7 MVOKM uy, -+ ,un DY (ug, -+ ,upy) =V 27238 & uy, - ,u, &V Z2ENT 2
EWVWS. F2 VEEKT S KD BRI g, u, 2V OEIK (basis) 52 WEE S WD,

Bl 18.2.2. (1) R* DEHER T ML DHfl er, -+, e, I E R ZHRLL, 2O TH D (Hl17.1.2 B
FOH117.2.2). DRI R DIETH 5.

(2) (i,7)-B3 1 TENLUSNDHEZ DT RTOD (m,n)A751% B LFEFIX (727201 < i <m,
1<n<n), mnflOITFIOM E; (i=1,...,m, j=1,...,n) ZEHILAID M, »(R) & LT
5. DZIZINSIE M,y ,(R) DHETH .
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(3) Rlz]p 2B 2 n+1HDK 2™, 21 - 2, VIE R[], 2L, ORI TH 5 (H117.2.2(3)).
W2 Rz], DEIETH 5.

(4) ML LT, HHAZEM {0} 10D MLV OMP SR EHEEZEDLT 2

=21y REMRYIZIZEENTD 5N T W, HEL I, ~BROPERICBWTEEORD D &
AR THS. VOZITvIZDOWT, BEIZL S v DEEEERRICEHNI B E v DNBET—X &
RARTI2i2d, o DBERREZEZEZLZZENTES. LR DETEERELLEK ey, -, e, DY
FEEIT L o TEWZBIZEN S ZBEREIL, TOMNEZ R TEEDOERIIZ—HL TV, R OMF O EE
BIZHWT, TORRPEZNTESIMEZRL TW2 L D12, HEIZX PG ORBBICEN S HE
BOMDE LN, SIS ETMED YRERS>TWBEIRETHASH. 20O LIEROMEIMEGEL
TW5.

fEE 18.2.3. Uy, - ,up, € VIREMNITHE L L, v e VHINSDEHEETET L TE, *
@%bﬁli“@b UD7RW, 3_73:*37»9, v = Z?:l a;u; — Z?:l blul @'Bﬂial == bl (Z = 1, cee ,n) VCZI’D%)

Proof. " jaiu; = Y i biw; ZBIHT 5 ERUPBIER DT (0 — b)u; = 0 2195, uy, -, u, DERIE
5&1‘[‘[‘%:]:@ al—b1:~~-:an—bn:0. Oib ai:bi (’Lzl, ,n) VCZ{’DE) L]

R” DJEfE L —fEDILEDENZRARTEZ 5. R OREMEIIAZTNETNERZT 2D LT, K2
T BERT MVIIBTERTEOIITIERY. £HZ2H, —ROMBERIIBWTIRER RS0 E
FHEIEFES R VEWZS. Tz, BEHNII R OFTREIZEE > TVWADIZXH LT, ROBIZHZ &S
ZRE M OIE DD HIXERICH D, EVHZ 2 &, SIBERNIC B W TR BRI 7B (T7ab
LK) 2ZRRICEDD I ENTES. 20D, BRICL 2R REAVEZERETOHE, FLOIZE
ABEREEZEZTVWENESTI2HENDS. Dk, KiglicB 5L 0mES DL B THERS Z
LT B.

1

5l 18.2.4. A = ) (1) AW X MRE 17.3.1 K0 HIRZ MLOH u = !

1,uf:2 e

H5. RZDEBEDRY L v JEHER T ML e, ea DIFEREETHS, £72 €1, eo 13 up, us DFFIEHE
AETEITD. E e =ui— Uz, ea=Us THD. ZTDIZ XX, v u,u DIEESTETLZ L 2E
k35 (i 18.1.3). T4DHE uy,ux IER?2ZHEL, LA >TR2ZORETH 5.

WEDOHIO—bE UTEH 18.2.6 56N 5.

R 18.2.5. N7 MVDM uy, -+ ,u, € VRN TH DL U, 5120 e V ETHURHMBED 32D,
(1) v 2P ug, - u, DFEAREETRERVARSIE, X7 MVOM uy, - Uy, v IFERIEHITH 5.
(2) RZ MO uy, - Uy, v IRIEREIBRR S, v (X ug, - u, DIEAESTRE S,

Proof. (2) 1% (1) DXHMED Z (1) DAREX L. SN Z RS 72 OITHIEBR Y | aiuit+an1v =10
ERELLD. ZDEE ap = 0 THRITNELR SRV, 7S, BU appr # 0 RSIEBIHIZED
v=>"., a;‘flui LD, INF v uy, - u, DG TRERVWI EIIKT S, DX a1 =0

VCZ’D O, Z;;laiui =0 %‘ff%l"% Uy, - ,Up ®7%7?ﬁ25$ﬁ'l\$ck 0 ap = -+ = Qp :OVCZ’DE) OJ

EE 18.2.6. RMIZBITE nfHADRT MVDf uy, - u, IBWT, ZNSIEMINLTH B Z L & R
DEETHZZ LIXFEMETHS.

Proof. IR MVIZHUTRE S, 77 MVOGEIEREE & > THRZ PV OGEIZREE S
EV.FINS Mg, PRSI TH 2 & U, SHH R BT 2 2 L 2 HWIKIC K D RT. K
g, u, DREREETEIRVARZ Mo e RPBH 2L TNE, 0+ LEOM uy, - uyv € R?
IFHERE 18.2.5(1) L ARSI X B, LALIDZ L IZME 1735 ICFET 5. AT, HoveR I
wy, - u, OBIGHEA TEIFRITE S\ -
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18.3 EEDIZELA

ABRME DR T S VO THERI NDIPLERIZE T HEEOHEL HZ2MET L K 5. ROMEDIEHT
SR R BE DRERIE DR R 5N T W 5.

fRE 18.3.1. V AIETHRWVWARYZ VDMl uy, -+ ,up Lo TEBRINTVWE ETNIE, u, -+ ,u, D
¢#bb<0#%WDtbV@%Et?égtﬁf%é.tﬂ;ﬁmm®N0bw®ﬁﬁiﬁéﬂé
KRR E 2 R D,

Proof. V ZH5KT % £ T, SEMNIENT - EIND L5562 —D2 T DA TWIHE LRV, 2RO XS
BFREITEL>TRINDG. £T Uy, EUTu ZHD. 2Dy, BV ZERTE251F, uy, 1FV OF
ETHD. T THEWEA R U, Uy DIE Uy, DANT—ETRERVEDDH L. filifs, $
Uty oty € (Up,) ETAUXMRE18.1.3 KD V = (ug, -+ ,un) C(up,) THH, Vidu, TL>THE
ENTULED. £IT, up, DAHT —fETRELRVARY MV ERIT uy, &FTHUEHIE 18.2.5(1) £ 0
Upy, Up, FEREIHNLTH B, wpy,tp, BV ZERT D5 INEV OHEL LS. £ TRVWEEIX
Up,, Up, ZEROVTZRZ FILD S HW0TNDIE wyy, wp, DRIEAES TE TRV, AR S, B L ug, -, up
TRTP up,, up, DMEHEETE TS DL, B 1813 XDV = (ug, -+ ,up) C (Up,, Up,) TH
D, VIE Up tp, ICES>TERINTUE D, DI up,, up, DIEFESTERER ORI MUDH D, T
N% up, 35, ZOEEZMERGEDRLTWL &, W NAREHNL 28wy, Uiy, Ung, -+ Uy, (7272
Uk <m)DPV ZERTDILIT05. FZE BEHEEGTEHIT RO 2H I IR 5 8451E, &K
THuUup,.. .Uy ZIRTHRO DT I EITRDEmEBEETUNMTARY. LEDOFHEEITED, V ORE

NS
Upy, Ung, Ung,** , Upy, PESND. O

i 18.3.1 DEFHIZ B I 2 FIHZ WHETIIE RO & 5 LEEOHKS TE 5. Zhi, HEDO—iE
LeWRZ bV AH SN UDRE>TWE L SITHMNBTRE RS, 72, fIE 1733 DIER2 L HH
HY HEETHS.

fd 18.3.2. ARMDONRT MVOMTEBI N DM V ITEWT, MM vy, v, €V
NEZLNTWVWSEEE, INOIZH 2RI MVEMIMATYV ORELTEIENTES.

Proof. VIZERMED R MVTHEBINTVWEZ LS,V = (uy, - ,u,) &EXESH. ZDL &,

V= <’U,1,“‘ y Up, V1, " ,’Um>
THHH I IZERELUT, n+mEDH wy, -+ up,v1,-- 0 (U TATE 18.3.1 DFEMZ A L &
5. ZDEERDIFPFIZEVWTIHRDIZ ug 23 EIE AT, ﬁb@ Zwg, v, BEVCEH->TUEZIEE

W TRDE u,y, = (=1, ,m) £72D AT, i 18.3.1 DFEHA TR A7z Fific & & D NIXK D
LHEEVPHEOND. O

INF TIZBEIPTELZ R OFHERIZDOWTI, 7O b0 Z @ L TREEZRDOIT2Z &
TE5. Tz ROHIEZELTHAHL LS.

I8 18.3.3. XRTED D ay,...,a; 1Z2WT (Fl#E17.3.3 LHLHLD), ROFNIZEZ K.

1] 0 1 0 )
0 1 1 0 1
a=| -1 1|,a2=10|,a3= 1 |l,a4=1|11],a5= 1
P 1 1 0 -3
1 1 0 0 ~1

(1> <CL1,"' aa'5> OD%E%Z&&DJ:
fRER: A= la,..., a5 OEfUEE B = [by, -, bs] £ T2 (MALIIHIE 17.3.3 TITo72). ZDk
& (b1,b2,by) = (b1,b2,b3,by,b5) THD. KoTamdH 17.3.2 £V (a1,as,a4) = (a1,a2,as,ay,as)
Y%, £72, Mlby, by, by IE R OEHER Y M LD XML TH B, DR ITHE17.3.2 L 0 #
ai,az,aqs HFPHITHY, Th ol (ar, - ,a5) DEEE 5.
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(2) HERX Az = 0 OFEZER W, OHE %KD K.
ftil: [Al0] DfEFIIE [B|O] TH D, Wa DINERIFRIRZ 135 72 DITRDFEA Be = 0 & f# <

1 0 -1 0 -2 T 0
0 1 1 0 1 To 0
0 0 01 —1 z3 | =10
0 0 0 0 0 T4 0
0 0 0 0 0 5 0
MEHLIEIZLD WA IRRDE S IZREINS:
R T
-1 —1
Wa={caui +cus|ci,co R} (2720, uy = 1|, uy= 0|)
0
0

WZIZ Wy = (ug,us) THD. uy,ug BEIEHAIMEE, EERS DD 2 FNKIGT 217D DIEHR %
KT THMTES., WEOHITIRERSITHIET S 1,2,49472HEALLT

* *
* *

ur=\|11], us=1]0
* *
0 1

ERBE INSHPREMNLTH D Z LIIEER T NURZSTHLHI L LHEREIZHS N THA

FOBIETIT - i & — MR R B L ROMBEIZR 5. R (2) DFEIE, 7 & B UIEIZ & 2380
1 RAGEARDEIEPS Wy DRENRFEOSNEZ L 2RBRRTWNWS.

8 18.3.4. (m,n)-f14 A = [a1, - a,] IZDWTRHPEL Y LD
(1) R™ OF3ZEM (aq, - - ay) (Frank AHDO R MLip 670 2 HKZ K D.
(2) Ax =0 DFREZEM W4 C R i n — rank A DO R MLh 57 5 FK %2 F5D.

Proof. k =rank A 2 BE, ADfKILE B = [by,--- ,b,], BOKIID S bEMD % FDH % b,,,..., b,
LU, EENEFHZRVIE by, .. b, T 5.

(1): RZ MV DHLb,,, ..., by, EHNZHRRDEERERY VSR QAP TH D, £z, iy
LD 5, B DEFNL by, ..., by, OREFESTEITS. @B 1732 X0 ay,,...,ay, (FHEEHALT
HY, ADEIX ap,,...,a,, OMEFRHETEHEITS. 205, a1,...,a, € (an,,...,an,). TN EME
18132 HHLET (a1, -+ ,an) C{An,,...,an,) 2135, LEXY ay,,...,a, 1 (a1, -, a,) DEE
EiRb.

(2): AL 1LRARER Az = 0 2 EH LIEIC L > TRD 2 & EEEBOMEEBIL BIZB T 5 EHD DN
IOk THBENS, TR e =30 Fcju; L#ETB. DD Wa = (u1, - uyy) THB. N
7 MV wy, - wy g DRI TH B Z L 2R 720, Hug, . uy g D 3 (=1, ,n—k)
CHEHULES. BOHr; 4l b, BERDEEERWIITHo LI Lo, & LIk TR 72— fRfiRIC
BOWTr ROBEEEHELTW, 2028, u; Dr A1 THY, uy,... .ty POIB u; %
BRNZFRD DOXRT MV D rj lAME 01272 > TWA Z L 2 EKT 5. (LOFIETIE b, = b3, by, =bs &
BB MEPIZu Dry =321, ro =5 KIE0THY, uo Dry = 3KMNE0, ro =5 EIE1 &

k
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BoTWNG). WAIHIBBR Y u; =0%85258, &j=1, ,n—kiZOWTELDOE r; K
;&5 TUDEAD r; A THZ0IZFLWI NS e;=0(G=1,---,n—k) 2F5. T&b
B, Uy (CBETSRUEERIIAPRE DI, 2o BEUPHRNLTH 5. O

AEX 17.3.1HTIE, 2—27V v FZEM R O 2EMIZE T BRI OV THIEZ@E L THEA
72, —ROIEEM V2B BRI N IVOFOIIMEDHIERERSEM W C V OFEEFIE, V IZH
THMEE R ICETAMBEIICER U A TITS 28225, Fix, o yepRERCICRE S 3
V OSHIE R Do 2ELTRENS. ZOREROFEARIL, MEER V ORIE uy, -, u, 1T
55 % R OfEHEI K e, e, DFRMETRRZZ 2 12HD. 72, BIFREEICBVWTIE, VOEXor
RRDEDTTIZHIGL TWE D2 FRRTEEODIZEGIEENHVSONS. T TREH»S LIES L
O, GHICET IS EBETLIZ2IZLES.

18.4 —KRDEE
BEMEDORZ bV TIREKRI N WRIEZERIE H S, O LD RERICE T3 EHEM&IZOWTAL
I LTH I,

Bl 18.4.1. ZHNER[z] 2BV, ARMEDZLIHRDOM f1,- -, f, P R[z] ZEKT 2 Z L idipw. ot
85, FLERX f1, -, fo OFTREEWEEE m & THUL, m+ 1L REERE fr,- -, f, OBMAEET
KITZLETEHRVWNSTHS.

R MVOMIC & B EBPEEMRX, KO LU TERESDOGEICHIEEINS.

T 18.4.2. FYPEMV OMHEEACVIZBWVWT, ADTIZLMEEETEITEZRZ MLETA
THEDIZEEE (A) LEFEL. (A =V eR2EE, ARV EZERTEE VD, 72, AVRPIIITH S
X, ADHDSHERMEELD 72 U772 RT VOB BITEIEMNIIZ LD Z e 2\\WD . X512, ADNREHM
NPDOV RBERTSEE, T V OEED D WIE/NXIVEKE (Hamel basis) &1 5.

i 18.4.3. FHPZEM V B LU ETHRWEHAEA ACVIZHLT, (A) I3V OEFDZERTH 5.

Proof. AIZZEELETRVWDZ a ¢ ADPHNS. 2D E 0y = 0a 1T ADTOMEAESTEITTWS.
WRIZ0oy € (A). —J, z,y € (A) L THIE z,y T ADTOBEHEEGTEITS. 22T, z,y TH
TNOMEFESIZEH NS A DTOMIFEZZ1E LNRWD, —HOREEZ 02352 & cHEDHM
ai,...,a, VT2 =" mia;,y=> 1 1 ya; LELZEDVTES. ZDOLE, &r,s e RIZOWVWT
re+ry =1 (re;+syi)a; THEDS re+ry 13 A DTOMEFRETEHEIT 5. DAIZ re+ sy € (A).
AEX D (A) X p2EHTH 5. O

e, R MO Uy, uy BEOEEA={uy, - ,u, } ITDOVT,

° <’u'17'” ,’U/n> = <{’u'17'” 7un}>7

o up, - U, BNV ZERTEILL ANV 2EKTHILIZAMBETH S,

o Uy, Uy DRI THD I & AWML TH B Z L IXEMETH 5,

o U, U, NV DRERETHLIILL ARV ORETHLILIIEMETH 5.

Bl 18.4.4. ZIHNER R[z] DMAES A= {2"|n € Z>o } FFPMNLTHSD. T T, BE Z>o 1F0LL
FoBHEKRERL, 20 =1 (EHER) 95, £/, Rlz] DEILIE A DTOREHEESETETS. DR
IZ AR R[z] DREETH 5.

WX, MIPEEOERDOTMAEESIIOWT, TNBEKT 2o EM e ED . L ITHDEEE LT
R 22 ] 2 IR 2155
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B 18.4.5. (1) WC VAV DMHEMTHE L E, W = (W).
(2) ACVHV DHBDEATHB L E, ((A) = (A).

Proof. (1): W C (W) ZHS DX (W) CW 257, Ko e (W) IZW Oz L2 TEIT .
T, WP EGTHLUTWS (M 16.1.6) DX v e W.
(2): W= (A IZDWT (1) Z@EAT XX . O

RYNDISICHEZZEETTILAHELWEREH 5.

B 18.4.6. FHIZEF RN 2B WT, FEn R 1 TENUSNDENRTRT O L2585 % e, & EITIZ,
A={e,|neN}FBMITHS. LHL, AIXRY ZAERL ARV, EBE $RTOEMN 1 L7525 55
x=(1,1,...) 2 ADTSARMEZED 72 LM X 25 ATEL 22 iFTE R,

ZTHZTHMILEMIIBTRENFELETE2NEI L WS ZEHERHS AT AWV, VAL DO
D LIFIN 2 EEMIIP IS FEAZEMAT 522 T, ROEHIPAATE L M5 TW5S. #L
WEEBHIZE G RO AN S EE 2 2R &

FIE 18.4.7. WA R ABARZ MMLVEMV $HE ACV 2HiD.

FOEBIZEREOFELZBEBNIIRTHDOTH D, HIEDOEHLIRINZE T2 Z LIFEKR LRV, K
DREVEGZ oNRITNE, RinehkzBLTOEETEHEHEEEZHWZMIIITA RN, Z0k5%
K2R % R B BRI, S22 AR LI IEN 2 REE A B A L, MIREEE2 FHR DI TE 2L
1272 5.

5% K DT REEHOBERITIE, 2 ERDESGMDOBHTERZILIZR>T WS,
SO LA DUURFE 2 BT E D & 5 Bleillak & 2 2 BUEREE % 74 (topology) &\ 5.

109



- FEIE (/N s 22 ). N
MAEEG ACV WERT 2HD%EM (A) 2RO XD ITERT 2HHELDH .
EF 18.4.8. MULZEM V OB EA ACV IZHULT, A2ETHRNDV OFDZER%Z (A) L5 5.

ZZTWom/heid AR CIZTELTHRENIVEWVWS 2L THS. EOEREDH AIEDR N
BETHOCI L, T UTHEES 0 TEIARIBAZEM {0} Z24EKT 22212720, 0 % {0} DEETH
LEMRTLHFMEAEITEILITHD. —H, Reld, A2 ECR/NOMAZERITZ D ZEFET S
MEWVWSEERNIZH SN UDBFEZATEIPRIELRSRNWI L THE. ZNZESDOILERS % & HHE
NZHAVWTEYLENE., TO/MUTOVTHHL K.

V OEREAETZE2EDT-EEWNREZONT VWS LTS (ThROLWITEGDELSTHD, Z
D& BREHEIERBRLITIENDS). ZOLE, ZEW e WDOVWITHIZHEEENTVWEILETRTE
b=V OMaEGEE NW LEL. Thbb,

Uw={veVv|&EWeWitonwTazecW}
(DEV,zeMW=EWeWIZD\WTzeW).

SC, A2BLV OMPEMEb RN SR ESHEEW ELELS. WIERZEELSTIERW. f]
Ws, VHBITAZELV OHNERTHE0LOV EWTHE. ZOLE U =W ELEDN
i, U AZ2EORNDIDERTH 5.

Proof. RINEZ LT (1) ACU, BLU (2) UDBEHAZERTHZ Z L, (3) UM AZELH 2
DHTR/NTHDZLD=DTH5.

(1): ACU ZRS7=DIMERIZae AZMD. acUZWIITIE, EW eWIZDWTaeW %
AEEED. EWeWIZDVWTWIFAZEDHSZEM (DFD ACW) ThHo7/z. ac ABLV
ACWWPDRaeWThHd. UEEY Tac A= acUJl DWRIN/ DFEH ACU.

2): &W e W0y 288020, e UThHD. RiZe,yeUdNEre+sy e U &%
LZEERTED. ZDOEDIZEEW e WIZOWTra+sy e W Z2RBIEEW. 2.ycU L&
WeWiZBWTz,ye WTHY, WHIPEMTHEZ S re+sye W 2135, Lidio
Trx+syeU. HHEEEIRD72DDEM (1) & (iv) PRI NZDZ, WLV OFSZERTH 5.

(3): AZEBLMAEROV OMAER HIZOWT, UCH &RAZLEREIELV. AZELV O
WM H ZBTFICBNEH e WTHS. U=WODOERBIZELD, EW eWIZODWTUCW
Thdhro, £<IZUCH. O

ZOUMNEH 18421815 (A) L —HTHILIFRD LS ITRINS.

Proof. ((AycU): ACU &V (A) C(U)=U (6 18.4.5(1)).
(U C(A): (A IZAZELV OHDZEMTHE (DF0 (A) e W). UDBMEED U C (A). O

J
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19 EBEHHBIOER

BHRIZET SO WL D0 &l RS, AEHCIIMEE 072 68RT 2 2 8 ITHRIGT 2D A, ikl
PRBEIZEL DB LRV, FIT, FPHOBEKZIADT, 2Th6 ORI EGOMEE L & 5§
U % BIHR TR ATz,

19.1 & HK

EEXDPOEAY NOEH X Y IIBIT5 X DI L2 EHE (domain) LIESDTH o 72, &
FIRILLAIR (source) L HIEEND. £72, 2D fITBIF2Y O & 2#1F (target) L IE. EFIK & 4h
OB Z I KU THWS XE H 5. )i T, BTN 5554) & U T (range) %
iS5 kB b2 H, THEKIBOZERTH S O THNIXERBAIT B T 2 EBE TERNPRLRS. 250U
ToRELZ RS 2720, KR TIERBIERE KB E WO MR Z X L 5. SRBFEICEWT f Ok g
ATWIEE %, R Tl &IPS

EHE 1911 B [ X > YV BLUOEBHBOEAESE ACXITHLT, ADii% fITRALEET
RTEDY O EEAE AD fIZX51% (image) LIFY, Zhi f(A) &#EHL. Thbb, SMERNGE
U B gNFY

flA)={f(z)|zeA}.

LT fX)DZ L% f OBREITER.
B8 19.1.2. XCTHEZ SN OB f D% RD &.
(1) f:R—=R, fz) =2% % f(R) = [0,00).
(2) f:[0,2] =R, f(z) =22 % f([0,2]) =0,4].
(3) f:[-2,2] = [0,4], f(x) =2? & f([-2,2]) = [0,4].
(4) f:[0,2] = [0,4], f(z) =2> f#%: f([0,2]) =[0,4].

EE 19.13. 5 f: X - Y BLTRIBOBAEABCY ZHLT, FITRATSEE BOILIZHD &
SR TRTEDE X OMAHEA% BO fIZX2HK (inverse image) L IFY, Zh% f~1(B) &
9. Thbb, NARER % 3 iE

fYB):={zeX|f(z)eB}.
FT, MbeY IZXHUT, — G {b) O fL({b}) DT L2 FFEZKL T f~1(b) & EL.

— DR DEE FLb) I, [T RBEHIT D B NRALZED Z & TIERW. f71(b) IX X O TIEA
, X OMNEETHD. /7, —FESICRIZLREST, OSBRI L rEEELEL RS
LBEbdb.

Bl 19.1.4. RCTEDOSNZHM f  R-RBIVPbeRIZDNVT f71(b) 23k XK.
1) flz) =% b=2,-2. & [71(2)={v2 -v2}, f(-2)=0.
(2) f(z)=sinz, b=0. % f10)={nr|neZ}.

(3) f(x)=2% b=1. % f1(1)={0}.
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B f,g: X 2 Y DRELW (f =9) &iF, EBBOVWLRLITLERALTH-HTHI L, Thbb
Hre XIZD2WT f(z) = g(x) (19.1.1)

DED LD Z T 72\, EDSME (19.1.1) DT 5 L& & [HERIZ f L g IFFELWVWEFW, Ih
2L T f(z) = g(v) 2 FEL. B, EORBNP R VEF DL DHBEIZBEWVWT, f(r) =gz) DI &
% flx)=gx) b BEL. £, fRXDOKTEDHD—HMbec Y ICHIEIEIEEGH (CHEH) TH
BLE(DFD f(2)=bTHBHLE), ZhE f(2)=0HBVIE f=brEBELZ DS, gHEOEKIL%E
RO, EHEEL (0XRZHER) 21 B VTIWI LIRS, 7L, BEDOT L GE2% 5 THR
ZDEIIRHENFITIFFRMNEL 2B-NED D, [z DIF2BEDNRDH L. FIEREOXRIZBWTIE, ¢
RTOILEFTLIZHINIEDIEHR fF.U VDI L% f=0y &FL.
EEGGR X =Y (f=0) BT, f(X)={ BLXO b)) =X TH 5.

DETERT & I

BHROG LW, RO AIZBEWTEFFLSTARSG NS . ZOMBEIIFREEHRIC L 287 %E
M OBPHGEPEHORA ML 25 2 12dh 5. R, SEEG f OBITITRBIAREESH1E 0 4T oh,
Imf eEPND. 72, f ORI L W £71(0) ITERNZREES Ker f BHVSND. {75 AIZBW
TTyh:R" - R™ % Ty(x) := Az L EDNIE A DBERR Im Ty ORTIZ—HT 522, B LR
N 1RARER Az = 0 DR Ker Ty TRIND Z L (H122.1.3(2)) 2 L TRIEARDFHFI 1
% (i 23.2.5).

19.2 £h5t&B5

ZDHTHBRS2HHME (1351 OX6) 5 8E&1%, B, 75 XOMEOFEHOBRIZH H T\ s,
ZIZTHWOLNT W& SIZ, dHOMEIZ B T 2EMETZOMAPYERATH S Z L IFHEIN LS.
UL, BHEDE - LRARKRISZ B W TR EMEOMERIIE NS . Tk, BB R3T % x5t
IS CRI% e AT G2 R T 28I WS N, Bz X, 2HiTlE R?2 OGRS L 2 KIE
Fti5 2k Ma(R) DA —HTE S 2L, Lizhi> TRIEEARD 5 L THIEHE O SR AETH L Z &
R E2E o THEFLEARTRED, ZNIEEFEZ TV A IGPMEBICE > TEDL->TL 37755,
LU WnWT It &, MrzFASEEARTEE, TIIZE2ENZIBRNERICENS Z 2
85,

& 19.2.1. [: X Y 2E5B{E TS, o WEELRS X 28N f(o) DEHERLSY EZ2ECLE, f
% B4t (injection) L\ 5. x N X 22T f(z) DY 228K L &, f 225 (surjection) H 5
WIE EANDE (onto map) &\ 5. BN L 2HEIZENTNROFMEIZEETTILNTE S:
o HHME: K ay,00 € X ITDWT, 21 # 20 = f(11) # f(22).
popl:ges té’bﬁiiﬁw)i N5 %‘ﬂ?l,xg e X IZDWVWT, f(Il) = f(:L‘Q) = T = T9.
I, By e fF(X)IZDVWT fHy) Db r D81 ENORIZERILKRDZILTHS.
DED, KyeYIZDOWT, f(z) =y %2AT o X EE~Z —DULhR\»38,

o 2HME: KyeVIZHULT, FILRATE L yllhdite e X DFET 5.
BEHONIERD L S12k5: f(X)=Y &b L.

B, RN OHE R B4R 2B (H D \WVWIE 1R 1 DR, bijection) THB L\,

STZ 2TV BUEN SR & 1%, BIEREMTH 5720, H 5 WIS ORBIEE 2R/ OBEMTH -0 LIz b 5.
WINIZE L, ZNODOZIFESGEAVTHAINE EDTH 5.
BEL2—DLWVWSZ XX, —DbRVAREEEH D (DFD 0f) WS 2 THD
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WS FEHWDZ &0 BgHE - 252 SR THIATIIERD LS 12h5. X 2 KDOES,
Y #ONE (BBH) 2R TESGL L, 25 THILEZS. WE, G f2DBEL, 5K f. X =Y
CiX, B VTR e X 2008 f(x) €Y RBGMIZEDVHIZI B LERS. ZOL &, B T
HKTUL VWS L THhD. ZFLZOHNOMEIZEVHIZ2LLTH, #HIZXH2KOBEEVE N1 AT
HO (KPYEZSBNWIeEHDMEDS), ZAEORPFEUGATICHIZ 5 Z 23, S0z, $
L& a, b BB IZAUMBIZHE 572 (DX fla) = f(b) 2 51E, TOMEBIZY 75 KOBUF 1 AT
THDHNP5,a L bIEA—DRENWD Z L2725, B L IFNOERTOANBEIZRNEL-H5Z L, Tihbb,
EDOEIRMDMNEy c Y IZBWVWTH, ylZHIZT 2K c X DBDDZL (0FD f(o) =y) 2EKRT 5.
DL E ylZHIZZ2ROEUT 1AL ETHNIMATERED .

Bl 19.2.2. £E X IZBWVWT X Ok Eo<EHlPILWVWEL, T4hbb f(z) = 2 TEDDIER
f: X = X 21BFER (identity map) &\, TN % idy £EFEL . idy FREFNTH 5.

GBI EHFNE S D, HEVIEEFNE S 2L, f OEERNZ T Tlda <, BRI OMIBITMKIT L Tk
F5HDTH5:

5l 19.2.3. HH 19.1.2 2B 1F 2 EHBOHESMES L ORHMEIIRD LS 12k 5.
(1) f:R->R% f(z) =22 LEDNE, THITHHTERETE AR,

Proof. ©1 = 1, 29 = —1 EEIFIX, TNSRRHICERIBOILTH Y, 01 # 29 THD. ETAHN
flz1) = f(ze) =1 W2, B2 Z50H f CRILTICEINTWS., B XIT fIFEETIZARW. £z,
f DBIZ[0,00) TH Y, ZHIFMKIBRIZ-HE LRV, DRI fIXEETIEARWV, B, y= 113K
BOILTHEN, f(x) =y Zii7= T ERIKR DOIG 2 FFEL L. O

(2) f:[0,2] >R % f(z) =22 LEDNIE, ZNIEHHTH D, 2O TR,

Proof. Bk %RT 7201 a,b€[0,2] 2L, f(a)=f(b) LIRELED. ZDLEa?2 =02 Th5.
INEBIHL TIHEDMHEL (a—b)(a+b) =025, PAIZa—b=0F%Fa+b=0.a—-b=0
olla=bThbd. a+b=0DEEIX a=-b%HF2. ZDLE, LLa>02TNEb<0 X
Y, ZNEbe[0,2] (2KIZb>0)THAILIZFIETS. PRICa<0THY, I a>0
EEDLETa=01%. £oTb=-a=0THY,a=b=0. WVTNDHHIIEVTHa=b0M
AREN, LEXD fIRBEHNTHS. fARRTAVWI & (1) EERIZLTRINS. O

(3) f:[-2.2] = [0,4] % f(z) = 2? LEDNIE, ZRIZHEHIZRVA, 2HTH 5.

Proof. f DEHETRNWZ &Ik (1) LFEBRICUTRIND. 72 f OB f([-2,2]) =[0,4] TH D,
ZHUTHIRIZ BT 5. D2IT flIERHTHS. O

(4) £:10,2] =[0,4] & f(x) =22 LEDNIE, TNIXLHHTH 5.
Proof. Bk (2) L FRRIZ LRI N, 241 (3) LERKIZLTREINS. O
EFE 19.24. B [ X oY BIOHMDPEEACX DPEILNTWVWEEE, ADEITLac AIZHLT
Y DG fla) 2GS E 2G5 6% f D AIZBITSHIR (restriction) LIFY, Thz fla: A Y &F

. 72, MREGZEBBL T 254 g: A=Y IZHUT, Hizll@Dlzg: X Y Bgla=g9g %z
T & &, g% g DILAR (extension) TH D LS.
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AEOBHf: X - Y IIRUT, EYREAEA AC X2 f2HIRTIE fl 38R 225, #Hlz1E
A —REGLTNUERV. HEWVIEE - LHGIZ A =0 & T IXMAE L% LS R WES f|, 75:4?
5. 030, Ky e fF(X)ITNULT fl(y) Ot —2RITl->TInE 2, &L, A={z,|yc f(X)}
EFTHNUR fla 13D f OBRIZ BT AHGH L4053, —F, f: X - Y OIEE f(X) I0E S B2 NIZE,
B X = f(X) 32 end, EIZHEHN X 5 Y IZBVWTHIBZESMA 5/ f: X — f(X)
BEHHTHE. 2O ehs, BHOZ L% 1 1 1 BEOLIERTE S H 5.

B8 19.25. BB f: X - Y IZDOVWTRERE.

(1) f AR 518, BAEE A C X 12oWT [ (f(4)) = A

R REDP T B L 2RTITE, MADEEHEREHRATNIELV. Fac AITKL
T fla) € f(A) THBN S a € | 1(f( ). 2ED A C [f(A) THB. KT, HEE

ae f‘1<f(A)) BIBS. TBE fla) e f(A)THEDS, 5 age AERFANT flao) = fla) &
5. fORBMLD a=aye A LEA>T f—l(f(A)) c A O

(2) fHeH% S BHEA B CY OWT f(/74(B)) = B,

R B e f(f "B )) BEEICLNE, B e fUB) RAVTS = flo) LB S, o e

FUB) &Y f(z) € B, D%¥h e BThHB. DAIT f(f—1(3>) C B. RiZbe B RAEFICHN
X, fOEFMHEIY, 22 c X ZHVWT f(a/)=brE IS, f@) e B&Y ' € f~Y(B) Tdh
D, DRI b= f(2) ef(f*l(B)). Lt T B C f<f*1(B)). O

—BOBEHIZB VT, EO (1) BEC Q) DO LD EIFRS AW, HIZXIE, f:R—R%Z f(z) := 22
EEDODNIE, A={2} BLU B=[-53] 12V T

FHF@) = 17 (rd2h) = 17 @) = {2, -2} # A,
F(£71B)) = £(#7(1=5.3)) = £(10,V3) = [0.3 # B.

PETHERT & I

B EMR Ty OBEMEIZEN 1 RGER Az = 0 B ME—fE2FOZ 2, DF 0 A DEHIRZ ML DG
MM CRED I 55 (5120.3.2 B X O 20.3.4). 25T A DFIRT NIVTHEKR I N B 5%
MAIBIZ —T 528, HEWVIX A DITOME RN —HT 52 iz k> TRED TSN 5.

19.3 HER
B f:X =Y BPEREPDODHEGITHB LIE, REeHZTI L THo 7
WDy e Y IZHUTH, f(zy) =y 2729 2y € X DME— DT 5.

EF 19.3.1. B [ X - Y BB THL LS, EOWERZ FI3iE-ZT. TIZT, &yeY izl T
LDz, (DED FIRATR L y CRBERHAD DI L) EMES T35 g Y — X (9(y) = 7,)
% f DB (inverse map) & KU f~1 £ &L

FE: fORBEPTHY f(2) =y 25, LDz, Fz ITHYLL, fly) =2 TH5.

fOUFEBPERETZ 20, f PAEEHOL TS (fE 19.3.4). AT, f OFEEKIZOWTEw L
LE%, f R HEBFTH DI L 2IFERO S BIZHHRE UTHEZEDTWVWEEE X L.

Ffla(A) = f(X) &= T AC X OIFfEE ¥IRT 2 MBEILRIRAH L IFIEN 2 (EMICIOBRARE Y R Xk 25).
OB 15 1 GAREITY, SHEZ 15 1SS IFATEAL TV,
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WE, 2HH X oY OB I 5 xshTwEE L, ce X, y=f(z) THHELED. 20D
LE RS U y) TS ODRARBZEERASEZ SN T WS, —DEHBEOZ L THY, fH({y}) KL

7= RFLDZ tfa% FIREHEETHEDS, ZNIE—m0 605 X OMIES f(y) = {z} 12k 5.
L5 —DDOEKI, FEH LY 5 X Ty 2RALZMEDOZ L THE. ZOVETE f~(y) IZ X D
T THY, ﬁ[séj\%Amim\. FE T y) BED S EERL TV A 2ESURTHET U2 i nid & 4
WA, — AP D D VT REED LI DE N U, EERZBE 2B % 5 2 T2 W»
ZEDNLHN. INSDENEBBEIZEKAITEHBENEL ZDIFEERIIBEVTDOATHS. — 1, otk
ABCYZBVWTHRKIZES f~YB) TZ20F®RNPEZ 505, L2L, 255 I3MEHE UTHU
EHERT IR, LS ORERTHIRL THib AW (i 19.3.3).

#119.3.2. (1) 5B f: R -5 R% f(z) :=ax+b (7z7ZL a # 0) LEDNIX fITREHTH D,
Ty =ty-Lchs.

(2) B8 f:[0,00) = [0,00) & f(z) =2 LEDNE fIFRBHTHY, f~1(y) = /7.
(3) B f: (—00,0] = [0,00) % f(z) =2 LEDNIE fIZREHTH Y, f~1(y) = — /¥

HIE BTl BIBUCRAT BRI F 2 2 WS Z 2 2%\, ZOEE %2 K83 2 L BEBU R
ATDERBXF z 2 VWD Z 1275, HIZIE f(z) = ax + b DFBIBIE f~1(2) = 22— 2 L HEDN
5. 2O, [ X Y OHBEE 1Y 5> X ITRATZ 213 Y DTHS. 2F0, EEHY Ok
I XFIZ e ZHNEZ L1285, B 30T X DL TH S EEE VL TEWIT R,

HE 1933, f: X oY 22U, BCY 95, BEHR I OBICLBBIE, fOBIZLSW
BPA—HTEI LR (R LESIZ, [LPIRVWTNEEHE f1(B) TEIND).
fREW: I CcP):icl&dhE $5bec BEHWT = f71(b) HE IS, WERDEHRIZKD
fli)=bTdH3.i% fIZARATEL BOTILKRDPZ, BIZLD fOUGEPIZildEENS.
(PCl):pePednE, f(p) e BTHD. ZD&Ep=f1f(p) DA, BIZ&d froBIIZp
XEENS. O

FLDSHBIB E MIEN D R AR, BEWCERT LB L IR W MEIZH S, KIFER 19.3.1
DRIZHZEEELVHLLRREZLDOTH Y, ZOHEEFHEL LT, FOMEUTHNB5M: (1) &
(2) iz gD L% fOWMEBEEHET LFEEDH S,

mRE 19.34. f: X > YV BRHEFTH D I L &, ROMWHE (1), (2) 2hi72T g: Y - X BEAET LI L
EMETH S, HIZ, 2D gl f OFEEIz— iﬁz’&é.

(1) W2 2e XIZDWTH go f(r)=a B ID (T48DH go f =idy).
(2) Wb ye f(X)IZDWTH fog(y) =y MKDILD (T74D5 fog=idy).

Proof. £F f B EHEHTHD EIEL, g = fLHME (1) & (2) 27T I 2RTD. (1) 2RI 72D
o e X ZBFICNS. y:=f(z) e Y £BI 5. #EHROERLNZE, gy) LI fFITRAT I L yIZRD
X OH—DIt, $8bb s DI L THY, DAIZgly) =2 ThHbd. D2F0,gof(x) =g((f(z)) =gly) =
RIZ(2) ZRT 72Dy e Y ZHEFICHS. HBEBOERICEINE, g(y) 1 fITRATEL yiZiR550
DZETHDB. 2%V flgly) =y, $720B5 fog(y) =y.

RIZEM (1) & (2) 2672 T g WFET DL &, fORRBRTHEI L RRTD. ZITIEMMEER LD,
f OHEHEE 2EMEOWTNL—ATERITE L (1) 92D (2) {723 g WMENRWZ L ZRZED. f 27
BHTRWET DL, HDyc fF(X)IZDWT f(o1) = f(og) =y 27T ZDDORIRB 5T 21,10 € X
PIFET 5. & (1 )%{Fﬁf"ig EEHBRLEIDIELTEHEEZ g(y) ldao EEDIREESLI P, Thed
T EEDDIRNEZAI . HiFEZRATE L go f(ra) = g(f(x2) =g(y) =21 &80, g & (1) &7z
IRV, BEEZFRHALUTE go f(r) =22 £72D, XUED (1) IR0, BB AA, 21,20 YISO
Mas ZBEHALTH go f(ry) =23 &80, X0 (1) TNV, $48bs, (1) 2T L5112y
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BEDDLZECIIHERNZ BN DE. [ RERRTHRWVESR, FITRALZMEIZR R ERnwy eY
PFELTED, 2D Eg: Y 5 X 2EIERTDITLTHEM (2) 29 Z iAW, iz s,
Fogly)=flgy), 2FD fogy) T fiZgly) ZERALZETHS. DZIT, fFITRALUEIZIEZRD
BRWIty & fog(y) W EERD, fog(y) #y.

Bz, (1) 2 (2) 273 g e —BT a2 a2RT5. 16 (1) &2 &lirkzyie
FHEIZRLUTWS., &I (2 X0Ey e YIIHUT, fogly) =y = fof iy &b, Thbb
flagw) = F(f ) THY, fORKELD g(y) = fH(y). 2ED, WHARDY DILITDOVTH, g b
O A TELUEIELVWD R g=f1 TH 5. O

OIS BT, MEZ L 5T (1) & (2) OB f OS2 RTIEETE S (Y
19.3.7). £72, TDOIESDEIPHIZT LAY b TH S, I8 Bb ST, 22 THHIC X BEHERHA LD
&, BEHTROWEBRPFEM (TbE (1) & (2) 273 5H) 2Kz \WHEH O SRR 23 I 7% -
TVWEN6THS.

#%E 19.3.5. f: X - X BWEHHTHD I L ODBEFIFML, fog=idxy =gof 27T g: X - X
DEAET LI LAMETHD. THIE, ADAHTHD I LDES (T7480H AB=F =BA%Hi-7 B
PEIETEIL) DEBRDOSEIZLZE VA ITHY T 5.

& 19.3.6. L h IZDOVWTREZRE.
(i) ' RHHTHS. (i) (A1) ' =h.
fREG: f=h"1 g=hE UTMELI34ZHEHT XL, g3 (1) BLT(2) 2 dWX f=h"1
FRHHTHD. £, gl fOMELRTHEDS g=f 1= ()" Thbbh= ()" O

B 19.3.7 (FE). M 1934 D (1) BLO (2) 27T g WMFET 205 f IR LRI L%
ERGEHE &

Proof. BAIE: f(z1) = f(z2) ETHUE, TN H% g ITIRAL, g(f(71)) = g(f(z2)) 2185, Thk (1)
ZobENXry =go f(x1) = g(f(21)) = g(f(22)) = go f(xs) =x0. DF D 21 = 9.

2 By eYITH LT a=9gy) £BLE, (2) &0 y=fogly) = flg(y) = f(x). Thbb, f
WRATE L yeibmr e X BEETS. O

75 T DRI ODVWTERRTHEIS. ABCRBIUVHEB f:A— BIZRHLT, XKTHEZ 515
R? DD EEE fOTZT 720D

Upo={(2,f(z)) [z A}

R 19.3.8 (KE). X, Y Z2ROMDES, f: X > Y 22H4 e U, HIZBEBy =2 DX T R2 DN
MELETD. Z0LE fO7I7378 107571, B L 2R TH 5.

Proof. E## L 28I (2,y) € R? EXFA AL (y,2) e R2THB. L7zdio> T, ROFEMEN 2RI
X\
(v,y) €Ty <= (y,z) €y

(=) ZRT7DIT (2,y) e Ty ZHNE, y = f(z) THD. PRI fHy) =2 THY (y,z) = (y, f(y))
B f1DII7EDRTHS. LIznoT (y,x) € Dy

WELHEHN LY - X BT 508 [(b,a) ey, = (a,b) €Tp1] ZRULEZEES>TH IV, Z
DIz h= 1, (ba) = (y,2) ZEHT BT, [(y,2)elyr = (z,y) €Tyl 2/35. O
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B f RRDIIT7EDR (o, f(a) (BT 2L 2 RTEABD g(z) =az + b THEASLNTW
L&, W DT T 7 EO(f(a), o) OEERR 1, EER L 28 0 LRNFRTHD. DF D 0
g Y) =ty -t DI TTHY, TDOEEE 1/a kBB, OISR B = f(a) ITHB T B HBED
WHRARX () (8) = 5oy DRBIND.

f(@)
DETERT & I

Ty WEHFTHDE I L L AN WITINCIR D Z IXFAMICRS. 20L& ZOWERIE T, T
Zohd (M 21.3.3). &<, ADBEATHITRITNIE Ty FERF TRV LiZkhd. ZOHELE
BYTRMBETIIRT I L REME L VDT R WD,

19.4 FBEHRDOEK
SR K ORI FEHROGHRE DBKIZOVWTHELTHI 5.
MR 19.4.1. B [ X - Y BXUg: Y - ZBEI26NTVWELT 5.
(1) fg Bz iR S go f: X > Z BHHTH 5.
(2) fog BIHIZIZE2HT RS gof: X - ZHEHTHS.
(3) f,g W HIZIZRBEH LS gof: X - ZHRHHFTH S,

Proof. (1): go f(x1) = go f(z2) T NUX g(f(x1)) = g(f(x2)) THY, g DHEFNEL D f(21) = f(2)
THd. T fORFNEZEHAL 21 =20 2185, (2): 2 ZITHULT, gDRHFMELD 2 =g(y) %
W72y e Y BFETS. £72, 2Oy LT fORPME2EHTL L, y=f(z) 2Hi~Tre X
FHTS. ZOr&Ez=gof(x). (3): (1) BLXV(2) K oHHS. O

WE 19.3.7 Tl o 7zikim I FRD L S ITHfRTE 5.

Rl 19.4.2 (BR). B [ X oY 8LV g: Y - ZH5R26NT0W5HLT 5.
(1) gof: X - ZWHRLSILfFLHHNTHS.
(2) gof: X = ZDVEHLS X g RATHS.

Proof. (1): f(z1) = f(xo) £ TN, TNH% gIZRAL go f(x1) =go f(zo) 2185, TNl gofD
i%’jﬂlﬁ%i@ﬁﬁb Xr1 = T2 %ﬁl‘é '—d—tﬁ;b'g f Lii%ﬂ'f&)é

(2): F2€ ZIZHUT, gofDEFMELD 2 = go f(x) ZHi/zd o € X DFETD. DL E,
y:=f(z) BTIEyeY THY, 2=go f(x) =g(f(x)) =g(y). PRIZglTRHTH 2. O

H58 19.43. B [ X Y BXUg:Y - Z 2285235, (gof) ' =flog ! Z2RE.
FREN: GEROEICET A58 (ME 3.25) 226 (flog Ho(go f) =idy AR ICHENPD S
5. FEER,

(frog Holgof)=fto(g7 olgof)) =Fo((g og)of) =fto(idyof) = flof=idx.

FARRIZLTE LS (goflo(flog ) =idgy R IN, PXIZME19.34 &0 f~logtikgof DWE
BThs. O

H#& 19.4.4. A[¥175] B, AT U T BADWFHIZ AIBL Thotz. ZOFEEEZ2EHDEETE
R 726 DN EOMHE ITMZR 572320,

WRIZDOWTH, fiH 19.4.3 L FELIOME-E AR D 32D,

117



MR 19.4.5. B f: X - Y BLTg: Y = Z, HAEEC C ZIZH LT, (gof)HO) = f~ (g7 1(O)).

Proof. x € (go f)H(C) <= gof(x) € C <= g(f(z)) € C <= f(z) € g71(C) <=z € (g7 1(C)).
O

FoMBEEERBIEHT 2 Z & T, nflOBHRDERIZDOWTEEBEDOWEERLD 722, HIZIE=D2D
BEHBDODERIZDWTIERD X D% 5:

(hogo f)'(D) = (ho(go 1)) (D) = (go N (7' (D) = 1 (a7 (7 (D)) ).

DETERT & I

192 TCTPELAEZ L @mBE 1942 2G5DE 2 LELIZRIENPNS:

8 19.4.6. (m,n)-175 A B L (n,r)-175] BIZDWTRAHED VLD,
(1) B AB OEFIDBKCIANL 7 51E B DGR TH 5.
(2) M AB DEFINR™ KT 270518 A DEFIE R™ 2 HKT 5.

HE 19.4.7. TNETIZFH LSS ED (1) 253K,

fREpl: HREA B = 00 M— 2 H D2 %2 RT 5. X7 Ml % HEA B = 0 0fife 31UE,
ABx = A(Bx) = A0=0Q X 3 ABx =0 D THH 5. IKEXD AB OEFNIAEHNITH v, fiy
#1731 &0 ABx =0 OffIIME—TH 5. XIZx=0. LEX D, B =0 DOfFEIZHEZEDIZRS.
BOME17.3.1 &, BOKINIKEMLTH 5. O

19.5 EREEES (RE)

EHESLL 2L FHbY, BEZYH f: X, > X, DI LEDTVWS. LrL, BEHITHEEHE GEE
) 2FOPZEHHETHL. ZORIODVTHIRELTEIZ S,

BEE 19.5.1. X, Y 25l n o282 95 BB - X oY IZBWTRIZEETH 5:
(1) flxHgicHd 2, (2) fIE2HTHS.

Proof. X ={z1,,,2n}, Y ={y1, - ,yn } EBWVTEEHL & 5.

(D)=(2): fIRBEHDX f(z1), -, flz,) OHICEEIZZ Y. U fARKTREVERKETNIZ,
flx1),- -,f(:cn) DVWTNTERV Yy Y BEHETSD. ZOLEY En+ 1EADIE fla1), -, flzn),y
EELIEIZRD, ZNRY BPn mEETHLILIINTS. DAIZ fIIEHTHS.

(2)=(1): fa2fedTs. LU fOPRFTROEET UL, 2; £ 2; 22D f(2;) = f(x)) RDi#£ D
WD, ZOLE f(x1),-, (@) DDB fla) & fla;) FHELVDX, BE f(X) = { f(z1), -, flen) }
DROEIEn —1LANE RS, fORFELIDY = f(X)THD, 2FED Y OILOEIEn - 1L N TH
L, ZNRY RnmiEATHEIILIIRTS. DRI fIREHTHS. O

AHTIE Tn S oR28E] OEMRERICIIBEAAET, BARIETHETCWAY, MEKT 550
DIFEAS & 5 EnflDEEEZ In P08 EG] LEDDIIHIZBWT, ROMEIE, ZDDEAED
TEDMEED T2 Z e BNRRFOFEIZL > TREOIF 6N Z L2 RRTWS:

M 19.5.2. (1) BAEX,Y B nlnrokdedre, 28 [ X Y BMEET 5.

2) X D mh5Rbe L, 28H f: X 5V ABNEY & n AESICRS.

NzH2d n MEARIMRZEARNALEETITOATOPIIERT 20 2E25L, FEEX, ={1,...,n} LD/
IR D B HEE ti&bébfm&b\ ZOERIZBVWTME 1952 3SR THY, TR F VeV ARTRTHS.
EU, COMEREZEZRATIHE, n NEEGL n— 1 HESOMICEEHEINFE LW I L IFIH S 2Tl <, BIRIEHT
LRHENRELS.
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(B) Y Rnfiiroikdll, 2¥Mtg: X 5V 2bNIEX & n sUEGICRS.

Proof. (1): X, Y P& B nminbRd T, EEOBRVWER 21,..., 20, Y1,...,yn ZHOVT X =
{21, sz 1, Y ={y, - yn ) EFETD. ZOLE [ X Y % f(ry) =y (i=1,...,n) LED
NIZRHRHFNTH 5.

(2): X En w2 oD AEEDBL VTR, .., 0, ZHVWT X = {21, 2, } EFITB. f: X —
YERPHE U,y = f(r) (i=1,...,n) &BITD. fORINMIDY = f(X)={f(x1), -, flzn) } =
{yt, -, yn } THB. £7z, f OBFMIT yp, ...,y OFUICEEI RN L Z2EKRLTWS. EEE, &L
RICEEDR DD y; = y; (0 # j) £8BH6I1E, f(z) = flz;) LRFAWED 2, = z; 720, ThiF
1y, T WCEEDPRWZEIIRTS. MEXED, Y ={y1, - ,yn } En D515,

(3): g7 Y - X ZRHHETHD, f=g L 2L T Q) 2HEHATNEX En SELETHS. O

ZZ T, BEDTDMEBDRERTHRWGEIZDOWVWTE, TR —ET 2L WHBREZRTEDS Z
EMNTES:

T 19.5.3. £A4 XY OMICEERIGFHET I E, X LY IRETHZ (HHAWVILEENELW) &
W,

BE 19.54. X LY BRNETHY, Y L ZPRERSIEX L ZHETH 5.

Proof. f[REX D ZDODRHH f. X - Y BXUVg:Y = ZWFEETDE. 20L& gof: X — ZIXM#E
19.41(3) KW EHHTHY, LEDoT X & ZI3NETHS. O

BEREADGEL B HEESIIHEOELSEEL L NEFIIRVBL. ZoZiddbnleds
)L ADOKERIZIFIZE DD NTWEHETH 5.

Bl 19.5.5. HRBBAERN & EOMBEIR2N = {2n|n e N} IWHETHD. EE, f: N> 2N %
f(z) =22 LEDNIX I NIZTEHH TH 5.

—HT, TRTOMERESLNE L NS DT TR,
fPRE 19.5.6. N & RITWETIdi .

Proof. 24 f N - RPGFHETHERET D EFEPEITLZILEZRED. f N RZEHNETS. £
T F(1) 2EFROCEKE [a1,b1] ZELD (72720 a1 < by). 2RI, f(2) 2AEROVEHKM [ag, be] C [a1, b1]
RELD (72720 ag < by). B2, f(3) & E MWK [as, bs] C [ag, by] #HLD (7272L ag < bs). T D
TEZRMEIARE D E LTV &, BIHRMES oy < ay < a3z < --- BIOHEFRDII by > by > by > --- %
8%, 2oL EHRXMOEDY /s, & n e NIZDWT f(n) € [an, by TH DB, LA 72 BB
NGRS B (B EReE) D 2B a, W EPERL, ZOMR% o = lim, vo0a, £ T 5. ST, fOE
BIYERD f(ng) =aZi7zd ng e NBFEET D, ZDEE, &n>ngll2WTay < ap < by < by,
DED apy < ap < by, THD. LD oT, TOMBIZENTE ay, < a < by, D IZD. Thbb
F(10) € [ang,bng] THB. £ 25D, KR [an, bp] DHLY HDS f(ng) & [ang, bng] TH D, F I %15
7=. O

Bl 19.5.7. Q L NIIHFETH LI eDWHMONT WS, £/, R EXFEFEREG L UTHEBEEREX C, H
HW0Ea—2 )y REBR IR EDD 5.

PLEDHEENS, ERESDTORBBIE —ETIIRVWI A RBEINS. EIEEDOERES X
NX ={w,29,-, } LEREDZDITIERY. BLIDEIRRRVPTELIRSXEHR fF- N X %
f(n) =x, LEONIL fIIeH e s, HIZH O UDEHRF IS Z & T ay, 29, IZEHEPR WK
SICLTBTE fIZEHHTHE. ThbL X ENIEINETHD. WEOHMPS R = {1,209, , }
LREBRNZEDDNB.

PHAAGUNOH D EED Z L 2 EEHESE (proper subset) L IE3.
BREEADADEXARICBNT, £E X 2HNT 2 00RO L& X DREL V.
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R B (SR DA,

R & R"IIHNETHD. RITDIR 2 ZEFOITCOMBAEL W & 25 1 E A EEITE U 505 L
nizwv, UL, 2ZTWO 2 f: R — R® OFEEM L, RERE P BEOIR 7% &% < DR
PG Z R U722 2 TO 16 1 /S H 5 L RRTWAIEER VD TH L. Hil 2 1L EM &
UCTOMAZRDEHRIZBNIER & R OO 16 1 WKz /ED 2 L IXTER (ME21.2.7). £
7z, BHIDFEE - WAFRMEZ BT D 13 1 (2 Z2FEMEEGE VD) B R & R ORIZIEEN
BRWZEDRHONT WS (221HDOIATLES). ZOXSIZ, ZDOONRERL EART (DFD
L1 ORIEESZ5) 2\W0WoThH, BRABRIEDRH V1G5,

— 17, T DALRED WL BB AT R - 725G, BIREADOM D 1 1 83 & £ THfgINT
WBD7EA S, Eix, EROEEHASEEOREZIZENLS SWVWOREEHD B 50 &\ D FHARR 72 [
BETTORGICHMINZE B DOTIERL, ZNIFESWORIEETH S 7> b —I)L %2 EENE B
FAMETEH -7z, 205, NEER EHENETLRVERDOIBAES X CRIFFHET 20 LN
SMWTHD. ZD K D% X IIFEL BV E WD L2 Bl R & W, SERHRRGR (8 2\ Ik
DEE) DFFPHIZHIZEWEAZEP L2, WINEGIHT 5 Z LI TERD o7, BETIE, i
TR B L OCZDEED VT NEEAROAHEANSIFEIT RN e 0h->THD, ZhE
ZORBEIZDWTH L 272 01F, BxIREGARIKGHE TDOBREDE D o — 2 A E U TGERT
HRBEITHONDZ LTS,

AU B & B EE TR, BRED (BRED) OIEF D AN X

/ab/cdf(x,y)dxdy:/Cd/abf(%y)dydx.

ZDWTC, EOFEADLLT 270D f DFMEZENFETIIGATWS. —FH, EOFEXD AL LR
W DBINFET 2002 WD MBEIXRETIED £ 0 FbDRWI A%\, KX, ZOFLE - IEFE
MHEEGMONHRD S IFELNRNT &, Z U THEGARIKGD S IXEFE BRI OFIDETEZ L
PHISGNTWS,

BHMDAHRAD SEIPNBREHELEEIIOVWTERRTHIS. 2L, RPDOFEEEZHLE
T 51 ORIKEZEREOESIZAHEL, 2o 2L WfTBENIZ L > T EFESREL RSB T
CF2DBIKIZR D L WS EITH B (NF v - RV AF—OWH). — R 5 & IR
BREFIETHEIIZBZIDY, KENPEBRTER VLI RERLRESIINESIEELZLT, Z0DES
WA R EHBHIETWAS.
MUE, MIREADHEBES 2R THIO iz 2T RN SED BT,

~

J
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20 REER

FIEARET TR M EBRITIE = DDOMWERE D 5. #Oi:ﬁﬁ?N§ﬂ%f%D,%:Kﬁ%ﬂ$ﬁ
Bz B W THN B~ O BRI G5 %2 WD BT 2 0 DATEICH 5. 2N FHIEIBAREFED
I%T%étbof%ib %bf%5'ma—&®mabw*ﬁvmm%%3 7))y RZEEOF
BIZHIIRT 2701052 20805 ERE) 022 Th b, BERMELHNTE-HOUEL VR B,
AHITIEINS ZOORFEET, MEEHROEHEPSILBL TR ONS @M ZERL, 2hs 2 X3
U 7= 5 imlE R EI DA (3w U 5.

AT, MIEEBRDL TN L > TRE SN, DIFETIZITH] L EHER T ML e; DMOFIZET
% ROME

Ae; = A D i HIH

ZWr 0 WS (REITIEH20.24 THW:)., EXZFEORFBIZEDTEVTHE 5020,

20.1 BEBEHOEANMLE
1 Hi TR ARz@E D | MG L 1T EEHIBEE D — R LIZHGS T A& TH 5.

T 20.1.1. FPEMV P ORBEBM W ADEH f:U - V IROWHE (i) BLO (i) 2T & &,
[ & #8H B 1% (linear map) » 5 W IR AEF % (linear operator) £\ 5:

() TRTO 2,y € UILHLT, [z +y) = [(x) + [(y),
(ii) TRTDxz e UBLPre RIZDOVWT, f(re) =rf(x).

EOME (1), (i) IFAEME EIEN S OB 720DKENF L O SN & 51T, SR RK
DHEE (i) It D 5N5:

IENE (i) IRTD 2,y e VELDV a,b e RIZDWVWT, flax +by) = af(x) + bf(y).

FERE, (1) 1BV Ta=b=1LUEGEX (1) THD,a=r,b=0& LHEN (i) THD. 77, (1) &
(i) ZHWT (iii) ERD K S I28E N5 flax + by) = flax) + f(by) = af(x) + bf(y). A EX D, F
fET(G) 222 (1)) &4 (i) XFRETH 5. DA, SR EOMRZ (1) ICX > THET LI e L&LD.

Bl 20.1.2. (m,n)- 1781 AIZHUTEBR T : R" — R™ % Ty(x) := Az EEDNIE, TNIIAEEHLT
H 5. EBE, BHENE (1) FRDO XS I LU THEPD 5N 5.

Ta(ax + by) = A(azx + by) + A(ax) + A(by) = a(Ax) + b(Ay) = aTa(x) + bTa(y).

ETERDIZES Ty ZE5BBEEIHNI DA ENRNI &, b, 2—2 ) v REM OB ORE 41
BT Ty DIETEITS (MEH21.34). LIZEHR R RO ETHRIEEHR L 5EDIE, (1,1)-1751
=la] EHWTEREI NS HHIBIE Ty (z) = ax DATH 5.

8 20.1.3. ROEQLIFFLEGHE TRV, BAERNZ02RAT 2 Z iz &0, #HE (1), (i) OWIh
bl I NN L 2 HERE L.

(1) 5 f R R % f(z) =22 LEDNE, ZNIIEIBEBE TS,
(2) 3R % 5 2 354 det - My, (R) — R IZHILEHE TR

a—271) v NERUNADORIEZEMIZ B T LGB OB AT ORRIZERD & LT, LIFs <I3HR
e SEpNn S~ EBEL X 5.

8 20.1.4. AV EH f U - VIZBWT 0y DITEHIZ 0y THD. T4bE f(0y) =0y.
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Proof. %27 ML&EOfET2LHERT MVZREZE2 WS L, f(0y) = f(0-0y) = 0-f(0y) = 0y. [
FRIZIE (iil) IXBEIRD & S A RA OB I —{bT & 544
& 20.1.5. f:U — V MR E 729725 IRE M- T
¢
KR (iii)’ Hu,ceU,r, eR (k=1,-- IDoWT, f <Z k’ll,k) = ka(uk)
k=1

k=1

Proof. FIDMEAR L 12T 2IFMETRT. £ = 1 OEEIXEEEOME (i) 1Tflizs S\, FOMEBH ¢
DL ZIZFEADPKILT 2 MNKE L, FIOMEBDR L+ 1 DEEIZDVWTRE D

041 ¢
f <Z Tk“k) =f ((Z Tk“k) +7“z+1Ue+1)
k=1 k=1

¢
=f (Z TkUk) + f (rev1weq) (BPAE (1))
k=1
‘
= rif(ur) + e f(wega) (IRHATE DARE & BB (i)
k=1
41
= mf(u).
k=1

R (1i) 13, S EGPRIEBRZRET 5 2 L 2R T W5
P8 20.1.6. f:U -V ZzfMIEEHE L, uy, - ,u, €U LT 5.
(1) zeUMuy, - u, DMEFEETE T 205, f(z) 1 f(ur), -, flu,) DIREFEATET 5.
(Tabb, x e (ur, -, up) = f(x) € (f(wr), -, flun)).)
(2) Yol aiw; =0y = Y1 aif (u;) = Oy.
(3) fluy), -, flun) PRI R SIE wy, - uy, DAL TH 5.
(4) wy, - un, DRIEREER S f(ur), -, f(un) BIERIETDH 5.

Proof. (1): ZOERIFFILIE (iil) OFWVHRZIZTT EL V. FEBE 2 =31 qu, EHFIT B85 f(z) =
FOo  aiu) =20 aif(w) THY, fx) & f(ur), -, f(u,) OFERETEIT 5.

(2): z =0y 2 LT (1) DFEHE AEFEDFHEEZ THIX I V.

(3): MIPBIER Y | aju; = Op ZARETAUE (2) £ 0 X0 1 aif(u;) =0y THB. # f(ur), -, fun)
DML D a1 = =a, =0. DFD uy, -, u, K HITH 5.

(4): 243 (3) DXEITIED R S 7200, O

ROBITHRZ X512 EOMBIZEITS (1) 225 (4) DIV TNBEK D L7278\, WA D SLDDIE f
DA DOLGEIZRS (i 20.3.6 ).

5l 20.1.7. A =

(1) 0] B BTG Ty - R? - R2 12D WTRAR D 32

(1) =z = 1 ETBH. ZDLE, f(x)=e1, fle1) =e1 THD. 5T, f(x) & fe1) DIEAEETEH

5. LU x% e OMIEFAEETELS I LIETER .,

M 12.3.1 L FBOEHR AT o T\ B, [THIRE FIT IO HA L, Box 3P L 0 S EM RS EREE 2 IR L T v
=DTH5.
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(2) 0f(e1) +1f(e2)=0+0=0TH5. —}iTOe;+1les=es#0Th5.
(3) e1, ex FKMHISLTH 5753, f(er), f(ez) ZMEIMILTH,
ROfEE, M EEOMEITEEDTERICEI o TRESI NS I L 2R T NS,

R 20.1.8. uy, - ,u, Z U DREEKE L, vy v, €V T B (v, v, IR TH 2 BHE IR
, eRIZHELD>TERV). 20L&, f(u) =v; 272 TEEHR f: U =V HME—DFET 5.

Proof. U D&IE z lEFEBOM a1, ,a, ZFHVT z = 30 au; & —RBICEDT S (M 18.2.3). f
PR Z W 7297120 f(o) == D1 av; ERED D U7RWA, BERIZZD XS ITED % f I3k %
7=, Miges, Sx,yeU%kx =" amu,y=> . bu EEFE re+syldu, - u, D
MG L LT rae + sy = 0 (ra; + sb)u; E—HHIZEITFTED, f OEEDPS f(x) =Y i, av;,
y=> 1 bv, fra+sy)=> 1 (ra; +sb)v; THd. LI >T,

n

flre+ sy) :Z (ra; + sb;)v; —Zralvrl—Zrb v, =7 (Zam) +s (Zb 'ul) =rf(x)+sf(y).

i=1

TR b, BN (i) 2727 f TP E/RTH 5.

W fO—RBMEERTEZDIL G Hg: U -V Eglw) =v, 27T EHR/EL f=gZ2EIS
ZDEHIZEE e UIZOWVWT f(z) = g(z) ZRmBIEEWV. =" aqu, EHFITTED, fOERL g
DFMNE (iii) Z HWTERT 2 &,

x) = Zaivi = Zaig(ui) =g (Z aiui> =g(x)
i=1 i=1 i=1
DRIZ f=gTh5b. O

EOFEHIZEWT, Exc Uz =" qu E—EBIIHEIT D LRES w35 e f 2RIz
ERCTERL 5. HIZIX, z =" jau => 0w bu E BYIZEFEFILTIL f(x) 2 Y0, av;
EXN L aiv, DVWTIZTRED, HONPUDIBETIHENEL L. 2545 &, #UME (iii) 257z X
NBEIICEDDDIFHMENTH 5.

A 20.1.9. SEEMHRDERIZE AL EL L 1 5.

Proof. f:U =V LW g:V =W 2EEHRE L, ZhoDEK go f: U — W DB (iii) % 7%
T ZeERED. 2,ycUBLUr,s cRIZHLT,

gofra+sy) = g(f(ra+sy)) = g(rf @) +sf(y)) =g (/@) +s9(F(v)) = r(ge ) @) +s(g00)(y).

O

20.2 WEBRICEZH

BB X >YIZHUT, XDz fITRATEILTHRONDY Oz I RNTEDIZELGE fO
BEMD f(X) L EBELDTH - 7. FIEEBRIZE T B4R 72505 Im f VSN,

F 20.2.1. FYPER U 2 SILERV ANOEER f: U -V IZBWT, fIZLDU OB f(U) D
\_K%Imfé:%Q bbb, Imf:={f(u)|uelU}.

S 20.2.2. GG [ U =V OKIn f 12V OWHERETH .
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Proof. 372720 D5M (1) B X (iv) 2 HERT

(i): f(Op) =0y WZ 0y elmfTH5.

(iv): vi,v2 € Imf TN, Zholk fFITRALTHREONSGTTHS. ThbbL, flu) = v,
flug) = vy 2723 up,up € U BFET S, ZOLE, Kr,s € RIZDWT rog + svg = rf(ug) +
sf(ug) = f(rug +sug) THB. DED, NI Mlrvg +svg € VIERT Ml rug +sup € U & fITARA
TH5ZeTHROND. WA rvg +svy €Im f. O

U=V ESBEEGEL, W CU %2 U OEREMETE. fOWIZEBG FW) I, fOWAD
BB flw - W =V OBREERLES. 72, flw BMEEERTHEZ Lo, (W) =Im fly LFENT
HEdWV., LORELS f(W) DV OHDEMER IR h15

R 20.2.3. MEEL f U -V EBEXI O U, - ,u, cUIZBWVT,

f(<u17'” ,’ll,n>) = <f(u1)7 7f(un)>
eI Uy, u, U ZHERT DL E, f(ur), -, fluy) & Im f 24K 5.
Proof.

f(<u1> {fw)|m6 Uy, -, n>}

)
_ { ”1 af ()

= (f(u), -, fun)).

DERTHOEPTHEVWDE A f(z) |z € (w1, ,un) } ={ [ aw) | ai,....,ap ER} DADZ,
Inzemzd. A={f(x)|z e (ur, - ,uy) }, B={f> 1 au) | a,...,an eR} £T 5. EHD
—EE RIS OWUERERE R T IUX L.

(ACB): % flx) e AIZBWVWT, z e (U, ,up) &V ay,...;an EHOT =" aju; £ 5.
S5 fla) = f(S0 aswi) € B

(BCA): & fO L au) € BZBWT, xz=>) 1" amu; £BFEx € (uy, - ,u,) TH5. 2D
FOO amu) 1, (uy, -, uy) Dt EHWT f(x) £EFITFS. LA >T (O aiu) € A. O

Eom@E &0, fHEESE ERZEKT 5] LWIRNZRETLIEHTH 5.

Bl 20.2.4. (m,n)-A751 A =[a1, -+ ,a,] ICXDFMEGHR Ts : R" — R™ (Ty(x) = Az) IZBWVWT, &
FBIE R OEHEHK e1,--- ,e, & fITRALUTZMHE Aeq,--- , Ae, T ADEFIXRT Ml ay, -, a, [T—E
T5. LIz oT Ty DBIE, ADEFIRT MVIZX > TERKINS R™ OEDEMIZEHELW. T2bb
ImTy = {(a, - ,ay).

Jan € ]R} (2 DB R T 2)

a.w%eR} (f DR (iii) 2 W 72)

20.3 WEBERICK MR

BB X>YBLOEBCYIZHULT, fILRATEL BOILERE5L5% X Dt T NTED
EBE5%E fOWIZXBHBEFY, 1 (W) eELDTH 7. MEEBIZENTIE, FlREHETH S
AR 65,

£ 20.3.1. FPEB U »SMIEREM V ~OIEEL [ - U — VIZBWT, fIi2&% 0y O
({OV})U)\_&’&Kerf LEE, IN%E f O (kernel) &\ 5. 7405 Ker f:={uecU]| f(u) =0y}

Bl 20.3.2. (m,n)- 175 AIZKBFILEBLR Ty : R" — R™ (Ty(x) := Az) DIk & 1E, Az =0 {723
z ER" BERDNOLRDIEETHD. DA Ker Ty 1T 1 AR Az = 0 DfFZEH Wo 1IZ5F LW,
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i 16.2.2 (2B W THERILEANL 1 R GREADMRERM P BRI 5 Z & 2 iz, —ROMIEERIC
BWTH, TOBITEBRBBOWHEMIZRS. LI, XHKD L.

R 20.3.3. SPGB f: U - V BITRIBOEHHZEMW Cc VIZHLUT, f O WIZX28E 1 (W)
T U DEHERTH 5.

Proof. $53 2272 5 72D D&M (1) B XU (iv) 2R T 5.
(): f(Op) =0y e WX Oy % fIZRATEE WDk #d. ThbE, 0pcf~H(W)Thb.
(iv): wp,us € fLW) EFTHUE, flur), flus) €W THD. ZDLEW BHHERTHD I Lh b,
s €ERIZHUT, f(rup+suz) =rf(ur)+sf(ug) € WTH3. T4805, rup+suy € f~H{W). O

B 20.3.4. FER [ U - VIZBWTRIZFAMETH 5:
(1) fIFHEETHD. Thbb, WhrkdvelmfIZBWTH, TOHG f1(v) D1 EANPSLR 5,
(2) Ker f = {0y},

Proof. (1)=(2): (2) 1%, ()BT B v &L TOy = f(0y) €Im f 2F ARl RGETHS.
2)=(1): f(x) = fly) ZIREL, z =y ZmTd. XTI bMlex—y%z fIZRATEE f(x —y) =

f®)—fly)=0y. 2EVz—yecKerf THY, REXD Ker f IFEXRZ ML Oy DANSLBE LT

Wb —y=0y THD. ThW2BEL Tz =y 255. O

Bl 20.3.5. (m,n)-{78 AIZBWT, Ty BWHENTHEI L e Az =0 D2 RKDOZ L IXFAETH 5.

HARIEERIZ B W T 20.1.6 DFEB D LD, Tb b, BEHIE TR SIS & (R1F T
5EHTH5:

Rl 20.3.6. f:U =V 28 EHBRE L, uy, - ,u, €U T 5. fREHFITH S & SRV NLD:
(1) =3 aiw < f(x) =31, aif (w)
(2) > aiu; =0y <= > a;f(u;) = Op.
(3) ut, -, un WML TH B = f(uy), -, fun) ZEIBITITH .
(4) up, - up BEIERBTH S < f(ur), -, flu,) ZHRBTH 5.
(5) flur), -, flup) 1TV DHEETHE = uy, - ,u, 1FUDHEETH 5.

Proof. £ (1) ZmR% 5. (=) 3fEH20.1.6 TRONTWEW R («) DAHT S, f(z) = >, aif(w)
tj_é :0)2:%, yzZ?zlaiui tjb\%, a:—y’a? f 6:&7\3‘6 2:,

f(w—y)—f(w)—f(y)—f(w)—f(Zaluz) :Zazf u;) Zazf (u;) =
i=1 i=1
WRIZx—yecKerf THD. fITFFDPZ Ker f 1Z0y DANSRD. DRIZx—y=0y. T8bH
z=y =Y, au.

2)1F, () IZBWTz =0y & LEZRHIARBETHS. (3)1F (2) KhEBIZHFESNS. (4) 1%, 3)1TH
JBMEMFDEEE & >R MEPZ, TNOBHFAETH 5.

BAEIZ (5) 2T . ug, -, ORIEHNIMEIL (3) K0 o TW0D. a2z e UIZHLUT f(x) eV TH
D, f(wr), -, flun) PV ZERT DI DS f(e) =1 aif(u) EEFE TS (1) &V x=3" au,.
TROb Uy, ,u, 13U ZHEKT 5. O

R 20.3.6(5) DALV D7D, Imf =V LB BENRH L. DF 0, f BREHHTRITNZR
7R 578\ (A 21.1.5).
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%8 20.3.7. ME20.1.8 DEEIZB VT vy, v, BWEIEINLTH D & &, f(u;) = v; 27 THILE
Bf.U—-VIFEFATHE. IhirRt.

Al Ker f = {0y} ZmEIXE\V. 22 TaxeKerf &T5. up,- - ,u, WU ZERT DI NS
x =1 au EEITIE,

0=flx)=f (Z amz) = aif(w) =) ae;.
=1 =1 =1

v, LU BEPHNI D R 0 = =a, =0TH D, 2= 1" ,0u; =0y 2155. $7405 Ker f Dt
130 IZPR 5. ]

20.4 Fk4 LR BEROHI

Bl 20.4.1. R" DX MWK UTE i BEZ RIS E D258 p, : R - R (f(21,- - ,2p) := 2;) 1350
JEREND§IF (projection) L XN S, p; IZMEEHRTH 5.

B 20.4.2. n KIES1T75] A = [a;;] (2 LT ADNARD DO tr A:=>"" 1 a;; Z ADH (ML —2X) &
WS B tr: M,(R) — RIZMEEHRTH 5.

Bl 20.4.3. (1) BHIZEM RV 2B WTHIZEIZT S5 TER, T40b5 S(xy, 10,23, ) := (x2, 23, )
TEDOLNDEMHS RN - RV IEY 7 MERRCIFIENS. S I3 EE&TH 5.

(2) S IERHTHB. fms, FHHy = (Y, y2ys ) KHLUT, & = (0,y1,42,---) LEDN
ESx) =y &b 7, S) = 00280 x &, HHEZBVTTRTO2HITHD,
KerS = {(2,0,0,---) |z € R}.

(3) ¥ x = (zp)nen PHEREIILN 16.3.2:
Tptk = Ak—1Tn+k—1 T Qp—2Tntk—2 T+ + A1 Tp41 + ATy
Zi72 3o, B S(x) = (ni1)neny 72 LOW LR Z 727,

(4) W bR 2pi0 = 2pp1 + 2, ZHEZTHIIRAR F IZRY OESERTH S (H16.3.1). S % FIZHIR
U7 S:F = FIZEHEHNTHS.

Proof. %M &y = (y1,y2,y3, ) KR LT, &= (y2 —y1,y1,y2, 3, - ) LEDNIEz € F T
HO S(x)=ylid BB, x=9y) -y THd. EE INS5OFOYIIXFEL. £/, 52
HUABBIZDOWT, ZEHDHE n HiZ v, 1, ALE ypi1 —yn TH Y, By BWALR yp1 = yn +Yn1
(n>2) %5732 eho NS EFE LV,

B Ker S = {0} Z R k0. = (21,729,723, ) € F, S(x) =0 & TNIX (2) & =z D
QHMBFIZITRTOTH Y, 2N bADRME 23 =20 + 21 ZHEDE T2 =0%155. D% D

r=0Th5. O
Bl 20.4.4. (1) I ZBXM & U, I EOFELEME C-FREKR2EKEZ C°(I) &3 5. C°) DL f X
FITHWATELDA, fOWY fBEEMEDBWISTES, Thbb ff e C°(). £IT,

D:C>®(I) — C®(I) % D(f) == f LEDNIEX D IV EZRTH S.

BRIE, WIHE B 2 HAFE LW Z 2 X XA NE, F OTIEIER 20ps = 2og1 + 20 22T W RE 3 HUKE TRTE
LWZ &5,
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(2) DIFEFTHE. EE & fcC(I)ITHNLT fOFKEAKEZ FednE, F21EMLT 5
EfIIZRY, F fIMAETEMHTES. T2bb FHEMARBITEMAAETHY F € 0=().
DF)=F =f&0 DORNNE2ES. —75, W T5E0e C() 272 BBULEBEEL »»
BNZ &5 Ker D IFEHBABEERORTHEAITRD.

(3) By € C°(I) W iREM D HifEX 16.3.4:
y (@) = ap-1y® Y + apay® D + -+ aryW (@) + agy O (@)

BT 52, LOWLEMAT S L T DY) b £ LOMA HRREMATZ L2%
3.

(4) #n R y@ =y 4y 2723 CCARBEAAR W 1L C°(I) DA ZEMTH 5 (H116.3.3 ).
DZWIZHIRLZD: W — W IZ2¥HHETH 5.

Proof. &5 £y e WIZHUTFEF :=D(y)—y (2F£0 F(z) =9/ (2) —y(x)) LEDNIEW
R THoT2DO F e W ThHD. ZOLEDWF) =y, 3205 F(x) = y(x) DY L
O EE, y A SRR g (2) = yD(z) + y(z) 2T s, Flz) = (Y (x) — y(z)) =
Yy (x) —yW () = y(2).

BGE: Ker D = {0} Z/REIX LWV ye W, D(y) =0 &30 (2) K0 y I ZEHEHTHS. D
EF0yY =0,y =0THY, TNZWAFRADEME ' () =/ (z) +y(z), T7RDBL0=0+y %

GhbETy=0%21415%. O
B % I P MU SR A E R X IS, ¥ <12 LG D 1388 % cET.

5l 20.4.5 (FJE). a e REFEEL, 5T : C*(R) - RN %

CEDNIE, TNIIEEHRTH S, 72, #1204.3 128357 MEHFE S BXOW 204.4 12B1F 51
PERZEDIZDOWT SoT =T oD WEDND. TNEXRNTRTLRDLSI1ZH5.

C®*R) > [ +—— (f(a), [V(a), fO(a), fP(a),---) € RN

p | l l L's

C*M®) > fO —L o (f0(), 1), (), fD(), ) € RN
fifd: fla DL CEMBUER (7—7 —ER) W TH 0, D DOINFCERAP IR A & 22 2 BRI T X84
220, EORRIIMAERAZE Y 7 MEAZENIZIFRAE THD I L EZRBLT WS,

Bl 20.4.6 (F&). 1 # R LORKXMEE U, I EOFEHMEHGEBEERO R TR Z O(1) £ T5. £
za,be Il Z#EELTHKL.
b
(1) Sap : C(I) = Rz Sap(f) == / flx)de EEDNIX S, 1FFEERTH 5. Ker S, DIGIEK
[ [a, 0] B BEMAD0 LA SMTH 5. Im Sy 1R [a,b] BIEEFEONE S ORI,
a="bD%H, Kl [a, b BT BEAEETDZ, ImS,, = {0}. SRS L KerS,, =C(I) T
B5. —FHa#bROIXRS KL BRIV 5. FEBE, &r e RICN LT, @B f(2) = ;-
Z%ERW:L Sa’b(f) =T ff)é '3_7);}:7}9%, Sa,b Lié%ﬂ‘fa’b D y Im Szz,b =R.

Ozp Wl Tf DERERTARVAESIE [ £0] BROLIITREINDG: fAEBEBTRWRSIE, f(z) # f(y) A
THRBB M,y c [ 55, a =00 v 53 (@ £y KV 0 TRY), f(2) # fy) £V a#0THB. T

DOEHEYD f/(t)=a %2729 t € I BEFAEL, &I f T EEHEE 0 Tldkw.
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(2) C(I) DIE fITHUTRTEBEEND C(I) DIE L(f) : I > REZSTEEFH 1, : O(I) — C(I)

BEZD.
/ 0

o TR EBRTH D, WHENFOIRARTHE D, I,(f) 1 f ODFHEEBDO S ED—2TH5. Im,
6i F(a) =0 %73 CLMBEEYF 72 b 2RI —53 5.
Proof. V={FecC)|F(a)=0»2 FIxC-#k} &L, ImI, =V 2R% 5.

(ImI, C V): ImI, DEITLF = I,(f) ¥ F(a) = 0 2§72 Z L IZERNSEBITOH»S (KM
[a,a] EOERML0). F7z, F OO EGEE f 12822206, FIZCL-RTHS. DRI
FeV.

(VcIml,): FeEViTa fi=F 3 FIXC- WA fecCI)THs. G:=1,(f) &b
JIXG = fTHB. DR (F-G) =F' -G = f—f=0. WHd027 25 BEEILEREBDOAT
HHENPOB F—GIIEBEHRTHY, Zhila 2AT S L (F-G)(a) = F(a)—G(a) =0-0=0.

ZAZEBE - G IR OMEERBEBTHY, F-G=0. LLED F=G=1I,(f) € ImI,. O

L(f) =IL(g) L3 NEHLEMA LT f=9g 722D X [, ITHFTH D Ker I, = {0}.
(@Im[@%ﬁiWﬁT%&%ﬁ?%b WZK%MBi%ﬁ@%%B:ééKﬁkTé:tﬁ?%
AR FOREREHEY Dol, =ide) THS.

Bl 20.4.7 (FE). X, Y ZE ROWMAELEL TS (HAWVIFLID I X CRY, Y CR?ELTH LW,
W EREF X Y 2 —D5258 ROXILEQRTr : C(Y) - C(X) WEHTE S (GBHROMmEHN
FEHiZoTW0WA I EITHERYE X).

Tr(f):=foF, (ZZTfeC(Y), 2%D f:YV — RIiZ#EREL).
(1) Tr 3P EHTH 5.

Proof. 9 Tp(f) e C(X) THDI L, Thbb foF: X - RAERTHD Z L 2RI IR
SRV, TN OFERITED (—RIC, EREHRIC L S ARITERTH D), MBI (iii) D
AMERL LS. & f,ge OY)BEVrse RIZDOWVT

Tr(rf +sg) = rTr(f) + sTr(g)

ERUZWV. INo R X 2ERKE TE5HTH L0 6, EADMEHIZSK e X 2RAL
TEPFELWZ EBNPNE EOEREES. C(X) LBl A0 T —fFoEHRE A NZ LR
MoHET S L,
Ti(rf +59)(x) = (rf +s9) 0 F(x) = (rf + 59) (F(x)) = (/) (F(@)) + (s0) (F ()
=r-: f(F(a:)) +s- g(F(:ﬂ))
(1T () + 5T (9) ) (2) = (TE()) (@) + (Tr(9))(@) = (r(f 0 F)) @) + (s(g 0 F) ) ()
=1 (foF()+s-(goF@) =r-f(F(2)) +s-g(F@)).

WA Tr(rf + sg) = rTr(f) + sTr(g) DD 2D, O

(2) TR X C(X) OBHEE L SBENLERTH D, $0bL, Tr(fg) = Tr(f)Tr(g)-

TSR L 70 B BIE ORI VS
18 Tg — 0 51 g EREIR ZERR L7 Tg REMERTRVAESIE ¢ £ 0] ORBIZH:S.
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Proof. % x € X #RAUMEN -T2 Z L 2R_BIE L.

Tr(f9)(x) = (f9) o F(x) = (f9) (F(x)) = f(F(x)) - g (F ().
(T ()Tr(9) (@) = (Te(D)(@) - (Tr(g)(@) = (f o F)(@) - (g0 F)(@) = f(F(2)) - g(F(x)).

O]
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21 BEZEEOR—WR

MU R BT B, H2VIEHNET 2L VD154, TONEEIET 5 7-b0EANRFET
B, NEEN) LI1E, MEbDEES Lakd, $HELLRE>TVWEEDEAFEI 20D, M
RO NEDE S, (% HAEL T2ONZUTH S 5 h. AEITIE, 310D, SRR M E
DAIEEIIRASTTRER 1 1 ORE (BIEFEIEG) 12 oWTH LS. 2 LT, ~oOMBER ORI Z 0
MIEH D 2 E S D& HORMEL ED, ZOFEHDZUMITOVTEET S,

21.1 WREREEBR

RTHZ B3 & > T, BUEARBNZMEEZMHLICHIRE NS Z 2R ES.

EE 21.1.1. fEEHR f.U - VIELRHNTHL L &, TN EiEAEB (linear isomorphism) & %\
FHIZERZ WS,

Bl 21.1.2. BEREEHR U - VIZBWT, B2 ESWMA -G/ .U - Im f I38EEBITH 5.
Bl 21.1.3. U DEER uy,--- ,u, £ 55, ZOLE @#EH2.1.8 &V f(u;) = e; 272 TBLEH
f:U—=SRPFHETS. 20 fI3SERETH 5.

Proof. #20.2.3 &0 Im f = (f(u), -+, f(un)) = (€1, -+ ,e,) =R". T2bb fIIL2HNTHL. %
7o, BEHE 3R 20.3.7 12 & 5. O
ML GR f PR HH R S IEROMEIZ LY 1 L BB EGE 25, #119.3.6(0) &b 1
SHHRTHO, LD>T L EERMTH 5.
R 21.1.4. FERM f .U -V ONER 1.V - U REEHRTH 5.
Proof. f~1 DMRIBIE (iii) 27232 L 2RZD. T T,y c VEBEIUrs € REZMLEIIHS. a =
fH=z), b = [l y) £BL. WERDEHEDS fla) =z, f(b) =y TH5. iz f OEMHELD
f(ra+sb)=rf(a)+sf(b)=rx+sy Thb. ZOWAEZNTN fLIZRATRZLT
F(fra+sb)) = ;7 (ra + sy)
ra + sb = f_l(rm+sy)
rf N @)+ sf T (y) = [ (re + sy).
FompoRIE F7 BRIEM (i) 22T I E2RBERL TV 5. O
e 20.3.6 2> & FIZHEAAA T, $ERFLITIZR BRI T 5.
R 21.1.5. f:U =V 2OSERIETH L & &, uy, -+ ,u, € UIZDWTRAEKD LD,
Uy, Uy T U DEETH D <= f(ur), -, f(u,) FV OEETH 5.
Proof. (<) 13 20.3.6(5) KD FSNTWVWBEYDZ (=) DAZREIXEV. uy, - ,u, 2 U DHEEKET
5. i 20.3.6(3) &0 fluy), -, fluy) IR TH S, /2, fIFEHDPA Inf =V THY, m#
20.2.3 &0 fluy), -, flup) XV 2HEKT 5. O
W, FEAHIE LA D B EEIEAERTH 5:
B 21.1.6. U DRER uy, - ,uy,, [:U =V 2EEERE T L& KRB SLD.
BRI THZ = f(ur), -, flu,) 1TV OHREETH 5.
Proof. (=) &M@ 21.1.5 L VS, (<) 13612113 2B} 2iEHE T AR UimETHESNDE. O

fRd 21.1.7. MPAEHOSKRITMEFEILTH 5.

Proof. f:U =V 8LV g:V - W 2 LIZHIERE L TIXME20.1.9 £ 0 go fIFMIEELTH D,
F-mE194.13) LW 2BHTH S, O
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21.2 RABALRFZERM

TODMIEZER UV BAEMIZFE U THE 2 1ZE DNV T enEZ LS. Tk, SE2ER— O A
ZBWTENSGEZXTERNWI L L EDDDNEYTHS. T00b, LA EDH 5D 5 mEIC
BWTU L VIZBII2EM/N T EI LMo, VAWK, U THRDEDZ & L HFDOE
KRBT VIZBWTERD L, $ZTOWEEADE VWD THS. MEEROEHEILELRENIZ,
TR E AN T —fEOEEDHEDAZMELZRNRTH > 7200, MIPEMOBEL L LTHERS Z
EMTELDX, TNSDEHFAIZETA2EHOATHS. Lizh->T, U &V OMIZHE AN T 5D
HORRGEINDE LS (DE DHEIZDOWTEAENZ) 1 1S 21H 5 & &, LR O P4 TE
LZHEDOAEHANCU LV ZKXKHTEILIITERNI IZRE. BLEDERZ)N S, ROGIVIFETL R 5

S (ARENIZFRILEDEART I L) 21535.

EFE 21.2.1. FPZER U,V ORICHIERIBER f U - VIFEET S &, U LV IZEFERRETH S
(linearly isomorphic) » 2 WMIHRIZARTHZ L VWS, DL &, U~V &&EL.

Bl 21.2.2. 2RI7RZ PIVRIKU = My 2(R) & 2 RFIRT SMVEERYV = Mo (R) IZDOWTHER LS. Hi
FIIREIZTHD 2RI FIVDEETH D, BEIIMIZE D ZWMARZZNTH D, PRIZINSIEHAE
HOLETRELR->TWEEBEZOND. UL, MIPERKZMEE (D% 0 HEICE T2 HE) 2B
2EVOAZHNVCTINSGZKHT LI LIETERV. EBE GHR .U -V % f(x) =z LEDNIX
CHIEEEETH D, UIZBEWVT uy, ..., u, € U BT 2B ERNRMEE P(u, ..., w,) DL
BLE VIZBWT P(f(x1),..., f(x,)) BT 5 Z 2RI NEY, $4bs, U TKYILLV T
BARVA RN B RN 91 72 W@ﬁﬁ& BIBBHREEREITH I LFTER.

WE, SRR HT AREE G2 22 THIAVEEE 2R, UBBIRU LR--HTES
D, HEWEU & AR AR & R 22 U LB, &0 o 2RANRERPEC LS5, #
M EDHSWDW DML, 25 UMM EEZ 5N X MEINAXR S0,

fRE 21.2.3. MM U, V, W IZDWTRPED LD

(&) U~U, (W) UV =V U, #HBER) UV, VoW =U~W.
Proof. (&) HEER idy : U - U IZMEREDZ U ~U THS. () U~V & 3TIEHE
L f .U = VIMFEL, TOFEEH [~V - U bBBEMTHE2 2205V ~ U 2585, (K
B UV, Ve WETHWIRERIL U =V, g: V- WHFEEL, INS6DEMKgo f: U - W

PRI TH B Z M U ~W 2155, O
/gb@%(ﬁ#ﬁﬁézay ~

—fRIZ, Z OO REERGL S (BAWRTIE, Zh2BEREIFENIMEEHWTERT ) K
SRS KO, #HREZR-T & &, 2z A{ERfR (equivalence relation) & 5 5. IR
BERIZR S T SDADNIG T OONKEE—DED L ART L E, FTOE—MIXEMEERIZRS
ZEDNEFLV. INZERDIHOIE, BERAEIRNEHRIZAMERERESZ S0 Z 2, F—#HT
DHWERLEZ DI L EFWVIATHE L.

FEMERRE B LD BRIEINETIZE VWS DONFEATVS.

Bl 21.2.4. (1) VHEHEZIFEE LOME A, BWGRITHL L E, A=B eEL. £/, MF A, B
PHETH DL E A~ B LEL (fF-REEEETIIR ). BR =B XCHE ~ 1ZZhE
NIAMERRTH 5.

(2) ZDDHEE A BOMIZREHIFETHLEX AL BEINETHEEVWIDTHo7. %L
FERIRCTH 5. RRAIIH] 19.2.2 12 K 0 WFREIIH] 19.3.6(1) (MM T 5. £7-, #HBFIZ

iid 19.5.4 TR 7=,
\ Y

Pz oTld TRBING | RBRRBIZED, iEHIX TRV, £FEOWE P Iz DWW T I OHEEL2RTITIE, SRR 2
FAIZBEWT TR RER S GREER)] Z2FRICERL, RO RI T RMEZHOHIE L V.
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[l B 72 K 22 M OBl 2 205 & 5.

Bl 21.2.5. (1) FEERU B LTV IZBWTH UEE» SR 2 REEVPIN S & &, U & VI RET
b5, EWE U DREZE uy, - uy,, VOREEZ vy, v, &THUL, @E20.1.812KD f(u;) = v;
BT ER U - VRN S. ZOFE4IZME21.1.6 LV EEILTH 5.

(2) Mpypn(R) & R™ ZHEIZ mn HDORT 5058 KE2FD. DAIZINSZIMEAINTH 5.

Bl 21.2.6. #15.2.2 B T OHI 15.2.7(2) I2BWTC, BB EHIA— O EGRY 252 TW\Wiz. §iE O
HZEM%E U L U, BEDOEHZEME V 2 LE S, ZoL &, 15.2.7(2) THA RO IG:

f:U—=YV, flz1, 29, +) = “x(n) =z, CEXRINDIEH2: N> R"

WEAREETL L 225, U72h o C, S EMOBAICBWTINS IZA—DEDE RAT N TE, £
ne z, ;MB:’;@%FEJO;IT]L/E.E%RN 2HEZTW5.

Mpn(R) & R™ IZHRFEETH B IZ0 20056 T H UL S EZHWS Z L3720, Zhid, fpE &
U CTOMER T T <, FOMGE B Ik U 72 fABiliG & UT My, 0 (R) 25 72D TH D, My n(R) D
TEE My (R) DIEOIZITFIE U TORMMPERINT VWS~ T, R™ Oyt R Ot DORIZIEEARR
BMPEFZ SR, WAL, 2NSZFA—DFEFTRIT DI E L <R,

WL (BR): BRAMIR™ OIS LOFE T L OBIFEIZ Lo TEDE I L MTES. LELAESNS m =nn

IZEBIT 5 ZOREAE L M, (R) OFEHE (1751 & U TOMR) DI BRLIINEGZ 5N\, BiFIZAHTH 5, 372
DOHEIZ zy =y DD LDODITR U, BEIEE D TRRVWALTHS. BB, R mEESE X, ={1,...,m}
F OB GERBIE) 2K C(X,,) = RY» OFICIZRIEA ZIADZEKTO (Tabb Lk LTo) AR 1
1 nasD <L SEER, AIREG (58 m HE TORS) 12DV THI 21.2.6 L FABROX IR EH 2N, O(X,,) & DM
ICREFEIZ D WTHEENL 16 1 iarBond.

RITFRTE BTl TH 5.
fEE 21.2.7. HREm < nIZ2O2WTR™ & R IZEJERBL TR,

Proof. & URERIEL f : R™ — R™ BFHET 5 & T, EFRIKR" DFEHERT Ml e, -, e, IZDWT
R 21.1.5 (& DA IZME 20.3.6(3)) £ D fler), -, flen) ER™ B 2B H Akl e b,
ZHIEME173.5IZFET 5. DRIZR™ & R OMICKIERBGHIIFAET T, R™ & R ISR
TR\, O

M 21.2.7 DA THW f OB IZHEEEOATHS. 2% 0, HAB m < n 2OV THIE L
[R5 R™IFFIEL R, —H, A E D24 g : R™ — R OFGFHEMNDBRT I ENTES (R
22.4.6).

21.3 BEBEHRDLTEM

1EiTFE UL DT, 175 L ISAE AR DO BAELIZIZEN R 5. T40bb, S EHORTEME

DT ERIEE—HTES. 1.6 HIZBWT R O TE % 2BEBRIZDOWTHA L -HED K
b2 RHTHRRE S, Z2D7DITIE, (m,n)-ATHRE My, n(R) IS 2 EG DR THEAICEH S 2
52 TEPRIER SR\, My, 0 (R) 12 i%%ﬁé MIORENR A>T W=D X, T 2 ERDESE
MILERIZ 5 Z L DRIE é%é.

£ 21.3.1. fBZEH U 2 SEUEZEM V ~NOMEEHR RO THEEZ Hom(U,V) tHL. &<
U =VDrE IhZEndU) &EL. Hom(U, V) IZIERD LS IZHE AN T —(EWEZ D, M2
AR
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o f,g € Hom(U,V)IZHULT (f+g):U—-V ZRDEHRELUTEDS:
HaxelUlZoWT, (f+9)(x) = f(x) + f(x).
o feHom(U,V)BELTFreRIZHLT (rf): U=V ZRDEHLLTEDS:
FaxelUlzoWT, (rf)(z) =rf(x).
Hom(U, V) IZBIFBERT ML, U DEITCIZH LT Oy 2S5 EMEER f =0, TH 5.

505 Hom (F¥EFALE 4R (homomorphism) (ZHIRS 5. BUEERIZIS S, 52 5 7z 12 B
OB L HED L WER, THab b L OAMAZHATRE (W) 12220 5B0Z L2 ERBEES.
7z, HERBEEED S T NHEANDOHERRID Z & % H ¥R AL (endomorphism) & F 5. I G IR
FzEMic BT 2 ¥R TH 0, & ITHIEZER LD B ARG ERR L IT XN 5.

#E 21.3.2. (1) ETEDZMEAN T —FHIBWT, MEEROHDPRIEEHIIRZZ L, BLY
LGB D AN T —fEPILEBRIZZR D Z e 2Rt §48b5, f,g € Hom(U,V), r € R & 51X
f+grfeHomU V)2 WS5ZThb.

fREB: f+ g DRIEBMGE 725 Z L 2mRE S, I (i) 13RO & S ITHERTE 5:
(f +9)(sw + ty) = f(sw + ty) + g(sw + ty) = (sf(@) + () + (s9(@) + tg(y))
= s5(f(@) + g(@)) + (W) + 9(v)) = s(f +9)(@) + UF + 9)(y).

(2) Hom(U, V) IZBF 2 & A7 T —fEDOEFEN XY MIVEBO RN ZGT-$ Z & 2D K.

(m,n)-1751 AIZBWT, FIEEBR Ty : R" - R™ % Ty(x) := Az LED LD TH -7z, {7HIIHBIT 5
HEE Ty LOBRIZIOVWTEEDHTHID.

@ 21.3.3. (1) Y1 XDELWTH A, BIZDOWT Ty =T < A= B.
(2) Y1 XDEFELWTH A BB LS r,s e RIZDWT Trarsp = 17Ta + sTp.
(3) 174 B & ADMIZENEED L &, Tpa =TpoTa.

(4) ADHH = TAZ2HH. F72, ZOEE, (Ta) L =Ty1.

Proof. (1): (<) RS D X (=) DAFRT. A, BOEFNBELWI LIRINNEA = BTH5.
Ta(e;) BEU Tp(e) 1ZZNTN A BDiFIHTHD, IKE LD Tale;) = Tale;) THD. DRIT AB
DEFNLEFEL .

(2): Trarsp(x) = (rA+ sB)(x) = r(Ax) + s(Ax) = rTy(x) + sTp(x).

(3): Tpa(x) = (BA)x = B(Ax) = BTx(x) = Tp(Ta(x)) = T o Tx(x).

(4): AZAHEETNIE (3) &V TaoTy1 =Tg = idgn, Ty-10T4 = idge THD. L72D3 > THn#
1934 &0 TH XEHHTHY, TOWERIE T -1 THD. WIZ Ty HWEHEHTHD LINEL, A DA
MWERED. MIEEMHR T R —» R BFAMTH S Z D o6maEH21.2.7 X0 m=ndpx AXESHTHIT
Ho. Fiz, BHEHK e, -, e, (ZDWVTAHE20.3.6(3) £ 0 Taler),...,Tale,) I FKEMITH S, T
mbhb, EHTH ADKFINT VT X BHMIFHEMITH D, € 173.6 X0 AFF#ETHs. O

EIE 21.3.4. EROMBER f: R* = R™ & (m,n)-1751 Ay VT f =Ty, & —HNITEES. &
2, Tt My n(R) = Hom(R™", R™) % (A) := Ty LEDNIE, ZNIFEAEGEEGTH 5.

Proof. Ay :=[f(e1), -, flen)] LEDNIX f =Ta, THD. KB, Ta,(e;) = “Ay DiFIA" = f(e)

DA Ty, & fITBTBEMEREDITERIFFL . LD > THE20.18 80 Ty, = f TH5.
WERLZZ L, T OREMHICIEN RS\, £72, T OBEEIIGE21.3.3(1) & 5. T Ofk:

(iii) &M 21.3.3(2) 12 &k 5. O

133



EOEBIZEITE T OFEH S : Hom(R™,R™) — M, (R) 1%, f € Hom(R",R™) IZH LT Ay =
[f(e1), -, flen)] ZXIEEHZEMHTH 5.
&% 21.3.5 (FE). End(U) DKIT f,g TN LT, TNSDF fg 2B fogll k> TEDSB. T5&,
BRIZED TWZFIE 2 Hh T =B X OS5 OREF I, [ =idy Z2HAce UTmiE 24.1 1285 MHEE%
TARTHG7Z9 (H 21.3.6). 7205, End(U) 3% B2 5. £z, fi€HIZBVWTm=ntd5L
T, @ 21.3.3(3) 12k D, T: My, (R) — End(R™) IZEDEFIZDOWTHERN L 16 1 xR R5. ¢
hE, My(R) & End(R™) 1% i LTH—HTE 3.
%8 21.3.6. [,G,H c End(U) BL UV r,s € RIZDWTREMERE &:

(13) (rF)(sG) = (rs)(FG), (16) F(G+ H)=FG+ FH, (17) (F+G)H = FH + GH.

AR BUCBE 286H: (18) (FG)H = F(GH) 13 325 I2BWT, & —f7A G SBHTR L TWS.

fRAp: REEDNEROERZER L TVWA I IZEEL, RuecU ZRALLMEN-HTH %

RINE K. (16) DARES.

F(G+ H)(w) = Fo (G+ H)(u) = F((G + H)(u)) = F(G(u) + H(w))
= F(G(u)) + F(H(u)) = FoG(u) + FoH(u) = (FoG+ FoH)(u) = (FG + FH)(u)
(T F Otz H\wiz)
PR, idy 2 End(U) I8 2 8t AT E, 2z [ LEHL. £72, F € End(U) O n BIOAE
B Fn EEL:
F":=FoF..-oF.
—_—
n A DO
FHRICEN S AEBKIZT57-OFE L F =T 3252Eh5.

21.4 #EEHEZIEN (RR)

HIEIZBEWT End(U) L ILEBROME 2RO Z &, §740bb, P L#7- b O TIE AT & Bl D
HMWTEBZ iR 22T, BfH 2 0TI X BBV EM L 72 & SITEMREIEZEAL
9.

EFE 21.4.1. FEBLBDO n REHER O(t) = ant™ +ap_1t" '+ +art+ag BEOHEEEF U > U
XUT, ®() I8t % FITEESHZ, $72E8Hag % agl ITESZMZ 2 LRD & 5 03 E
iR ons:
anF™ + ap 1 F" '+ - 4 ayt + aol.
INzILUTOF) &EFEL. £REHTH AITH U TERERIZ, P(A) ZRDEFITHELTEDS:
anA" + ap 1AV 4+ o+ @ A+ aoE.
HE: COERFLD —RIT, ZHROTCICH LU TERINIMETH 5.

FOEHBEIHETHRANRLDTH>T, ) ICF R AZRALTVEDIITIRAWVWI LIZHER

&

#l 21.4.2. D:C®R) - C*(R) % D = a LEDNIE, y € COR) IZBHTHHRML LTDRD=D

dx
DAFITARCEETH 5.
y ¥ (2) + ap_1y* V(@) + ap_oyF (@) + - + a1y (@) + agy? (z)
D*(y) + ap—1D¥ ' (y) + a2 D" 2(y) + - + a1 D(y) + aol (y)
(Dk +ap 1D V4 ap oD 24 p g+ a01> (y)

0
0,
0
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SN ®(t) % O(t) ="+ ap_1t" L+ -+ art +ag LEDNE, EORIZP(D)(y) =0 LKFELTE 3.
ZDd(t) % EOE n&éj MADRKMESERN L IT5.

@B 21.4.3 (r—V— - NIV broEH). A= | Z] IZDWT, () =2 — (a+b)t + (ad — be)

C
EBLED(A)=0,RBILEHEID L.

ZIHAIL, O(1) = ant™ + apn1t" P+ - Fart +ag DL IITEBA L UM E, —EBOIEE LT
KL o72b, NBARLZD EMBORRERD. 728, ZHAZERL THrOEMt 2B EHR F
B ESBRZTHMERZ VDR VI REVFELELD Law., FlZIE, o) = (t — )" L NEs
NZ5E, €% 2141 2K LR O(F) (TROBEMLAZRCIODVWTtE2 FIZEZHIZE0D) &
(F =AD" IFEFELWES I ZHE (- A" & (F - A" 22N TN _HEMS 2 AV CERBICERT
52 THENPDONGTZAD. KD, ZIHANLEDESBEEZLTWTH, t &% FITESHRATE
BIZEFE 2141 DTN BT 5. J)%;a%r/k@%ﬁﬂc BOWTHZRLLS. WENLSRTZ &K, — &
DEITERIZDWTR D L DHETH D, & ITIEHITH AIZDODWTHE D LD,

HE 21.4.4. fPEEME U - U BLXUOZHK O, 01, 09, U, U (ZDWVWTRZERYE

(1) FEENZDWT, O(t) = MFU(t) = ®(F) = A\FFU(F).

FREH: U(t) =Y 0" pait’ LB, @) =YL jaiMTF THDI 5,

O(F) = “BIHRX a M 4 aghtt Dt & FICEESHX 254
= AP 4 4 oA FP =Y AFFa, FT = AFRY a P = AFFO(F).
=0 1=0

(2) @(t) = D jmy Ui(t) = O(F) = > ojo Vi(F).

R W(t) =Y 0 gapit’ (k=1---,r) EBIFIE, #13.2412&0

s (z ) -y (z t> s (z ) /
k=1 =0 \k=1 =0 \k=1
EIRBENG,

O(F) = “ZIHA ( ak,n> "+ (Z ak71> t 4+ (Z ak,o) Dtx FIZESHZ -EH
k=1 k=1

k=1

(r CLkm) F”+---+<iak,1>F+<zT:ak7o>I
k=1 k=1

( ak> Fi= Zn: (Z akF> = Z (Z amzw) _y U (F).
0 \k k=1

=0 k=1 k=1
(3) @(t) = @1(t)P2(t) = (1) = &1(T)22(T)
(

fREH: Dq(t) = Zl Oazt’ EBITIE, @(t) = Y ait'®a(t) THD. TIT (¢
(i=0,--,n) LBHE, (1) &0 Wi(F) = aiFi®y(F) Y 2D, E72, (1) = 30,
505 (2) &0 ( )—Z?ZOIIIi(F)“C“f)é. kXD,

®(F) = Zn: ;(F) = Zn: a; Fi®y(F (Z a;F ) = O, (F)®y(F).
=0 =0

n r
1= =1
)

) = aZtZCI)g( )
i—o Vi(t) TH
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OMEZAREGEH TSI LT, ZHA QL) ODRLUAITLST, &) IB1I5t % FICESHA
BIZ—T B DD B. LT B(E) = (E— M)™ (E— A)"2 -+ (t — \p)™ ERBDRIND L X,

Q(F) = (F = M) (F — X I)"2 - (F — M\ D)™
Th5.

R 21.4.5. F: U - U 28R EHE L, o(t) & U(t) 22 ER L TE. 20L&, ZODEEK O(F)
BLOU(F) IZT#THS. Thbb

BuclUIZoWT,  &(F) o U(F)(u) = U(F) o &(F)(u).

Proof. O(t) = ®()¥(t) £BL. THL O(F) = B(F)U(F) TH5. —f, O(t) = U(t)D(t) TH5H 5
OF)=U(F)®(F)THdH%. ELD, &(F)U(F) =0O(F) = U(F)®(F). O
8 21.4.6. S : End(U) — M, (R) P EERTH D, T 5I1I28(1) = EBLIUT S(FG) = S(F)S(G)
AT 51E0, BLIHEA U(t) IZDWT S(U(F)) = U(S(F)) 2K D 32D,
Proof. U(t) = apt™ + an1t" t+ -+ art+ag EBLAKE LD S(F™) = S(F) R YLD Z LITiE
HMEnig,
S(W(A) =S(anF" 4+ an 1 F*" 1 4+ 4 a1 F + aol)
=, S(F™) + ap 1 S(F" ) 4+ -+ a1S(F) + agS(I)
= a,S(F)" + ap 1S(F)" 4+ -+ a1S(F) 4 agE = U(S(F)).
O

FOMBEIZBEVWTERBE LKL E End(U) B X0 M, (R) ICBRET 2 6EI37x <, &b —fiz, L
DOMDEMBIZET 5 FiEE LT EOMBEIIRLT 5.

Bl 21.4.7. HIETH X 72T : Mp(R) — End(U) (2 2W T HRTMEL [AED FRAK O LD, Lzdio
T, ZHA V(1) BX O n KEFTI AIZDOWT, Tya) = U(Ta).

WZD&S G HEELCBRICET BHERR L WS
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22 IR ZEEDIRIT

BIENIZ B WT, BUBZEM Z S 5 T, $ a0 5P L o Ma e 5 2 /2. AHITIREE2HEAHE
BMTHEPEI DR FINPBERE LTRILE KIENEEEZEAT L. 2T LD, PR DTER R0
2195,

22.1 RTDEH

TODRIEZER U &V BEBETRW S, MERBES f U -V RFELRVWE WS 22 THS.
DED, U LV HBEMTRNI & 2R TIEIEFEEH 2 T hld e 6 2»., — Rl LT, 7
FERERHIZ AR TIEAFAERE IS U\ FEFAEGEHDEE L Wl RRFFEIEE L AL 72 o S i o7z &
WO TIREHIZ R 569, EARIZFREDINDEDRELTERON LR NI L 2RI RIER SR
RIZHD. ZOFMGEEHEL T, 2 < OIFFEMEFHIFEEEIC > TRINT WS, @ 21271280 T
HEITHoT.

T, M 21.2.7 1B T 2 IHEGFIEEHDOB L R 2SI TH o 2R DR A S . FNIER™ & R T
SRR, TRbBLRKIZB T 57 MVOEBARL S I ENAREEZ DWT Wz, REIZBIT 5N
7 M VOMEBUIAI M 72 b WA TH 20 B2 RET HEHELRBETH Y, ZOREERICE R, KD
MEZAHRE U TR TDEE2ES:

fRE 22.1.1. FYEZERV OREIZEIF 2 MLVOMERIL, REDOHD HIZXks5TIZ—ETH5.

Proof. —D2DXZ NVOM uy, -+ Uy BET vy, 0, BDENTNV ORETH B Z L Z2KEL,
m=nZREE IV HEEu, - u, TEUTH 2125(0) Z@HTAERE YV & R™ ZFEM L3R5, X
7z, BIE vy, -, o, I U THRARDERZITVWV LR IFAR LS. ThbE, VR V ~R?
THO, ZHITHE21 23R 250 E TR ~R” 2195, #2127 XD R ~R* L85 DI%
m=nD&EIZE5. O

EE 22.1.2. FEZEHV OARMBORZ VO v ..., v, DV DHEEL LD L &, ZOREDHE n
% V DR (dimension) L IFU dim V THRT. £7z, HIEK L L2 HRMED R T MILOM %R DR 2EM
DZLEBRRITTHSE2 VN dimV < oo &EL. TD &S REE %R/ 72 W ZEM % &IBRTTH
LZEVWNdimV =00 & EL.

Rz ArRE 22.1.1 238D 6 R T NIK, —DDFIEZER V B m DI S5 R 2FE L nfHDOILHh 5745
BEZROABEMEDRD D (m#£n), TNTIEV ORITEED N\, RITOEF I 22.1.1 BBHE
BOIFZZIDEOTHD. [THOEHPERORNSDERDOBIZEHLOEREIT 72D ERZA TS
A5 .

R 18.3. 112 & 0, P EMPERMED R MV TEKINE Z L L BRRTCTHS Z LIXFAETH .

Bl 22.1.3. (1) dimR"™ = n, dim M,, ,(R) = mn, dimR[z], = n + 1.

(2) (m,n)-475 A = [a1, -+ ,a,] 1IZ2WT, #2024 B L2032V T ImTy = (a1, - ,an),
KerTa=Wa 232 %Rz £/, ZTRNODOREICEIIEZRT MVOHEITME 183412k -
THRoNTWS., 37405, dimImTy = dim{ay, - ,a,) = rank A, dimKer Ty = dimW, =
n—rank A TH5. ZOHEEIS —BOMILER f IZEWTHE dimIm f O Z & 2 EEL f O
WEF O rank f &FEL. £72, dimKer f IZERAREEEREZ6NTED, ThZE null f & FE,
[ ORBILRE LS. HEOMSEZEP LU CTHERVPEFGZL THNDIDZ, R TIEIN S DFEMD
HAIEEZ 5.

(3) #118.4.1 £V R[z] IZBEMRMDORZ MV THEBIND Z Lidm\. Lizh > THRRIOLTH 5.
(4) RN ZIERRTTH B, ZOHFEIZRIETRT (H22.3.5).
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RIGx AR D72 TRIZZER E S UNREBNE S P2 HETE S, L IZROEHD (3) 1, M
BB fU -V OHREIEME RT-ODOFRLRS.

EIHE 22.1.4. FEM U,V IZEWTRDBED LD,

(1) UMPERRTTHZLE U~V < dimU =dimV.
(2) U~V = dimU =dimV.

(3) dimU # dimV = U £ V.

Proof. (1): (<) 13#121.2.5(1) £ BSNTWVWBEY X (=) ZREIEEV. f:U -V EZAMETS. W
FUIZERRTTHD LHEL TS, K uy,. .., u, PENS (DF D dimU =n). i 21.1.5
E0 flur),..., fluy) FVORETHY, dmV =n. LEXD dmU =dimV.

(2): U BERRICOBEIR (1) ITEDRINT WS, £72VHIERRCOBERU &V OuEE A
NEABDZET()ICRETES. U,V WINLERIGLOLEIE dimU =dimV =00 TH 5.

(3): (2) DXETH 5. O

(%@ (REH). ~
TODONRE XY BARENICR D Z L 2HRT 5I121F, T o BT AR & i(X),i(Y) B
BB 2 RNIEIVDOTIERVD., ZOLIBBNTEZONEIRE I DI L2 RIZFEE
(invariant) £\ 5. RICIIFEZEMICBE T 5 AZLETH 5 (EHE 22.1.4(3)). HFDL < DGHIZE
WT, HRE LU TWSEHFANREG Z RO 15X 1 S OIRFIENE 2 R TEICAZ &3 & 5% %
5. BIZAEAABRATTF: (DR B Y —) T, SFIOPEKR - FERE A D 1K 1R G (FEEE5) 235 %
ZeERODEMMPEA-FHTELZLORIEL LT\VWD. IBEMICE T 2H % LA
DIZH U T, MAHERMANIZ B 1 2 ZEH ORI —Hz A E WS . FEHEIZREERERTH 5. AAHEARY 2R
HGCHRILE WD EPER S N (VR — 7 OHEIRIT), BERICD 575 5 ZZEIFFRME TR, 372
b, WERTIINMBTIZB 2 ALERBTH L. LR OWERITE N TH DI LR Dh->T
BY,ZOZehom#AnBSIER™ & R IFFAMTIEBRWI EBREND
LIAT, MEDALRIFI(X)=i(Y) RS2 WVWoT, X &Y DE—HTEEZNE SRS 5
2R FIZ X OB IOTIE LR TR T2 TH D, HEKOCFHHOSBITIT#E T . 2o kid
RIS U THIRISEIZAZERZ VST 2B ERH LI L2 RBLTWS. — 5T, i(X) =i(Y)
o XY OF—EHPETZ XD BRMNBALEREDZ L2 REREEL VD, HIZIE, BRXITOLR
BRI B W TR EEALERETH D (EH 22.1.4(1)). — I, BEALED —BULHE —H DI
FIZOWTDEBRBDEFITEE RN T D% L, BRALEEN SN0 25 L0 D e IR,
EVWHZ 5L WEFBZTWVWAVBIIEWTAERERZETTARRERDO ALK T ALEIE
EFNZDOTHY, ZOED BALBIIEREZIBETHEI LD ORRALRITIZRD 2RV, #E, A
WENPBEL INDENE BMDZ PR ROSNT WS, 25 UzEXHIIEFEICRS T ERZED S
FZBVWTHBEIZRDOONDEEDTHS.
LA, % DT 2BOEMRAERL LT, A4 7 — PRy FH, AEOQ Y-k
DHoNTWS. BBICHPEG U2 X S ITAEE 2 BUTIR D B BI3 72 <, BRA AR 2 2 D
\@ﬁa%ﬁ%:&ﬁfga

J

22.2 EII 1. RXRABRKXNDEEERDOEL

AS5TEHIZ TP E LU CTWZHENT 1 RARERD —REOERRIZHENSEEEBDOMBIZOWTEHET S, f
R Az = b DIEERDES WL, BBFET 2 & TIEFRGER Az = 0 DEZER W, % 1748
ULIZEAETHoT-. ULz T, 8 1 RAEBRRDEEEHOMEBIZOWVWTHT 2 DTHIULFRGRER
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WZOWTDAELRTNE TR THS. WE, HER Az = 0 DFZEM Wy RO LS ITRIhTWD L
5.

Wa={ca1+caz+---+cray | c1,...,c;, €ER} =(ay,...,ap).

A5 TETCHERELZRD 3 HIZO2OWTEZ LS.

() EREBOMEEIZAKIEUR 2R E I PR EI P> THETIE L VWO, Rz, EHLEIC L
% —RIRDERRIZE W THERER D KB U IZ 0
[ AKELUBBRWEIEa,. .., a ODFIIABERNRZ MLHBRNEWS ZEThHD, Zhiday,...,a;
DHEMNLTH B Z LIz 570\ (M 17.2.5). 20, K LARWZ L 2/RT Ik ay,...,a;
DRI Z FEIF W, 72, BEHUEICE 3 —BROETRIZE VT a1,. .., ap DB
2B 2IE, W 18.3.4(2) BLUFDHHIZBVWTHELSNTWS, ThbbigEHLiEIcLS
— AR DR RIZBE W THEREE D KK Ui,

(ii) EEEBRDKE L DIV D D DO—iff% 5 27 & 212, “ DO EBOMEBUTH T K
ERSYA
[ @ 22.1.1 50 Wy DEEIZBIIERZ MVOREIE—ETH 5. ay,...,a; IZKEL A
FEZ NI W, ORETH Y, TOBITAm W4 12— T 5. Tabb, FEEBIZKEL DR
W RO RRIZE W T, (EEEBOMEEUT BT dim W #2725,

(iii) EEEBDOEDHITIE, ENL SVORENEZ S5NL D0

% ZOEMIEa,...,a, DECHPEDREDZ20%ZMITVWEDTHD, THIE Wy DRIE
DECSDRAFZIHEENELD .

AN 1 RGEROMEE U TREH UVIEZREIHE LR WIIBIZEWT, —REORRIZE T BEEE
BOMBAEHR L LD LBEZIERD LS 1245,

EFE 22.2.1. (m,n)-1751 AT KB 1 RGER Az = b DfEVGFIET 5L &, TO—KBDORRKIC
BT 2EEREBHOBEH L 1%, R® O 2EH Wa (FRFRRXOMER) OXGLDOZETHY, £DOHIE
n —rank A IZ5F L.

22.3 R RHEKXERK

FICIFRDTRT I L HTES (M 22.3.3(2) 22 K). ZoWMEZEEL T, #Ho%&EMDRIER
ERRE DBBRIZOWTERL LS.

EF 22.3.1. FEEMV OWDEE A CVIZBWT, ADHIZ n HD R NIV S 7 25T 2
BHY, TSI ADFHDWLRE n+ LIEDORZ MU SR MEEEREEICRE TS ZDkE, A
BT ML R KERE n L EDS.

TAZB T BN KA DS n TH B Z 2] & TADITIT X BREMNL BRIz B 1T 5T hL
OIEBIIBT n AT TH Y, 220 ADHFIZ nflHD R M VO TRIEIMSI 22 DA H 2 Z & | XFEMET
»bD.

ROMREL, SN 7R i K E & 2 HiPH 2 ERTOAIZHIR L TH, H5WIERRETIEFTE &
WZ e EBRRTWNWS.

B 22.3.2. MV BXUVC A C VIZOWTRIE D LD,
(1) AZB BEIEHNLR KA n TH B & &, Ml ay, -+ ,a, € AKX (A) DHEIETH 5.

(2) (A) 128 1F BEIGIT R KA n TH 2 & = S8 wy, - wn € (A) 13 (A) DILE
TH5.
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(3) AITB BN R B AR n TH B & | dim(A) = n.
(4) (A) 1281 BRI AR AR n Th 5 & %, dim(A) = n.

Proof. (1): £ ADEILHBVTNE ay,---,a, DMEFHEAETEITIZZ L 2RTS. KiZay, -, a, DiF
ARG TETRORZ Mlac ARD22TEn+1HORZ MvOflay, -, a,,a I3 18.2.5(1)
R DRI TH D, TNIEEHNL R KB n TH B Z L ITKT S, WAITAC (a, - ,ay)
TH5. VOWRZER (a1, ,a,) FWEHEETHLTWSZ 205 (4) C (a1, - ,a,) THY, DL L
£V ay, - a, 13 (A) ZEKT 5.

(2): WERULZ [BIZBT MR R KA n TH D & &, MMM ay, - ,a, € B
(BY DEJETH B 1ZBI1F5 B LT (A) ZHNE, M 1845 kb (B)=BThhH, (2) 2155.

(3) & (4) &, ZhZTh (1) & (2) BEORITDEED SBH S A, O

Rl 22.3.3. AR ZER V IZEWTRBE D LD,
(1) VIZBWTHIEHNI R R REBDSEE D, ZOBIE dim V IZFE L.
(2) VIZEBIT 5 dim V EOKIEMALZRAHIT V OEIETH 5.
(3) dimV HDORZ bVDFH wy, ug, - uqmy BV Z2EKTE0 01K, ZHIZV ORKTHS.

Proof. dimV =n & U, vy,...,v, 2V ORK LT 5.

(1): VIZBIF 2 n+ 1HDONZ bV SRS IZ 05 Z e 2 HHIRIZ L > TRE S, RIC
U, .. ., Upyy €V PPN THZ 2 THIE, M 183.212LD, TNSIZHIZWS DNRDORT MLz
MABZETVDORKELTEZILNTES. 4005, n+ 1{HLEDIEPR S22V ORENFHET S
Zaizh, 2 dimV =n il KT 5. ULEBoT, uy,...,up 1 FEVERETH 5. £72, nflDHM
V1, ..., U, TERIESITH O, VIZB T B i KME T n TH B

(2): A:i={v1,...,0, }ITDOVT, WERL7 (1) & 22.3.2(2) L0155,

(3): wy, -, uy DRI TH DI L ZRED. TDOITIE, uy, -, up (ITBT DI IR R K
i%%E kT2 EZ ENBE58nTHEIE2REEEIN. ZZT, ug, -, u, OFD SEIEIAL
T gy Uy, ZHLS . @ 22.3.2(1) &0 wpy, - U, (U, uy) =V OREERS. DXD
dimV =k THYH, DXxIZn="F. O
i Eo (1) OFEHIZBEWTMHE18.3.2 ZH\W2HY, TNAGEHICARERIZ K E LD TR, M 18.3.2 %
FAWTEE uy, ..., upy DFIEREEMEIIRDO LS IZUTRTIENTES,

RIZZNS DML THD L UL S, 20181240, Hu; & u; HHIZETHIEEMR f: (ur, ..., upi1) —
VHBEEL, 2HIEHE 203.7 KO BHNTHS. dmV =n KD R & VIZAMTHD, £72 (uy,...,up1) &
R A THD. NS 2MEIABEGEHE gV — R, h: R = (ug,. .. unq1) &5 0UE, BGHRE G4
gofoh:R"™ 5 R* 21825, L2L, RP 05 R AOREEHMPFIEL R\ Z & IddE 21.2.7 D FIZikR 7
WO THD, ZIFIFEEBDIEDS, Uy, ..., Uy (TEIERE TR NIER 5720, O

— T, SN ERRTCTH D Z EIERDEIICEVMZ BN TES.
EE 22.3.4 (FE). PV ICBWTRIEFEETH 5.

(1) V IZERITTH 5.

(2) VIS 2 IR G 2 & .

B) VIZBWT, WS b6 THEL LK DARY MDA SRS HAL A2 NS Z &R TE 5.
(T7abb, EEDHRB n 12 OWT, #IPMNL M vr,. .. v, € V DFAET D))
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Proof. (1)=(2): &k e NIZBWTHl vy, -, v PRIPHLE 705 X512 T MVOFERS v, 2 KD
. ZDE S v, BIFNICEIND 2 EREDS. WE, v, ETHABOSNTNBE L, vy, v, 1
MM TH BT 5. VIFARRTTRVWOZ, ZTN5IEV ORETIERD. LR oT, vy, ,vp
DIEAESG TRERN L vy EVIFET S, ZOL E k+ 1O vy, -+, vpyy I$AHE 18.2.5(1) &
DERIEISITH D, 5 U TIRHHNINIZEA T v, 2RO IEIRES {v, | n € N} ML TH B,
(2)=(3): BIS .

(3)=(1): XMEZERZES. VAERRKILTH 57 61F, i 22.3.3(1) & 0 ST 22 I KEEIE dim V
THO, VORDNRs dmV + 1 HDORT MLh 6 58 ML el 25 Z ik TERWw, &I, VD
HPOH WK 6 TELLDRY MLD SR BEEMNI 2 NS Z L IETE R, O

5l 22.3.5. i 18.4.6 & 0 F 22 [ RN 13BN R RIRES {e, | n e N} 2R OD A MIBRILTH 5.

22.4 RIWHoDohDE
Rt % W TER 2B D 2 JE%, FE B AL 2H O FEEIZ OWTER L LS.

iR 22.4.1. BIRXITCLZEM V O W IXERXTCTH O, dimW < dimV. F7z, FS5HETI
W=VD&EIZR5.

Proof. dimV =n &BL. VIZBIT ML LRKELIZn TH- 7206, WITH T M
BAEBIEn A2 Z 2d R\, 22 TIOHE m & U, MM w, ..., w, € W ZHLA .
A=WIZDOW\WTamE22.3.2(2) ZEHTNIX wy, ..., w, TWORETHD , dimW =m <n=dimV.
72, FH5n =m PR T B5E, @ 22.3.3(2) &0 wy, ..., wy, XV OREELRD W =V %215
5. O

5 22.4.2. R3 DEDZE W ORTIFHIMEIZEL D 3ATFTH D, RO LS 2o IN5.
o dimW = 07252 %EMIE {0} DATDH 5.

o dimW = 125 MHEMMOERIE—DDXRZ ML u A0SR0, W={ru|reR}iFu&0
D EMI T B,

o dimW =2 R 53 2EMIE, HIEK uy,us € W ZFFD. W ={ru; +sus |r,se R} THH, ZN
& ul,uQ,O %ﬁé?ﬁ&:*f@&'é—é

o dimW =3 BN ZERIIRTMEIZL D W =R3 DAL .

RE 22.4.3 (FBRE). (1) t1,...,th11 ZHERDZFERE TS5, EEDFEEr, ..., 1y WHUT, p(t;) =
ri (i=1,...,n+1) 2723 n XREER p € Rlz], PIFET S I & 2RE.

fREE: T = {t1,...,th11 } CREBIIX, @ 15.25 KO R[z], c C(1) &AaES. Gfp: I - R
Zpt)=r(i=1,....,n+1) LEDNEpe C(I) TH5. phR[z], DILTHH DI LERE
EEEEES. CI) =R ~R"™M DX dimC(I)=n+1TH 5. £/, dimR[z], =n+1TH
B 5mE 224150 CU) =R[z], THY, p e Rla],. O

(2) LOGEHOME TN f; 2L HATRYE. $aD5, f;(t;) =1, fi(t;) =0 (j #1) ZHi7z9d n K
ZHAZ RO L (ZOZFEZZBLT, (1) THIEZRUZZHN p OBKN A2 HEE TELZ &
DMB).
fRE: i =1DARLT.

fi(z) == 1

(tl — tg)(tl — tg) c (tl — tn+1)
SLEKINZRD XS BBENRH DI LN SH 005 fi I - R % fi(t;) =1, fit;) =0 (722U j # i) LEDNIE,

Fioeeos far R OI) ORETHZ. EBE, S aifi(z) = 0 ETNEILIT t; 2RAT B LT a; =0 %2135 D XM
VTHB. Fh, K geC) X gx) = Zﬁfm)ﬂ@)a%wé@zcu)éimufwa.

(.’L’ — tg)(l’ — t3) e (l‘ — tn+1).
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KRG LU AR 2 T DIFAEIE, RITD RN & o> TR I 5 5.
R 22.4.4. HIRRTORILZER U, V IZDWTRLBE D LD,
(1) dimU < dimV 2SI XS f: U — V DMFET 5.
(2) dimU >dimV %S5 XMIERH f U - V 2MFET 5.

Proof. (1) dimU =n &BE, uy,...,u, 2 U DHEEE TS, dmV >n &0, nflOXT MLpo 7R
LML M vy, .. v, € VAEIND. DL & H121.25(1) K0 f(u;) = v; Zi7z 5K
f:U = (vg,...,0,) DD, LT fIFHRHFTHS. fOREEV LR, SERHN f. U -V %
=5,

(2) dmV = m BLFdimU =m +k (7Z7ZLEk>0) 2B, 72, vy,...,v, 2V OEEKE L,
ULy ooy Uiy U1y -+ s U &2 U DR E T 5. A 20.1.8 12K D

flu))=v; (i=1,....m), f(umi;)=0v (j=1,....k)
B SMEEHR U -V 2L, Im f = (f(u1),... f(Wmar)) = (V1,... 00, 0p,...,0p) =V D
Z fIERHNTH 5. O
RE 22.4.5. ARXICHIPEB OB DML GG f: U — VIZDOWTRAEHD 2.
(1) fPEHZS5IXdimU < dimV. (2) fHA2H725IXdimU > dimV.

Proof. (1): U DEJE% wuy, ..., u, & THULME20.3.6(3) £V f(ur),..., flu,) € VIIEMITH 5.
dim V&, V IZE T SR HAL 2R RFEBIZFE L WDZ dimV > n=dimU.

(2): VOHREEZ vy,... 0, ETE, fORFELD f(u) =v; 272 F u; €U (i=1,...,m) H»
FHET 5. @i 20.1.6(3) £ D up, ..., upy (FEIEHNITH 5. dim U &, U 1251 DL 78 S
WZELWPYZ dimU > m =dim V. O

LOMEONEE & 5 &, G 21.2.7 DRIZERIZZ BB/ SND.

% 22.4.6. HIRKGTHRELEM U B LTV IZDODWTRLBKD 2D,

(1) dimU > dim V 22 S IEEIHES f: U — V IFE LR,

(2) dimU < dimV 25X RH f: U — V IFFEEL R,

B R PHEIZRIC S BT E 5.
HE 22.4.7. ERRITCHILER U,V O OBEER f U - VIZDOWT, RERt.

(1) fIXHHFTHS <= dimU = dimIm f.

fREHL. (=) uy, -, u, 2 U OREL T, Im f = (f(wr), -+, f(u,)) THB. fOHEHEE
D flur), -, fluy) BEEHNLTH D, Lz >TIZEIm f ORETH 5. DI dimIm f =
n=dimU.

(<): f(ur), -, flu,) % Im f OREL TL, f OREMEL D wy, - w, IFEEHITH 5. K
ELD dimU =dimImf =n TH5S. TNLm#E 22.3.32) 2abENE, uy, - ,u, U D
ETHBZ D05, ULizdoT, @E21.16 &0 f:U - ImfI3EeHFTH2. &<iC fik
W TH 5. O

(2) flIE2HTHS <= dimV = dimIm f.
fREHL. (=): fHARHBSEInf=V £0 dimIm f =dimV TH 5.
() ImfCVBAW=ImfIZ2\TmE2241 ZHHITNXInf =V. §2b5 fld2H
Thd. O
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22.5 HERRTOZEEL2H-—MKEHR (RE)

INF CTRES OMIEMNLNE LG/ L DBIRIZ DOV TIEIEATWAED, 2ZZTEEDHTEIS
HBREDNRZ D62 MDGEICBITLEHESZIZTH I 8T, ROMEHREZIIHT 5 Z AT
5. INSRERNDDZ5ENOEEMBEL UTHRT I 2 U, ~MOHE IR < Gaim U RN
LI Z2EIDS.

i 22.5.1 (ME20.1.6 M), f:U >V 285 HGL L, ACU & § 5.
(1) = € (4) = f(z) € (f(4)).)
(2) F(A) DHIEIT 75 5 1E A BSIINITH 5.
(3) A BEILREIE 51E f(A) BEALETH 5.

PRl 22.5.2 (A 20.1.8 2). ACU 2P EMU OEEE U, HS5PUOEHR fF: AV 25X T
BL ZOEE, fOWRTHIMEELR [ U — V DM—DEET 5.

Rl 22.5.3 (M 2023 2R). MEEHR f: U -V BEITACUIZBWVT, f{A) = (f(4)). &<
AWUZERTHEE, f(A) X Im f 2HEKT 5.

R 22.5.4 (2036 2. f: U =V 2EEHREL, ACU &35, f PG THS & SR
URVASY

(1) AN TH 2 s f(A) LI TH 2,
(2) A SR TH S s f(A) EBIRIRTH 5.
(3) fA) IRV DEETHZ = AR U OHETH 5.

Rl 22.5.5 (AE21.152H). [ U -V PRREAETH L L E, ACUIZDWTRAED LD,
ARUDEETHE «— f(A)RVOEETHS.

i 22.5.6 (MEH21.1.6 2. UDHEEKE ACU, f:U -V 2{ERETH L &, KA LD,
BRI THZ — fA)IZV OREETHS.

Kk 22,11 1TSS 5 LT H S, ZORMOANIRAROREBA TS Y, HHIZ IRES
DIREFHEIZ DO VWTEIBELD 5.

IR 22.5.7. KLV ORI BB RS M LOMEE () 1, HEORD HI2 & 5T —ETh 5.
EOEER S, AR TR VEIEEBORTE LT oo LB D TR, HED LM (1

) 12 & o THID S DT BEDHE R SN B. TORICEBITEH, MHRTTRILAER 2 & 72 Bl
BUBRRTLRE 5 D:

EIE 22.5.8 (EH 22.1.4 M), SPER UV IZBWT, U~V THEI e UDHEL V OREN
WHETHDZLIXFEMETH 5.

Proof. U~V THBEIREL, f:U -V 2HEAEMEE K. A% U OEE L T IEMmE22.5.6 1T
D FA)IZV ORIETHY, /2, fOHFEID AL f(A) IZHETH 5.

WIZ UDHEEAL, VORK BWHETHRLITNIE, 28 f: A - BWEETS. ZOLEm
%_2252 L0, fOWIETH LGS [ U — V B—DFEET 5. [ ARIEREITH 5 2 L 13 miE
22.5.6 X 0155. O

R 224 HTRBAR7ZEIZNINT 2 FIRTH D, TNo DA R D DicHE DB & L TIRE 5.
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R 22.5.9 (i 22.4.4 2R). MIBEFR U,V OREE2ZTNZTH A B &3 HIERDEK D LD,
(1) f:A— BHYSHZSIE, ZOHIETHBHBHES [ U - V HBEET 5.
(2) f: A= BOWRELRSIE, ZOIETH DR f: U - V IFET .
fhd 22.5.10 (i 22.4.5 ). MIPER U,V OEEEZ ZN TN A, B LT 5.
(1) SUBHS f U = VAMEET 572513, Hilitp: A — B HEET 5.
(2) MIEEH £ U -V IEET 575513, 28 p: A — BHWEET 5.

r FIE (R[z] & RN ISAZRITLH). ~

R TlE, b BMZMEITZEM O & LT Rlz] & RN 2217 TWa 5, 205 2B R H
t“ﬁ#c:ou\f ié&b@b‘/)t. fEam a2 I RNIX I N S IR TIE R, ZOHEFEERTIC

¥, B 22.5.8 % &QVHIC, Rlz] DHE L RN OREFFE TRV L2 RTEIENZEZ 5N K S, Hi
BAATLAti9~.[}@%E{ﬂﬁnezm}ﬁ#ﬁ%ﬁt1%1@%@%0%7t<KNtﬁ
HTHD. Lo T, RYOEENN EHETHRNI 20 EL e 725, RV ICHERE
322 L IFEH 1847 ICL > TIHRAINTWEHEDD, TDEMKGNARIITH 5 Z & A3 E %
L ULTED, RIROROIFMREELZEATLE I LIZH D

RN R 7 M VORIZER#EZ EDIE, X7 MLV OFIOIKFEIRAEE Y, 2hEHVWTRY Eo
BHROEGE 2 EHTE S, HEEHIZIIRRARED DD 5 DD, MILEMOMHEE & HMED X \WiE
HEE WS ZETHNITHIR AN 7 — DAL BEHREAZ LIz EITINODVEHRERE LD LS
IR EAT S I ENEE LWV DK D REEEED A o 7R 2 [H 2 P IEREZE [ &0 S L RE
FREEZE MO 2 D B & N &S0 LK %2  DMEIEZMIZ M TR W RIS, 2
T, A=Y —gFIDRBTIRT 5 &5 RuEMEEHMTHD L\ D (MBS FTE R OEfHNEZ ¥
&téo)—JiRN%mf&ﬁ%ﬁ%*ﬁkf%épt#ﬂbhfﬁb,ML@$%%%ST68,
RY OEEIEN EHETRNZ L5015

ZD &, FEERTTOMIEEMOBERIZE W TIE, MRS E2EATEZ L THRZMIT 2T
BeRIEIT TV 5. MM OMRBEEOBEADMLAE @0 TE <, TD—& U TREYER
DIREAREAIZ BT H M (FHENR 2 MVZER) 2/ )V AZEME 2RI LITkh 5.
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23 RETANEEHZEM

HANT 1RGN BRI HRAOMOMOBLR, B X OHIEEMS AR Z0FRARADHEDM
DEFRICIZEOMERD STz (M 6.2.3 B X1 6.2.4). ZNSHEMUT AL EGIZET S
ML UCT—MRINANIER SEIHTE S Z L 2 REITRR D, F72, ZOMWEZE L TP EERORTLRN
ANZ2RT. REAR LI, P ESIC & 5”“%?!@%%4@@@5#buxtm) LTH5.

— 1, MR O RENERERZTER T 27200&2 LT, mEM2EDS. Zhik, RO KD RE
FBILINUTEAINEEDTHS: HEMILERIZIENT, W DhDRY h}bﬁr’jb%i D EETIEAR
Wiz LEDS. 20 E INODHAZBRUZZEMMESZ VPG Z X VWD, 2O
FEICH T A, REE b s S & WifTREMRE2 RO 7RG (DX VEMDESR), HDEVIE, 5
Z 6N FEH L WITR FHE2EDZES (DZ D FHRIOES) DL O B TEHINS Z & 2 KEiDEY
ThH%.

EZAT, REiBXOREIZB VT, u—v ERLETNUUEEI W T2 2DIDIHEAI WERLT —v+u
t%mtﬁ%ﬁw<0#%5 ik, AT % G 2 S AW AREBIEE IZ B W T [ARRD FRAEK D VLB,
ZOBDIEIHZ R L2 I2L55DTHS. BRIZEHMmZEZFZIBEOIIF B2 5.

23.1 ZEOWITEE

AN 1 RARADHBODELEDFRRIZEWVWTEESDEITBENZOWTE AL TWE., 22 THO TIEHE
BREZRBZABRTHIZS.

& 23.1.1. P EMU OFDPEEACU BLUORIZ MlucUIZHLUT, A% u AAIZETBEIL
f_%Q%A+u%5u\iu+Aab> (H4). $75bb,

A+u:={a+u|lac A}, ut+A:={u+talacA}.

u+ A

O

X 4: M A D u HEANDFEI7EHE)

HoMZA+u=u+ATHY, ZOHRERZHOHEDO N (a+u=u+a) THEKTLZHDTH 5.
PBETEu+ AL WO RFELE EICHWS Z 2129 552

feE 23.1.2. A u+ARIRETHE. Thbb, 205 DTOMEBIZEFEL .

Proof. 544 f: A—U% f(a) :=u+a TEDNIZX, f(A) =u+ ADVED D, f OFGFHEIZIHS 2T
HY, LIz oT AL f(A) IZNETH 5. O

AT, FOEBEALLTU DHHZEMETIZEZD.

HE 23.1.3. HREEW cUBLFueWIZBEWT, u+W =W ZRtE.
B W DHIDEHBEIZDOWTHU TWAZ Do, u+W CW 255, £/, HKveWIZRHLT
wi=—-ut+veBFEweWThHY, v=utwecu+W. 2E0WCu+W Thb. O

21X, A+ u DIFI EFRAL TV, BHTRRZ —v+u EWIRELRIBETRL LS. ULEALEMES, 22 TIRREH
W u+ A ELLZ2IZURW.
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RIZER DI, mE6.23B L0624 T2 & 2BEEHROEETHR MR ReB L E
RIZAHL L TWB, Lh-> T, B b ELIZHH G2 PHTE 2 2 ES.

8 23.1.4. f:U =V 2EEHREL, beV £ 5. HIZ fla)=b%xii7-TacU %DM TH
FLES (Thbbac f7L(b). TDL ERDED LD

(1) FED zeKer fIZxtL,a+2z€ f1(b) THS.
(2 ERDyecfib) ik HdzecKerfZHVWCy=a+2 &KL,

(3) f7H(b) =a+Kerf

R?’ Yy R
a+ Ker f a - ;,,f ,,,,,,,,,,,,,, = b
/ 777777777777 -
,,,,,,, -z ¥
Kerf 777777777@/ e > OV

z

5: ML EA4DIL L T DMATHH)

5B E f R — R (f(2,9,2) := y) (DWW THE23.1.4(3) 2EAICHHLZEDTH 5.
Ker f 1% 2-2 VHEIZ 3T 5. £72,a := (21,b,21) L TN f(a) =bTHB (DF D ac f1(b). Kerf
ZaFAZTS5 L0 a+Ker f TH Y, MTIREAFMLENAERD EiIZdnzdSICRhATWS
Py, FEBITIE z-2 ST E AT AR ICIED 5 FEETH D, DF D, Ker f 2 E LIZRS LIF-320
((0,b,0) HFANZWATHE S B2 FH) & dH—WT 5. @ 23.1.403) IC&NF f L) =a+Ker f TH D,
a+Ker fIZETH&75% fFITRATNE, TOMEIXTRTH RS,

i 23.14 DFEH. (1) : z € Kerf 55L&, fla+2) = fla)+ f(z) =b+0=>b. DI
at+zcflb)THS.

2):yeflb)rdd z:=-at+tylBId ZDLE f(z)=f(-at+y)=—fla)+ fly) =
—b+b=0&VD zeKerf THD. £/, 2 DED /i y=a+2THY, T4 ITFEREE~.

(3): WMAHDAERR f1(b) Ca+Kerf BLV f71b) D a+Kerf ZmBiEL . UL, 2hs
F2)BLT(Q) DEREZNENS VHAZH DITEE R\, O

M 23128 K 023.1403) &0, fLB) A0 THELE f71(b) & Ker fIZHETHD. &I, ¥
BARDZE TN RIEF N T OEEDE Lo

% 23.1.5. MEEMR U -V ELUFEb,by € Im fIZDWT, f7Hby) & f71by) I3ETH 5.

Proof. f~1(by) & f~l(by) RZNZFNKer f LHETH Y, LEdoT f1(by) & f1(by) bHETH
5. O

SRR, (m, n)-ﬁﬁu AZEBMIBER Ta : R” —» R™ICH L THE 23.1.4 2 @A L726DONME6.23 THD. %7z,
T(f = oakdd f (L& ar € CP(R) 135 50 LOWDTBE WM TED S NWABILEL T : C°(R) — C=(R)
LT 23.1.4 ZEH L7726 D20 6.24 TH 5.

5 TEOMEE L\ oTh Ker f IRIHEID A, Zho ik fEATRTNTERESTHS. UL, &0 BORLHE
& (REDHERIEL) 12 5\ C B IR D EAEA D 1, ZDBAE n AHEA L L TiOMENEL < 25 2 L2k 5.
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23.2 BEBBRODRTANX

AR DRI ER 2 EEIE L T EMEEHRDORTRAZBRNRE. GEEPEHITARRTTH S Z
IR ORER L TEL.

i 23.2.1. ARJOTHIPER 2 E#IK L T 5MILEHRDGEEKIIARRTTH 5.

Proof. ZDEMOGITME20.2.3 KO ARMORZ MZX>TEBINS. DAITHRRTTH 3.
F7z, TOGHROKITARRCAILEFBOMAEMTH 205, Ml 2241 LV ERXILTH 5. O

IR 23.2.2. ABRRGCMILER U 2 ERIBE THMEEH f U - VIZBWT, 21, , 2, DX Ker f
DEETHY, ug,...,uy € UIZDWVT f(ur),..., f(un) PIm f OFRETH S 51X, m + n MO
Ui, Uy, 21,520 12U DREETH B,

Proof. £9MIUMNINEERT 5. £ ZTRIBEIRR 000, riwy + 307 525 = Oy Z2{RET B, ZNHIC f
(AE A

m

D rif(ui) + > sif(z5) = f(0u)

i=1 j=1

> orif(wi) +) 50y =0y
i=1 i=1
> rif(w) =0y
i=1
FCur), . () OBHAEE D 1y = o = 1y = 02185, DED Y 552 = Oy THY,
Z1, 0, 2y ORIEHNIEER D 51 = =5, =025, EXD uy, - Jup, 21, .., zn [FHYEILIT

H5.

RiIZEy € U ug, - U, 21,...,2n DIMEFEETHEITLILEZRED. b= f(y) £BL L
belmfWWAb=>3" rif(u) &EIFS. ZD&&a=>"ru ELL, fla) = 0, riu) =
ST rif(w) =b &V ac f(b) THB. TDa,blx L THE.1.412) 2HEATHE ye f1(b)
FzeKerfabbWTly=a+zeHID. 21, 2z, EKer f ORRETH 5726 2 =377 5525
&%cj',y:a‘i‘Z:ZZszUZ—FZ?:lSJZJ %_ff%':é ]

WEDOEHEVELIZROAREZES.
I 23.2.3 (MIELOIGEAR). ARGV U 2RI T BMIEE f: U — V LB N,
dimU = dim Ker f + dim Im f.

EOARIZ, UBEFImf, Ker f DEDDZEBD 5B - DDRANDH > TWHIE, B D—DDR
TLERMBILEZRRTWVWS. DF0, ZDDZEMD S H _DDERMN L 40> THWHIE, 7D DZE]
ENBEVNDTETHA.

% 23.2.4. EHL 2322 DRWDE LT, H:= (uy, - ,up) BT, flg: H— Im fIZREZ2EE
ZESELD AR ER TH 5 (M 21.1.6).

Bl 23.2.5. (m,n)-1751 AIZ L BRI T, : R® — R™IZBWT, #122.1.3(2) £ D dimIm T4 = rank A,
dimKer f =n —rank A TH 5. D AT

dimKer f +dimIm f = (n —rank A) + rank A = n = dimR"

THY, HEPIZTAIZBVWTRIEARITELL TS,
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FER 23.2.2 DFEEDNK D L DRPUZDWTHHE L TEZ 5. #HlZIE, Ker f DEIEZILFRL T U D
Kz 61K, 2N S ILEH 23.2.2 DF%E %729

8 23.2.6. U ZAHARRICEL, f:U =V 2B EHRETE. WE, 21, ,z, W Ker f ORETH S
ETE, M 18.3.2 L0, ZHNIZWLK DHRDRT MV EMITIMAT 21, -+, zp,u1, -, Uy & U DREE
LTBHIENTED. ZOLE flur), -, f(uy) DIm f OIEEL DT L E2RE.

fREm: RoeAXIZE D dimIm f =dimU —dimKer f = (n+m) —n=m TH 5. @ 20.2.3 £V

Imf: <f(Z1),"' 7f(zn)7f(ul)7"' af('u'm» = <OV7"' ,Ov,f('ul),"' 7f(um)> = <f(u1)7 7f(um)>

DZIZ f(wr), -, ) R Im f 2ERT 5. FIC, ME22.3.3(3) £, dimIm £ O f(ur), -, f(um)
I Im f DHETH 5. O

—7, fur), -, f(um) D Im f DK TH S & &, MM uy, - uy, ZHEEL T U OHEEE
Bl LTH, TOBITINA 7R 2 FILOD Ker f DEEEIZ /D LXK S 20
Wz&zlfﬁhh:éZ;Kiéﬁ%ﬁ@fﬁRl%R”ﬁ%WQMHg:@ﬁ:HMQ»BiU
KerTy = (e3) TH5. 25T, Ta(e1) lFImTy DEETH D, e 12 u:=e; +ex ZFITIMAT e1,u lE
RZDEEL L. ZDLE ud KerTy WA uld KerTy DIEJETIEZR.

23.3 BWZEMAE

RATGu ZEPTZEIZLDEL f U -V Ol f(u) 2282 ESTHIXEOD, HD WV
T flu) 2SRV E S BARATu DERLIEEZ LS. 25 LZBWIZERFEOIRH & b
mTIER W, BIZIXEE f PRI A7 LBEBROHLER O, ThETELRVMAEDLVE rﬁ
fEEEZVWERS Z LI YRTHAS. £z, HhEHAEDIVEEZ f OEVRED T 2D THNIK
NSDHEEELLRDNS uw 2BSELILIZEDHEOHHELH LD H > THELIZBLEZZ u
B, IC, fIRIEEBRTH D56, ZOMEDEZIIRDED TH 5.

Ml 23.3.1. MEEHR fF .U - VELCu,zc UILBWVT, f(u) = f(u+z2) &7257-2DDBEFH5%
i zeKerf b2 Th5.

Proof. b := f(u) £BI 5. z € Ker f ZIRETNIX, i 23.14(1) £V flu+2) = b (Thdbb
f(u) = f(utz) THE. BT, f(u) = f(utz) =bBSIE f(2) = f(—ututz) = —f(u)+f(utz) =
~b+b=0&V zeKerf 2185. O

DE D, Ker f EWATRIININRZ ML uw 2 BEXEEDEDT f(u) BETE0E SR E LD
THd. LI f OEOELZLEL NG S Ker f HEADOBEIIEERTHS. £TZ T, UDOHT
Ker f AAIDEHRZHBRT &L UTHEMEERA LS. 22Tk Ker fIZBRST, —fDH 2=/
W CUIZHUTHEEMU/W 2ED 5.

& 23.3.2. U 2fBZERE L, W 22D A%EME T2, W 2MITBEHIEZES (TN U O
ﬁj\%é\fﬁ)é) EINTEDIES (D VEEE) 2 U OFEZEM (quotient space) LIPS, U/W L&
. bbb,

UW:={u+W|uecU}.

Bu+W ZEEMU/W Ot Ahnd e, Thell T ju] &L,
u=u+0cu+W=[u LD uecu THdILIIFEELL £/, [0)=0+W=WThH5.

f 23.3.3. R* 12513 B o2 FlE W = {(z,y,2) € R® [y =0} LTAUL, RY/W LW LUAT72F1H]
(& > T ENBRATHS. 6 TIATRIADTE L AiliAh T\, EEIISo VA
il AT WS,
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R? y RY/W oy

w

/ —

z z

& 6: R® EOFH Wiz & 542 R3 /W
U®DituDRDOOIZU/W DTt [u] 2EZ512H7-5T, ZOMISIZET 2 543054 L ITIEN5:

% 23.34. UDEITLu e UIZNULUT, [u] e U/W 2RI EE254 q: U — U/W 2FEER (quotient
map) £ 5 9.

BEG q: U —U/WIEEHTHE. BB, U/W OETLu+WIZHLUT, g(u) =u+W TH5.
ROMEE, u & ut+w PEERU/W IZBWTHUIGERT I L (T405 [u] = [utw]) LweW
ThH5IZLDFAEEZBRTNS (723.3.6). 2£0, UDituDROVIT [u] 2FEAD LWV I LI,
W e MifT e iz tERd 5 2 L 2EKkLTWSD

& 23.3.5. Fu,veUIIDPVWT, [ul=[v] = v+ueW (<= u—-veW).

Proof. (=) Zm9 70l (ul =[] (THaLbu+W=v+W)ZIFEELELD. §DLucul=v+W
WA, HPweWrEHVWCu=v+w ELIENTES. ZOMIIZ —vZ2MAT —v+tu=weW
2155,

RIT (<) ZmTTOIT —v+ueWEZBELED. [ul =] ZRTITE [u] C[v] BT [v] C [u] 2
AEEEV. £ [u] C [v] ZRT2DICa € [u] ZERIZND. T2, HDdweW E2H N Ta=u+tw
YEL I NTED. COLE HOw eW EAVT a=vt+w LRHZEEFHELNDTH B,

IROEEIZL VBRSNS,

a=utw=@w-v)tutw=v+(—v+u)+w

DFED, w = (—v+u)+w TN, (—v+u),weWBXOW HPHOEBFEIZODWTHUTWS Z

EPSwW eWTHY, a=v+w ev+W EHFSL. VWL [u]Cv] THEI LRGN o72. ul vDIL
B ANBEZZZ2 T Clul BAKICLTRTZENTES. ZOEHIZEWT, W 2S5 2EMTH
5200 —utv=—(—v+u)e WTHh>DILIIFEEE L. O

% 23.3.6. FwecUIZDOVWTC, [ut+w]=[u] <= weW.

Proof. BitfiRAD u B L Fv & LT, u+w B EPu 2HNEEEREE2E5. O

23.4 THZEEDH

Bl 23.4.1. (1) R®IZBF2 2 Mi EORDOARTEMX = {(z,y) eR? |y=0}IZH LT, R?/X T X
EAATRERRP SR DEE (EMETETHES) THD. RY/X Lyl EORDBRTESLY 121X
HRR 1R 1RG0 D 5. TR R?2/X O THBEML={(v,y) ER? |y=a} THLT, LY
EDRM(0,a) ZHIGEIEIEHRY/X - YV E2HHTHS.

(2) EOBNZHNWTRY/X DI 1 1 xeE 5 R 2EME Y 1T HEIT <, B X LT T
@w&%®ﬁﬁLKomf]WﬂX&L@WKlﬁlﬁmﬁo< FBR, KEM L e R/ X 1T L
T A LORFEMNEEENE (L L LIFFITTRVWDR —HTEH D), ZOXMGR?/X — L 1%
LHHITH .
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(3) RZICBI DMy = Lo LOFEAE L2 T0IE, RY/L L y il OMTH 11 1HIEAD <

(4) R3IZBI 5 o fill EOROATEMR X THLT, RY/X & y-2 FEOMIZ 16 1 a2 <.
EOHIr S, EEMBMEER L 25 Z EARBINDG. BEMIZEDIDIITHEAN T —fEE2ED D

IE, RETTFHEL SBARE S,

MIEEMR f U - VIZ LT, fOMELED ROV E S BRRATE u ODFBE) & 1%, Ker f & MifT 7 HIZH
s it oihrorz. I T, Ker f HAEHBRLZU/Ker f ZEFHBEL T D fOfRbDE

BREGHREF U/Kerf -V 2#EZABILNTES.

Bl 23.4.2. f:U -V 2EEH LTS, EbecImfIZHLT f(a)=b%b ac U RN, @@

23.1.4(3) &Y fi(b)=a+Kerf=[a] € U/Ker f ThH 5.

U y )
W | RSN
””””””” f
Ker f e
e -
=

ZZTC, & f U b)=la)eU/Ker fIZfLTbeV ZMGIE2544% F:U/Kerf -V LEDLS.
BARDMEHBEAL LN SAEELZZ e S, LW U/Ker f E28IE F(L) Ofib B 3TE{L, L

MoT F X8 5.

U/ Ker f

[0y]

7. MR f DFEETSEHRE U/Ker f -V
FiE, LD FRMEEGE LS. F OIS K ORKNEDGEIIZER 24.2. 1 (HERBUER) %2 A K.

23.5 RERFREEES (RR)

PEZER U/W DEICIE W LT REATH DA, HVIZRDOLSBRWETTH S, TNEIAEHIZE -

THEZRELTHBIZS.

8 23.5.1. FZEE U/W IZB W TRMBE D VLD,

(
(
B) BLeUW BLFuecUIZ2VWTC, [ul=L<«=uclL.
(

2) FELeUWBLIPueLiZO2WT|ul=L 2LICweWZ2\WT [w]=W

1) HucUITNUT, EMU/W OERZTu 283D [u] —DDATH L.

[0].

4) U/W DIERED DD, BRIC—HT E20PRDSBVADVTNNTH .

($7abb, LI eU/WETNEILNL =0 £/2E L=LOWTNhrhmghzo%)
SEAHIAS N RISERN 2 RT. T4DL, EEABOVTNILEINETETATHEDELE A L B OB

HEWY, TE ANB TXKT.
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Proof. (1): U/W =20t lal=a+W & [b]=b+W PRLBIZuZBELLRETS. 5L, HD
ww eWrzZHVWCu=a+w=b+w LELILWVTES. 20L&, bta=w —weWT
i 23.3.5 &V [a] = [b]. THbE, u2ELU/W OERIZ—DOU2»\0 (FEE: [u] 3uz8D

U/W OERDZ [u] = [a] = [b] KD IL->TWVDB).

(2): LeEUW BELTueLiZoOWT, [u]l & LIFEHIZuzn ULTELU/W OHEETH 5.
EOBU/W OBEHEIZ (1) KVHE—DULLRVWI NS, [ul=LTdh5.

(B): (&)X (2) TRLTWVWS. £z, [ul=LeT N uc|u=LPRAuc L Thb.

(4): L,L' e U/W BLXOLNL £ 3Nl ue LNL PENE. ZOLE, (1) &V L=L1 =[u]
Ths. O

LOMEN S, FER U/W R U OFIEEEVICED SRV L —FICHELTWS Z L A5
wueUDETHIN—Th[u] EVWSAETHSE. TDLSELHYDENE (FV—TH) 13, i
FARBDO IS N V—HRE LTRD X S ILED 5N 5:

EFE 23.5.2. £EH X Osticw UTHMERBR S~ BEA5NTWEEE, Fre X DRMESE 2] C X %
RDEDIZEDS.

[zl ={yeX|y~z}.
72, X OHREENSIREROELTHE X/~ 2 FAMERFK ~ T 2EmEEL VS

X/~ :={[z]|ze X}.

FEAZ X DETEZHEVIIZDLSRWI L —TIZHELTH Y, M 23.35 B X U23.5.1 LADE
ER—OREESIZBWTE AL ED:

8 23.5.3. X LOFMEEG ~ IZ X 208G X/~ ITBWTRABED LD,

(1) 2,y € X IZDWT, [2] =[y] &= = ~y.

(2) Bz e X ITHLT, MEA X/~ DEZTz 280D 2]l —DDATH 5.
B) BLEX/~BLUVrec XIZDWT, [z]=L < z€ L.

(4) X/~ DERD_DD5IE, TRIZ—HT 21D SRV LROVTNNTH 5.

Proof. (1): (=) Zm 97l [z]=[y] ZIRELLD. o~ (KHFE) XDz ez] THY, [z] =y ¥
Zxely. 2V, 22y THbD. RiZ(«)ZRThDIZr~yZIRELES. [2] = [y] ZRTITE
(2] C [y BEU[y] C [z] ZRBEIE L. £ (2] C [y 2RTHDITa € 2] ZERITHE. ZDLE
a~z THY, ThEaxyhoa~y 255 (HBR). 2XDacy THD. WE[z]Cy] THDZ
EWRM T 2 &y DB EANEASZ LTy C 2] BAMKICLUTRT ZEATE S, ZOGFEHHIC
BWT, UFENS y 2 THHZ EITHERT L.

(2): X/=DZ=DDitlal & B P eBIZx2BLEIRETS. THL, 0~aBEVPz~bAHD Lo
TWa., Ko THIMEEHBHRLD a~bTHD, (1) XD (o] =[b. THhbE, 2288 X/~ DHEHEIT
—OUL2RW (FHE: 2] 32 280 X/~ DEFZEDZ [z] = [a] = [b] PO Lo TWVWD).

(3) B (4) %, i 23.5.1(2) BLUV (3), (4) HKKIZLTRIND. O

5l 23.5.4. FPERMU BLOCZDOHDEMW I LT, u~vE [—v+ueW 2729328 LE
SN, ZNIXFEMEERTH 2. £72. ZORMERBRIZ L 2EES U/~ EAHITH A 7ZE2EM U/W 1%
—HT 5. ThbE, FucU IO TuDAfEEEEEu+W IXRIUELETH S.

SOEERMRDERIL 212 HDO I T L xR L.
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~ ED b (MBOD GbH),

RO, HROR T idT 2 200 SETH S, REEUAOTIRT S AV 5N A TS
D, B2 IR B B RS I BB OM D AhEAH 5. b BHAL D AbEOHIL, 50
A A — T 5 2 L TEBMATHSS. - hb—DRILAERTT, BAK (WS EE) O
FADTHLEE D 6hE3 (TRbblllz R 67 5) B2 EA LS. MUOl b &behicik
ME2T32HA LT EHA0 B BER SN, WHC L B00 Abth s EMHE (kO
BT B985, (B H 5 1EA LY ZADHIES NS,

\ 4
\ 4

—=

ST, RAFD ETFOIES LB AbEL LT, RO3EIVEZO5NS:

4 o _ -
A mﬁ(7—177\) A

\ A ADE Y

»
> P o

Y Y

A _ A _ LY » Y
i =72 1 754D A A

- - ¢
> <

EDR=FALX, WbWPER—FYORED LI BRHEDOZ L THD. MEWHE DML Z HRIZ
HED EDLEDZIE T =AM EoNE. ZOMEDOHEY b2 MR EIFZIXT 74 VDI
BBEDTHHD, oM 2 HVWTERIZAED EbE LS EES &, S UTHHEMPERDD T
EFLWHRWETTH S, G $ﬁiébb@%ﬁl%@iﬁkwxét69 FiZ, GEDO-DD
MIZIE RS EORMEE UTEBTERWIEDRHONT VWS, £z, TNSHEFEALTADHEELZ
e, REPZEESHRVHETHH S, 2D X1, i HbBIT & o> THERL 7285 L WKEOM
BaHNBET, GEAD RO o N2 MFETIEA D ALY DOEERERVBEL 0L, ZOEFFITILA
LRERD FMERRS L OEELS D TH S.

FOBE TS EHDA XA —=IRONARIZWES IS, BIOFEIZL 2R E2HBMALLD.
R O B BR T

S% ={(z,y,2) eR3 |2 + 2 + 22 =1}

WHHPIINUTC, ooy z o=y Fhldao=—yThHhbIL]| LEDD L ~ IXFAMEREKRE LS.
ZE, BROFMZI DWW T HRMARMEIZH 5 HVD N EFR T2 Z LY 5. LR &0
T Ko TE- 72 L SRS S? /~ L ORNCIZFEAR 1 1 eAH 5. 20 Z ik, bk
W {(z,y,2) €S?| 2> 0} IZBVWTHDOEMERMRIZ L 2R —BETS LEREL Z . LRI IR
B8 AT RERLS ZAIEFRE RIZU»BNZ W, 2L T, KR8 EORICBITHHR—HIE, b &
5 Y ETCEDZHETFHIZE T 2EAFOZLDE —FH e IS o s, 2o, RO fEfhn

D
A=< (z,y,2) €82 ]z|<—1
?y7 — 10

IZEWT, A/ AT ADH L85, WEOHI & 3HNT, S THIZIZRD & 5 Bk s H 5.

ﬁm2355E@L@Eﬁ%ﬁéﬁﬁé%@%%%PtB<ertSH:®%K§%tlﬁlﬂm
b & rERE

ﬁé&L%sesvzkﬁbf,ﬁ@ﬁsﬁsﬁn:ﬁﬁetéﬁﬁ%éﬁﬁo,:me®ﬁdﬁmm
JE RN FRRALBIZ D, 22T, s LD 2 MEMIEME F(s) &7, ZNIFRKRZBLERTH
k%.ﬁﬁF:ﬁﬁ&»Pﬁ%%%?%é. O
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24 #AFRFEECETEY (RE)

BIENIZ B VT, B2 Z2 D 28a e U Ton AN e 2 5 X 7. KEiTI, 205 DRI
DWTEH U, Rt ARZ FZER DG H 5 N EIRTH 2 HEFBEH 2 8 <. i, MPERICRS S
% < OREHEE (FECER, INEE, 202 8) TEWTHERBERIIZO oND. DX 0, ZOEHIFNR
Bz U CHES 25 ATHEALRDZXTHY, RBEEETRESHTHVONLEDTHS.
THEeBEL T, ERRERIZ & 5 REBEEED D iF 2 MA TR IE LRI OVWTEA L LTINS,

24.1 FAEREORIEL
PEMIZBIIAMEAN T —EDOEHEEGZ LS.
HRE 24.1.1. BEMU/W IZBVWTHIE AN T —fEOHEBEERD LS IZEDEIENTE 3.
Zu),[v] e U/W BLUOr e RIZHUT, [u] + [v] := [u+v], r[u] := [rul.

ZIZT, EDBILNTES] LEVEZDIXRDMUIERERIZRSBNDLASTHS: U/W DL L
U DLEMAWTERT HIEIEME23.51 IR LA HH 0 (EB L OTOEBMIAETH ),
BIZEL=[u=[u]2L&D. ZOLELDANT—fErLIX, [ru] & [ru/] DOTNTHD L EDD
REEALIP. BU[ru] #[ru] RO LORKXLLTu o DVTNEEIDP (HDWVWIEu,u/ DOV
TNEEHERRE LOTERRBIGERDD) H 5P UOIEDTENRITNIL, RIFEHRE UTRD 5NN
(FHAFICEBNEDOLRV) 2212485, ULELEDS, FEBIZE [ru] = [ru/] KOS, LOFDY

u+ v L+
U rL U /
ru Lo L

L u + v i L
LT v
w : 7 w

ru’ u ! u

8: LeU/W DANT—fEB XV L € U/W & DR

DRI M ERRIEATHLERDPE DD Z LIER. 2F 0, L OREXTITM 2 RINEET 2 BHE I
BNDTH5. AIOERIZOVWTERBKDOIENE RS (K8).

M 24.1.1 OFEHH.  ETHHALZ LD, RIREHIEIME AN 7 —(EDOEHENPREICOELD FHIZ &
LIEWZ E, TROERD_DTH5:

(1) =] = rul=[rol.  (2) [l =[] 2 o] =[] = [+ 0] = [ + o]
(1): [u] = W] T NIXME2335 &0 v/ +ueW THY, DRI —rd +ru=r(—u +u) e W.

MOMmE23.3.5 &0 [ru] =[ru] 2155.
2): RELD —u/' +u, v +veW THH, DRI
—(u+v)+(u+v)=(—u'+u)+(—v +v)eW
THB5. ULizhio> T [u+v] = [u +2]. O
TWEOREL 2 ARG AL IR LTI D L RD &S 1278 %:
—(uFV)V+ (utv)=(—v —u)+(utv)=—v +(—u' +u)+v

€V +WHv)=—v +W+W)=(—v' +0)+ W =[-v +v]=W.

HAHOFCTIE—IRIZ (W +v) = (v + W) IZBIE T, EORBBEFT SIS (W +v) = (v+ W) 2KET 2 HEN
HBH. ZOFERELEEL T, EFRIMOML OS2 RMTERI LITRD.
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LEOWEIZED, FEDu,veUBLVr e RIZDVWTROREBELRDSNDE Z L1l 5.
[u+v] = [u] + [v], [ru] = ru].

0] = W € U/W 2Bt & AnthiE, Ml 24.1.1 TED 72 U/W EOBEEARY MV O A% i
T REBIHDPD NG, LihioT U/W IR 5.

A 24.1.2. FEBR q: U - U/W EEE2HTH Y, Kerg=W.
Proof. %M (iii) IXEH IZHERTE 5.

q(ru + sv) = [ru + sv] = [ru] + [sv] = r[u] + s[v] = rq(u) + sq(v).
¥72, (0 =W IZET 5 L,

u€Kerqg <= qu)=[0] < [u] =W <= uw e W (fri# 23.5.3(3)).

Thbb, Kerqg=W. O
R 24.1.3. ARZOUHPZER U 8 KOS ZEE W Cc U 22V T, dimU/W = dimU — dim W.
ﬂwﬁ%E@qﬂ]%UﬂVKﬂbfﬁﬁ@ﬁ%E%T%ﬁb&q@%%%i@UﬂV:mmT%é

Zo, ¥ Kerg =W IZHEET L
dim Im ¢ + dim Ker ¢ = dim U
dimU/W + dim W = dim U
dimU/W = dim U — dim W.
O

1HE 24.1.4. U # AROTAEZEME U, W 2 ZOE A 2EME T 5. W OHIE wy, -+, w, 12V D0
DRYZ MVEMIIMAT wy, -y wp, ug, - Uy % U DIEEE T [ug], -, [ug] 1ZU/W OFEJE L
%5, InERE.

R i 23.2.6 L AIBRDFRIEZ 2 NX KW, BIREE D dimU/W = dimU — dim W = (n +
m)—n=mTd5. ME20.23KD

Img = (g(w1), -, q(wn), q(w1), -+, q(um)) = ([0],-- -, [0]; [w], - -, [um]) = ([wa], -+, [uml]).
WZIT [uy], -+, [um] 1EImqg = U/W 24T 5. HIZ, @@22.3.3(3) &0, dim U/W EDH [wi], - -, [wm]
TU/W ORETH . O

24.2 #RABEE

1 23.4.2 TRAZZHFEDFMIZRDED TH 5.
EHE 24.2.1 (MEFTEH). SEEH .U - VIZDOWT, U/Ker f & Im f 1AL TH 5
Proof. B F:U/Ker f - Im f % F([u]) :== f(u) LEDB I ENTES. ZOEHRPREITCOID i
ZEoRnWZ e 70bb Tul = [v] 2o f(u) = f(v)] THEILZMRL LS. T [u] = [v] 5
WX —v+ueKerfTHY, 2L f(—v+u) =0y ZEKRTS. 2% —f(v)+ f(u) = f(—v+u) =0y
THY, flu)=f(v) 255.

WEED F WP RMTH S Z L 2RT 5. TN (i) 1RO LS ICHATE 5:

F(r[u] + s[v]) = F([ru+ sv]) = f(ru+ sv) = rf(u) + sf(v) = rF([u]) + sF([v]).

72, & f(u) e ImfIZHLT, F(lu]) = f(u) THERH5 FIZEHTHS. REBICHENEZRES.
[u] € Ker FF L3 1UL F([u]) =0y, §7205 f(u) =0y THYH, Lz >TucKerf THBD. DRIT
i 23.5.3(2) £V [u] =Ker f =[0] TH VD, Ker F DICIEBILDOATH D Z Lotz Thbb F
FHHNTHS. O
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#E 24.2.2. KAz HWT, U PERRITCOGEICBIT2ILER [ U — V OHEFRRIEH O JIFE
Hz5 % XK.

fREHl: @ 2413 BEUORTARE D dimU/Ker f = dimU — dimKer f = dimIm f. L7235 T
U/Ker f & Im f DRICIFEFEL L, WAICINSIXFEETH 5. O

ABRRGEDZEMIZRAUE, ED & 512 U CHRIBEO RS A0 RIBIMEIXROTEE» S EB I
Mo TULED. Udio T, ¥EFEEM O EOMF I 2 & b, 2 IdMERoT2E M %2 55 &
T2, 25 WVIXEHDGEIHICHN R ESR F 2 KEMICHEE $5 L5 il Z T hidns v, L
DU, MO FHEERD PGB BER I, TD & D RIGHHZ FHT 2 DIIFRERB S WL Z L T
HbB. ZIZT, ZZTIEROHIZBERBIZEDTHL.

Bl 24.2.3 (RERED ORRIEME). H120.4.4(2) 1I2BWT, WHEAFE D : C°(R) — C®(R) (D(f) :== f)
D% Ker D BWEHREB BRI -T2 2/ DF 0 C°1)/Ker D 1%, BEEIEZ 1T D 2% % 4
LB ZEMTHS. Tabb, B fe COR) BLUTEHC e RIZDONVT,

[f(x)] = [f(z) + C] € C®(R)/ Ker D.

D (ZHEE R E L & 8 A 3 UL, SIERELD : C°(1)/Ker D — C®(I) 213%. D DWEMR T : C°(R) —
C>®(R)/Ker D &, f € C®(R) IZX L T % O FIEBE F O [FfE%H

Z(f) = F+ Ker D € C*(R)/ Ker D
ENIET D54 TH 5. FIABRBUZIXTE BB DM FERELN D 25 DD, I(f) LB D %
CHIZHS FTIZR-ES C°(R)/Ker D DL TH 5. Z(f) & f OFRERD & KiEh, WS FTIERORX

TEIND:
/f(a:)da:

IO LTHELIE, NEBAN CPR)/Ker D NDRREGHR L L TEBI NG Z &, & ITRERD DIRIE
MWEED. 28, #20.4.6(2) THAZHE I, : CF(R) — C®(R) IXFHBEBD D% 52 BG4 T
HoT=DA, q: C®(R) — C®°(R)/Ker D 2R EHETIEL =qo I, D LD,

24.3 RERIEETLR

EF 24.3.1. FEEHDH

LS N U, —In 1y Ity g, I (24.3.1)

MRENE€ZIZDWTIm f, = Ker f,11 2723 & &, TNz 5TLXRY (exact sequence) &\ 5. 7z,
RD & S LR 7KL B D F

Jn-1

. id {0} id {0} fO W fl U f2 V f3 {0} id N {0} id
ZIELTRD & HI12ELS,
0 fo W f U P e I3 0 (24.3.2)

ZDANRTBRERINTH S L &, TNz ETLY (short exact sequence) &\ 5.

H24.3.1 WEERINTHZLE, Fuc U, iZ2VT fo(u) € Im f, = Ker froi1 PR for1(fu(u)) =
0, ., CHB. LD oTHAKER fur10fn: Up = Upyo 1F, ERIED TR TDILEFICIZETERTDH
5 (D% foy10fn=00,,,). £, MEGHEDH 2432128\, WO GH fo LT f313EHICH
HARGHRDZFEEZE D Z6RNWI DLWV, fi ZFLE2BTICETHREGEHRTHD (DFD fo=0py),
TR TOILEFELCIIETHMEESRTH S (DED f3=0).

JSERFIDEHRD O ROMEENESIZHED .

SS{BUETIE, EBIZAZER {0} & 0 BT OAMEHI L 755> TV 5.
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fRE 24.3.2. MPELURDF 24.3 2 1ZBWVTRLBE VLD, L IZH] 24.3.2 BRI THDH L E, T
SOMEDNKD > TWD.

(1) Imfo = Kerf1 <~ f1 W — U LB TH S (Oi hDw e Imf1 Ciﬁﬂ)
(2) Imfo=Kerfs < fo: U >V IZE2HTH5.

Proof. (1): ITm fo = {Ow} WA, Im fy = Ker f1 <= Ker f; = {Ow } < f1 [ZH5}.
(2): Ker f3=V DR, Imfo=Kerfs < Imfo =V < fo T84 O

ML EGRDR D 5 L, WInT 2EERNELGAD I ENTES:
Bl 24.3.3. (1) EROMEGHE f: U - VIZDOWT, RIFEZELITH 5.

id f

0 —— Kerf U Imf —— 0

(2) U DM 2EEW BLOEEM q: U — U/W IZDOW\WT, RIFFERFITH 5.

0 — w 4,y 1

U/W —— 0

Proof. (1) THZ ON-EHFD TR TH 2 Z L 27T, BifiE K D RO =2DMWE: id : Ker f —

UNREHTHEZ L, BLTidKerf)=Kerf, f: U = Imf B THEZ 2 rmBI 0. LarL,

INSHIETRTHLSNTH S, £72, lGEHKqIZOWT (1) 2EHT 5L, @EH24.1.2 K0 Kerqg=W

Z(2) 2195. O
e B W THERBEMZEH LU TAKD.

B 24.3.4. W55 25

0 w Ly Ly 0
ZBWT, fH OFHEL D WX U OHMAEMEARTIENTEL (W InficU). ZITW &
Im f Z2F—HTE, U/W &V IZRETHS.

Proof. Im fi = Ker fo BE O fo ORIMICHERET 2L, fr ICHATHHRBEHIZL D REH5:

V=Imfy,~U/Ker fo=U/Im f; =U/W

TERIDIRFENIRAEIR

SEERIN DR 78556 T b 5 K552

fi f2

0 w
ZRIGRADIRTHATHAEL D . BRI ER fo: U - VICETERIEARIZED,

U |4 0

dim U = dim Ker f5 4+ dimIm fo
=dimIm f; + dimIm fo = dim W 4 dim V.

ZORMPS, HEeMOmRIZANET ZZEM U PEADZEMW BLUPVICL>THEEINTWS &/
nad. FEE wy, - w, W ORI, v, v, 2V ORKE TN, fo DREMEXD f(u) = v;
(i=1,---,m) &7z u, c UNPEND. ZDOLE EH23.2212K0 uy, -, uy, fi(wy), -, fi(wy)
U DHETHE. $72bb, WOREL VOREZBLTUDREEZ25X5ZLNTES.

E72, 4124.3.3(2) BL OB 2434 125N, HRERFI 2GRS I L 3HERES5 252 LDF WV
ZAMiZR S, EZEME S 25 Z 2 d, A0 T E HWVNIZEDSBRWI L —TFICNET I e %
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BRL, 207l 0 OB ONRTH 5. FERHIN 5B P ND S RE T IX < BRARNE V DD
A RADW L ERZHBIZE >TU RS MMEINTWS.

UEDZ &eh o, iSO N2 RITHANTHE V005, —BDOTERRINTDONT
b, MERIFEDORMARZIZR VL DD, HHFHEDORREEGEA TS EEZoNK D . EEE, B
Bk X0 Bl S0 LU CHMET 5 L WO ARIOEARNLREZEZ DL & T, REF2EAT5S
SDEFRTIZBVWTER2RINBFTDONTNS.
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(ib%%(éﬁﬁétﬁiégﬁy
SERRIID 2T REWED DI frp10fp =005, ZOLIIZAKTEHEHATLESE
BIIDOHNZDOWT, ZZTDEFEHATE IS,
B 5 2EM EOREARKLREITH LT, 2Ok (B 20X 8EEZEZ 5. —MIT n RocD
MEO#%IEn — 1 R5TIZ7 5. DE D, n RILDERE AT LT, Z20#&%% 0,(A) LEITIX, 0,(4A)
n—1RTDOHETH L. FIZIEHBIZE U T I OEELZ ZHIFEZTERD LS I1L425:

02 81
GRS GRS 0

I M %

&
o>

D% < DRBIZH LU THzENIESE28IEL 2D IRTEHATLES 20 0hD, 24
BIEHNIRT 2REE 0 e EL TN 0,100, =0%2755.

EDRIE 0, 2RO RICHBRER AL I L TES, 2 M X ITHLE S 17z n KT dD
HREEEEK L T 584 E O (X) £ T2 L, REDH DG4 AL EHRE UTHERT 5 Z 212
L0 (M 20.1.8 B 5\ E 22.5.2), FIEEAR 0, : Cp(X) — Cp1(X) 2185 (ZNEBEFYERZE L IE
). 2D & EHILEH DS

O O (X)) 2 Cp(X) —2 O (X) 2
1£0,00,41 =0 %729, ULBULAENS, BT EOFNIZEERINTIEHR ST (DFD Im, 1 #
Kerd,), Im0,41 C Ker9, THBIZEBER\. £ T, EOBEBKRDFINENIZITER2RHD 5 HN
TWEDEFANDLIFEE UTE%EH H,(X) = Ker0,/Im 0,11 52515, H,(X) IZHAERY—
BELIEEN, ZRI X IZEDL SWRDBDVWTWENEZEHDIBETHDI N ONT VWD,
EZAT, AT 2 ELHADEBLDSI S, HMTRFROBEE CTRINIZFEIED L VWA IEMTH A S
»n BEOHLENITERKT THEIROATH 5.

rotograd f =0, divorot F' = 0. (24.3.3)

ZIZT, AlRZ bV grad f 8 KR MVEO[EEL rot F, X2 MVEOFH div g 1K TED
S5NE5DTHo 7
_ (9f of of
grad f := (830’83/’62)’
h_<8ﬁ Ofy 0fi  Ofs Ofs 8ﬁ)
rot Flo= | =2 — =5 - 22 ~22 “0 )

. g1 | 0ga | 0Ogs
dlvy::%+87y+g7

72720, RIZENSBEBIET RTER (v,y,2) € R3ZNRTA—=RL L, fid OB, F =
(fi, fo, f3) BL T g = (91, 92,93) 1& ORI MG TH B, RiE, ThsOERIINFOK%E
Wit X5 B4 L &M% TR, AlLE & ORER FEHUIIMES & FIEN 8 FHI & > T —
RNZFLR TN D Z L 2 RITRT MV 2B L TERI IZ4 5. £ U T, BAERHZE LMD DR
B TH OFLEEIE OSOME) LBEDIT TS 22 81205 (K - I—20EM). TPl EFEL
WZ X, ZRRKER B L OB RO HEMEZ SRI 0.

HE 24.3.5. FOEFEE2D 12X 24.3.3 2HERT L.
0% f 0% f

by b OB X M oM st T E B 2 v (a2 = ISy ameg.
Ooydx  OJxdy

N
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25 MREHEEDITIIRT

n RICARIEZEM U X2 —2 Yy RE-R LR TH-72P R, UILBEWTHERS NS HIEZEM BT
BRI TARTHIERMT U 5> R ZHWT R OBRKIZESHZ SNBZ T THS. ATk, UD
ETOMEFEEICET 215 R E R OIFRICH AN Z DEAMIZDOWTHHT 5.

25.1 REHEEDHEEITI

N7 MO ORIEAEG 2 VIR VR UL 5 & Y EleA E=8IZHN, SN I3IERE ICE M
WWRATUES. Iz 2FEE LT, NI MVOIEA A 21782 HOTRTFHEEEZEAL LS.

R™ O nfADXZ MVOM wy, g, uy 1I22WT [ug,ug, -, uy] & (m,n)-4751 2 (n, 0)-1751
A=lay) LOMZINE ZLNTES:

ail aig | ... | Qyy
as1 | a22 | ... | ayy
n n n
[wy, ug, -, Uy . . . . = [21:1 a;1U; Zizl A 2U; ... Zizl aiéuz} .
Anl | Gp2 | --- | Gng

FEOFEIITIE ADE j IR EREET D ur, -, u, IZEBEREEED LEOHMBEN TS, 22
T, R OILEIER S 2 W— ORI ZER] U 1281 2 X7 ML & AR50, v, ... v,] & (0, £)-F751
A= [ai]’] C:;ﬁbf, 1M6®ﬁ%itlﬁlﬁbiﬁ&bé

aip | @12 | --- | G1g
az1 | @22 | ... | G2
— n n n
[’Ul, Vo,... 'Un] . : : . = [Zi:l a;1V; Zi:l a;2V; ... Zz’:l QUG | - (2511)
Apl | Ap2 | - .. | Qe

X 0 HRINZE T,
[vhhl];"Jﬂaﬁh'lwwna::[j{:aﬁqﬁl
J=1,8 i=1 G=1, 0

X25.1.11281 5 [vg,ve,...0,] BEOELIZU EORT MV EARZHMTH > T, U =R™ TRWVIR
D ZNSIIITHITIERNZ LICHERE L. £72, ADFIRT MLV THBGEIE, XT7 MLVOME A DRI
RIAE & % Ik 500

I

n
[ul,--- ,un] :leul
i=1

Tn

3 21

Bl 25.1.1. (1) [vb"’z][l ~1 4

] = [3014-'02 201 — vy v +4vs|.
(2) [Ul,'UQ,"‘ ,’Un]E: [Ul,’UQ,"‘ ,’Un].
RZ MVOFIZBIFBHEAD T —EELEDTE I S:

o [v1,vg, V] + (Wi, Wa, ..., wy] = [v] + Wi, V3 + W, -V, + Wy

o (v, va, Uy 1= [ruy, TV, ..., TV,

WRT PVEWRDBEIZA Y TR B PE I PRI ED LSRN LIZT 5.
OO L wim; EENTH KON, EPITIIAN T — (7B EICEL. SO &S nHfEN S, NI MLVO2A T —{EEE A
CELHEE DD,
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25.2 N7 RMLVOHETIOEREOEREE (115%)

A TED7ZRT MVOK L FHI ORI LRI RHE SRR, Ah T —@2iHE-3Z L 2BETIEH
LZDMERLTHE IS, EBEOHETIE, ZhoDWMERE#RTIZ e HwLoNETHAS.

Rl 25.2.1. ALV OXRZ MVOM vy, .., v, BEO (n,0)-1751 A, r e RIZKH LT
[U1,...,0,)(rA) = (r[vl,...,vn])A:r([vl,...,vn]A).

Proof. A=la;;] B rA=/{ra;] THY,

(££38) = [Z" LTAIY; D TARU; ., o Taigvl}
[ Yomqan(rvy) Dot aip(rv) .., Yon, aig(rvi)] (ZOXIF EOFERDAIZHY T B)
[ Yom AV Ty QiU ..., Ty aig'vz}
=r {ZZ LAY Do QUi ..., Yo a,-gvi] = (H38).
[

il 25.2.2. MPEMV OXRZ MVOM vy, ... vy, BEO (n,0)-4751 A, BIZx LT
[V1,...,0)A+ [V1,...,0,]B = [v1,...,v,](A+ B).
Proof. A= la;j], B=[b] £HL &,
() =[S0 anv: Syanvi . X0 aw] + [ S buvs Sy bovs o S b
= [Z?zl ainvi + 300 bivi D0 aivi + 30 biovi . D0 apvi + 300 bwvz}
= {Z;Ll(aﬂ +bin)vi Yo (a +big)vi ... YT (a4 + biﬁ)vi:| = (£34)

R 25.2.3. SBEMV ORZ VO vy, ..., v,, BEO (n,0)-1751 A, (¢,r)-475] B2 LT
([v1,...,v,]A)B = [v1,...,v,](AB).

Proof. A = [a;), B = [bj] £ BT, (n,7)-175] AB = [z;] DEKD IFITHDOMDERE LD 25, =
Z§=1 aijbjk Ths.

(Eiﬂ) = _Z?:I a;1v; ... :L 1 awvl] B

:_ul ’u,g:|B u] .—Zaljvi (jzl,'--,g)t}ib\f:)

_ :Ele bju; ... u} = {Z b]kuj] r = {Z b (Zajvﬂk

EARAE) ey

=1...r =" = hk=1..,
,,,,,
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25.3 REEEEE

RIS SIS B WL DD EEARK M- IZ DOWT, 25.1 IHTED 17512 & B 31k %2 F\w 5 31450
SHEETS. HIZIE, ME 1813 IFRDIIIIREINS.

/F%E; 18.1.3 (ﬁ]%) %ul,. o, Uy 753‘?'@’01,. Y @%ﬁﬂ%ﬁé‘f?ﬁéﬁ’b, if:%vl,...,'vg 7J§?{fﬂ’w1,. o, Wy
DIEAEG TRIND L OIE, B up,...,u, Fwy,...,w, DFMEHETERINS.

Proof. % ui,...,u, P vy,..., v DFIEFESGTREIND Z2H 6, (6,r)-475 B ZHWT [ug,. .., u,] =
[v1,...,v]B &EF TS, 72, Kvy,..., 0 D wy,...,w, AOREFEETRINDZ D5, (n,l)-175]
AZHOWT [vy,...,v = [wy,...,w,]A EFEITE. DZIT,

[Ui,...,uy] = [v1,...,0]B = ([wy,...,w,]A)B = [wy,...,w,|(AB).
ZORIFH ur,...,u, Bwr, ..., w, DIFEEETRINEZ L ZEKRLTWVS. O

WEDEH®S, up (k=1,---,7) & wy, ..., w, DHFEEETEL & SITHNDHEUE, 175 AB D
B EFIRDIZE LW 5.
RIE, D T 22 18.2.3 2 IR T B DITAhR 5722\,

1#58 25.3.1. vy, -+ , v, € UKL THB L U, A, B% (m,n)- {15 T5. ZOLE |[vg, - ,v,]A =
[v1,-- o BROIEA=B %5 L% Y.

REH: BIELUT (o1, om](A— B) = [0y, ,0v]. A~ B = [a;] £ BE, ERDELBT 1L
j=1, niZOWTY ", 20, =0y THY, vy, , v, DEIEMIMEL D 2, =0, O£V A-B=0
2135, O

KiE, B s Z L ITKIBNE (i) 2 W72 RTH B,
RE 25.3.2. A% (m,n)A558], f: U - W 2 EEHRETS. uj,v, € UIZDVWTRERE.

[u’lv"' 7un] = ['Ula"' 7Um]A = [f(’U,l), 7f(un>] = [f(U1)7"' ,f(’l)m)]A

] =[S0 anvr o S ane|  THEDD,

Pl Fun)] = [F (S anw) o f (D0 ainvi)]
= [Smanf@) o S anf@)] = [F@), - fom)]A

RO, M 17.3.5 7 —ROFILERITIE L 725D TH 5.
il 25.3.3. vy, -, U, € (Ug, 0, UR) T D ZDEE m<nBoIX vy, v, FRERIETH S.

Proof. IRE & D (m,n)-475 A Z VT [v1,...,0,] = [u1,...,upn|A EEITD. n>m & DHEN 1R
R Az = 0 IXHBHTR VR ey, o] #0ZRFFD. 2D L &,

Cc1 C1
v+ Uy = (U1, o] | = ug, . up]A
Cn, Cn
0
=[u1,..., U] || =0us +---0u, =0.
0
HIHTRWEBIERIGR Y0 cju; =0 03D DD R vy, , v, FRBRETDH 5. O
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%8 25.3.4. MPZEMU OREIZB 57 MVOEBAEEDRD HIizk 58 WZ & (M 22.1.1)
% mitnE 2 W TRE.

B wy, - Uy BE R 01, v, BENTNU DHEIEL TS, RKIZm < n &THIERIMEL D
v, v IRRIEREEIZR ST L ED. BRI m > n TRIFNERS W, uy, -, up L vy, ,0, D
VEEANBEZLZETn>mbREIN, LEZA>Tm=n. O

25.4 ISMRITMEDHIE (2)

—fRDRZ MVEB U IZE T 28IEHEEEITIRRT S LT, UILBT2#EBREI—2Y v K
22 EORIEBRIZEAZTZ OND I e 2 RED. uy, - ,uy 2 U DEEL U, F(u;) = e; 72 58FE[H
ME:U—-R"™%2H5.

m
u : u, u2, -, Uy V= Zizl riu;
Fo [l l l
) m _t
R™ e, e, -, en Yoriries ="r, e )

UlZBWTHRTZZNWART VDl vy, -+ v, EUDEZO6NT2EE, ZHITHIGT 5 T(v1),--+,T(vy) €
R™ ZFARD LV OVRERAHTHSD. WEuy, - upn BEETHEIL 5K vy, o, 1w, up,
PP TEH T 5:

ai a12 A1n

v =[uL, . up] |, ve=lur, . un] |, e, U = (U, Uy

am1 am?2 Amn,

IhzieHTHELLE, (mn)178 A =lay] =[ar, -+ ,a,) ZHWT

ail ai19 s | Qyy

any a | ... | ayy
[Ulv"' ,'Un} — [ulv"' ,'U,m]

anl | An2 c.. | Ay

DL E [F(vy), -, Fvy)]=la1, - ,a, THB. FEEE, LR F 213X, M 25321280
[F(vi), -+, F(vy)] = [F(u1), -, Flup)]A=FA=A=lay, - ,ay].

i 20.3.6 £ D vy, -+, v, DIIEERE F(v1), -+, F(v,) (T8ROS5 ay,- - ,a,) OIIEEFRIEASE
TH5. 2F0, FwecUBLV sy, ,5, ERIZDNT

w = Z SV < F(w) = Zsjaj. (2541)

J=1 J=1

BED D, LIS, n=m OBAIE AFEHGFHITHY, EHIT3612LD ar,- -, an, ORILIRM:
(Lo T oy, o, ORIBHSIIE) 1X A DWHMICIREI NG, B EOHEEE LD L.

ﬁ% 25.4.1. Uy, , Uy 7& U@%E(\:j—% /\‘\ﬁ ]\}1/0);%&’017 , Un c UC:")L\'C [’U17"' 7rvn] —
(w1, up]A & FTAULKALD YLD,

(1) A= [al, s ,an} bt :Bb‘ﬂi, Z?:l C;U; = OU < Z?:l c;,a; = 0.

2) n=mDEE vy, v, FFMTL (LD >TU DEETH D) < AlFAH.
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HE: (2 ITBVWTH v, v, PU ZERT S Z L IE@mE2233P6EBIIANEILETHEN, ROLSICH
BRI TE5:

[V1, -+, v,] = [ug, - u,|A DRGLIZAERS A7 ZHENI NI [ug, - ,u,) = [v1, -+ ,v,]A7L UFzhio T, %
JE uy, - Uy DERT MUIT vy, - v, DIEREESTET2DX, ME 1813 &0 vy, -, v, 1ZU 2HEKT 5.

AIHTHBAR7ZHEEZHNT, ~BOMPEMIZET 527 MVOMOKREIMIMEZ HETE 5!

BIRE 25.4.2. uy,...,us 2 U DEEL TS, KTHEADBZRT VO vy, ..., v5 BEREHAI N E S
Z&k. F, INS5DRY MVTEBRINDEDZER (vi,...,v5) DEEE KD K.

v =u] — U3+ 2ug +us, v = u+ uyg+ us, V3 = —U] + U + U3 — Uy,
V4 = Uz, v5 = —2u1 + us + ug — 3uyg — us.

s H. EORIERS G 21782 WA RRICE SERIT,

10 -10 -2
01 10 1
(v, ,v5] =[wg,---,us] | -1 0 1 1 1
21 -1 0 -3
11 00 -1

ERCENBT5NIHE 173312805 A=[al, - ,a5] IT—HLTW5. ay,---,a; DPHEREIIL TR
WZ L IHIE17.3.3DBY TH Y, UL7zh > T, i 25.4.1(1) £ D vq,. .., v5 (FHEIEIEL TR,

F7z, Bl 1733 12 & N0E a1, a0, a4 IFEREHILTH D, ZHUHNADRZ MLiF as = —a1 + as,
as=—2ai1+ay—ay EEFD. U oT, BOM@mE25.4.1(1) £ D vy, v, vy IFKREMITH D, HIZ
X (254.1) 16 v3 = —v] + v, V5 = —201] +v2 — vy EFIFDIEDGND. PLEIZK D, v1,v9,v4 1
(v1,...,v5) DHEETH 5.

25.5 EEDOEHIT

HIEIZC, U EDOERT ML v 28UEAT 2 HikE Rz, 22 THEETREE, Bk Elix
IR F OED HIZHET 28, WA NEU OREOH Y HITKET I 2 ThHhD. HEEHL
DINZDT=NZLARTDIREIZ X B TEMRORIIN 72 BB LS THEHERMETH L0 0, BREORO ZE X
IZ& D v DBIEANE S IZBLT 202 flHRTE I S.

WE, UEn Rt TH2L L, ULBVWTMOIEE uy, -+, u, BET ), ul, BEZSNTVWS
L35 Z0LE K-, e URRE -, u, OMEHEETETS. ZhzAcETR:

/ / / n n n
[U17 Ug, - ,Un] = Zizl A1 U; Zizl ap2U; ..., Zizl AinU;
ail | @12 | ---, | Qln
a1 | @22 | ..., | G2pn
- [u17u27 Tt ;un]
Anpl | Ap2 Ce Ay,

T 25.5.1. LRICHNDITH] P = [a;;] ZFREE uy, -, un TEDEE W), - u), OEBITIE WS,

%% 25.5.2. E25.4.1(2) IZ X DEBITHI P IZFHETHS. £ I Tluf,ub, -+, ul] = [ug,ug, -+, uy,|P
DHEGLIZAEDS P~ 20D LT [u,ug, - ,uy] = [uf,ub,- ,ul]P7H 25, Thbb, HE
ul, o ul LK BEE uy, - u, OEBITHIE P TH B,

5l 25.5.3. wq, - ,w, ER" ZHKL TS5, EHEREEK e, - e, ITLDIEE w, -, w, DEHITH]IX,
[wy, -, w,] THB.
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%% 25.5.4. R uy, - ,up, TEDEE ), u, OEWITIE P LS. F1:U—>R"%2u; % e
WETHMPRME L, U 5 R %2 u, % e, (CGETRBAEE L T 5.

R*>x | Px cR"

Tp

BERZ Mo =), - up)x € U (72720 z € R") IZXI6T 5 R* DL, A F 2 HOWE F(v) =
ThHO, FAE R ZHONE v=[u], - u,]z=[u, - ,u,|Pr &Y Fi(v)=PxThH5. ZDLZE,

Fy =Tpo Fy, Tp = FioFy 1, Fy=Tp-10F,
MDD Z LI EORRDRSEBIZSNS.

%8 25.5.5. LOMEICB VT Tp=FoF, ' ThHdILiMALT L.
fREH: SIEHERIK e; € R IZDWT Fio F, (ej) = Tr(e;) THE I L R2MENPONIT L. P =
[Py, D, EETIE, BHITHIDESRDS )= [ug, - unlp; THS. L72D3 5 C,

Fo F2_1(ej) = Fl(u;) = F1(Jug,--- 7un]pj) = [F(uy), 7F(un)]pj
=le1, -~ ,e,p; = Ep; = p; = Pe; = Tp(e;).
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26 MKEROKREITI

MIEEHR f.U -V 2a2—2Y vy REFORBOFIEEL (T2 B475]) IZE S 2 HEITDONWT
AR, BIEIORIS AR, 22 THEX BN REDID HIZEKFET 5 Z 2 IZFERZ LRI IR S
AN

26.1 XIF1T
UDHEIK up, - up, VOREKv, - 0, ZHONUOEZATEL. MIEERT U -V % (m,n)-
TH AL BRIEEMR T, : R* = RMIZEERT 5 HiEE2EBZ LS. vy, , o, DEETHDHZ L0 56,
B T(uy), -, T(uy) lE vy, v, OREAEETEIT 5:
a1l a2 A1n
T(up) =[vi,...,vm) | + |, T(ug)=[ve,...;un) | * |, . ..T(uy) =[v1,..., U]
am1 Am?2 Amn

SED, (m,n)F7H A = [a;] £FVT £ LHTHEITIE,

a1l | a2 | ... | Gin
a1 | a2 | ... | a2n

[T(w1), -, T(up)] = [v1, -, 0m] : : : : ) (26.1.1)
ml | Am2 | - -+ | Gmn

EF 26.1.1. LOREICHIT DA (26.1.1) 2723175 A= [a;] 2, U DEE uy, - ,u, BEOTV D
HIE v, o, KWHETAZT U = VORBITNFZIITIRTEVD. ADEZRZRD XS IZE Vi
ZATHELW:

ADHjH = BIREE T(uj) =) aijo; KENBEEAEW RSN B,

i=1
PR M 253102k 0, R (26.1.1) 2723175 A 1ZME—DIFE(ET 5.
Bl 26.1.2. (m,n)-175] BIZ2WT, R® OFHERKS K R™ OFHERKIZETS T : R* - R™
(Tp(x) := Bx) DEBTFNIE B2 —HT 5.
Bl 26.1.3. (1) uy, - ,u, 2U DKL TS, EHRBOHEK uy, - ,u, BEIOCEIBOHEE uy, -, u,
WRT A EEES idy - U —» U OREUTHIIENAITH E TH 5.

(2) g, -, u, U DRERE L, vy, 0, 2V DREL TS, & u & v (TS
f:U=VIZOWT, UDEE U, ,u, BEOV DRIE vy, ,v, IZEHT B f ORBUTHILH
RifTH E TH 5.

Bl 26.1.4. ROKL GBS & CEEIZONWT, £BAT5 %KD K.

(1) Ta: R? = R? (Ta(z) == Az), EL A= i _1(; ]
o 2 L 3 B 1 2
R BRI L BT 0 = H’ vy = 1] park
i ol

8 —10 1 -2
= = —2

-2 0
0 3

g —10][2] [6
— || = 0wy + 30s.

] THY, Ty DRFTHNIZ [ _3 0 ]

W AN [Ta(v1), Ta(v2)] = [v1,v2] [ 3
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(2) D :Rlz]s = Rlz]s (D(p(x)) := dip(x)) HE: EHRB I HIT1,2,22, 2% LH &,
x
s Abi:
D(1) =01 + 0z + 02? + 023, D(x) =1-1+ 0z + 022 + 023,
D(2?) = 01 4 22 + 022 + 023, D(23) = 01 + 0z + 322 + 023,

W Iz
0100
9 3\ 5 3,10 0 2 0
DQ), D), D), D) = [La,a%a [0 0 2
0000
0100
- 00 20
T 3K BT .
HY, KD BERBUTHNZ 00 0 3
0000
b
(3) Inp: Rlz]z = R (I p(p(x)) ::/ p(x)dx). 72720 a,b e R IZEHE T 5.
Rlz]s OFEJE: 23,22, 2,1. R OEE: 1.
f A , ,
1 1 1 1
Iop(2?) = [4x4]a = z(b—a)‘l, Ip(2?) = [3963]& = g(b—a)Q,
b
Lp(x) = [;wz] —2b-ay. Ly =[] =0-a)
L7zhioT
3 2 1 4 1 2 1 2
Fable®) Tas(e?) o), Lup(U] = [1] | 10~ @, 30— 0P, 50— b—a

THY, RDBRFUTHNL (1,4)-4740 [0 —a)t, (b —a)?, F(b—a)? b—a].

% & <UT Inp(cra® + cow? + 3w + cul) = 1o p(2?) + colup(22) + c3lap(x) + calyp(1) = Lb—- a)* +
ZLb—a)+2(b—a)?+cib—a). EEIZRAFEEZTOIES, COLIICKRHILIIHMAITHDTH o 7.

Bl 26.1.5 (F&E). H118.4.6 (2 TH 2 7=, BHIZERH RN 125 1 2PN 2 RIS B = {e,n e N}
ZDOWT, V=(B) LEDD. RD_DDY 7 MEHZE

Sy V-V Si(z1,x2, 23, -+) = (0,21, 22,3, Tq, ")

S— : V — V S—(x17x27x37.”) = ($2,x3,x47x5,w6“ )

DOEJE BIZBT 2 ERBTHIE, 132HD AT LA TEZZ AL BIZZENFNEL LN

0 00 O 01 00O0 O
100 O 00100 O
A=101 0 0 , B=]100010 0
0 01 O 00001 O

S_oS; =idy WA BAZHRAATHI & 725, —F, S10S_ (11,72, 23, ) = (0,279,253, ) DA S 05 #
idy. D% 0 AB XA THTIZARWN. 2OX52Z A E ZERICIE, BHENERESTHLZ L (D
FOERITTH D Z L), T UTHREEGDGE (MEH 19.5.1) L I3ER Y, ERES BH» 5 BHEAD
S8 (BB VL) BEHEIZARD LIRES RV VW FHELDH L. EBE, S |p: B — BIXEHTH
D S,|p:B— BIREHEHTHZH, ZhsFEBEH TR,

166



RIBTINDRA S

U, Uy 2 U DHEEE L, vy, v, 2V OERELTB. 72, 2o OHEIZET 2 IEEH

I

T:U—VOXRBRTHEALTE(DED [T(ur), -, T(up)] = [v1, - ,op]A). z=| 1 | eR* & T
Tn

X, TIERZ MV [ug, - up]le €U BRI MV [vy, - o)Az € VIZETEHRTH 5. TR, MEHE

(iii)’ & b

T([ug, - uplx) = [T(ur), -, T(uy)|x = [vi, - ,vn]Az.
DED, RDESMNAZ/[5:

U > [ug, - ,upx —r [1, -, op]Ax € V
Fl l l la
R™ > x »T—A> Ax e R"

ZIZT,F:U—R"IZF(uj) =e; i’z I MIEAEEL, G:V - R™ & G(v;) = e; &7z $KIEIR
BBEBRTHD. up, -, u, PUDRERETHEZ 06, U DEEDIGE [ug, - ,uy]e D TRES Z
CITERTNE, LOMAPSEBICREMRS:

FZueUIlZDWT, TyoF(u)=GoT(u), Thbb, TpoF=GoT.
TpoF=GoTHHETHLE, ZNERD LD HBHATERT.
v L5 v
Fl lG (26.1.2)

R™ T R™

D &S mHAIFATHEA LTINS,

26.2 Hom(U,V) & M, ,(R)

Hom(R",R™) & M, ,,(R) DB TH 5 Z &% 21.3 HIZTHUIZ R 722, 2 oA Hom(U, V) (7272 L
dimU =n, dimV =m) LFABIZRE I HBBIIREING. UDHEE uy, - ,u, BLTV OHJE
vy, U EHATEE, TN DEKIZESRIEATI ZWNIGSELEH T : Hom(U, V) — My, ,(R)
WRERME 5252 2K S.

B ER [ U -V ORBUTHZ T(f) £95. 2F0, T(f) I&

[f(ul)a T af(un)] - [Uh T ,Um]T(f)
i’z 9 (m,n)-A78TH 5. £z, TN FHIZ, & (m,n) 478 AITHUT, BESA): U -V %,
[S(A)(u1)7 T 7S(A)(un)] - [’01,' e ,’Um]A

72 TR EHREED D (2D KD BV EBRITME20.1.8 T LV FHET D). RIFEHZELVHSMT
H5:

¢ HAEMup(R)IZODVWTT(S(A)=A(2ED ToS =idy,, . ®))

Proof. S(A) : U — V i&, [S(A)(u1), -, S(A)(un)] = [v1,- - ,vm|A 2= THILFLETH D,
ZDBMHS(A) DEFUTHIZ A THB. Thbb, T(S(A) = A O
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e % f € Hom(U,V) iZ2WCTS(T(f) = f (2D SoT = iduomuy))-

Proof. F7FIT(f) &U&, [f(u1), -+, f(un)] = (o1, 0] T(f) &7 175 THB. —F, S(T(f)) :
U— VIESTU) (1), ST (un)] = [v1, -+, o] T(f) 2= THEGHETH Y,

[f(ur), - flun)] = [S(T(f)(ur), -+, S(T(f)) (wn)]
Y755, S(T()) & f12 U DRI u; #RALEMERENENELVD R, S(T(f) = f. O

U735 T, @i 1934 &0 T, SIZEHHP O T 1 =S THB. TNODVEEHRTH S Z LIFBHIZ
RTE5:

#E 26.2.1. LTEDT : Hom(U,V) = My, ,(R) 8L f,g € Hom(U,V), r,s € RIZDWTR%E
T~
SOENE (ii):  T(rf+sg) =rT(f)+sT(g).

AR [f (wr), - fun)] = [o1,- o] T(f) BET[f(ur), -+, fun)] = [v1,--- ,om]T(f) TH
D, DL

[(rf +sg)(wr), -, (rf + sg)(un)] = r[f(ur), -, fun)] + slg(ur), -, g(un)]
=rlv,- on]T(f) + slor, - o] T(f)
= V1, ,’Um](T‘T(f) +ST(9))'

PAEX D SB[+ sg DRBEUTINE rT (f)+sT(g9) THD. %05, T(rf+sg) =rT(f)+sT(g).
O

WP EARD G i & KBTI DN IZRDBIRATKL S 5.

EP%2622 f U—>V g: V%W’E%?%E@?tb UVW@%V%%M%MUM”'7“717”17"‘7'Uma
wy, -, wp &L, TNGDHRRICET D fg DRBUTHNEZZNTN A, BLTE. 20L&, Z0oDHE
E’EKB@T%gOf@?EfﬁﬁﬁﬂiiBA’C“f)é.

Proof. flRE XY,
[flur), - flup)] = [v1, - om]A, [g(v1), -+, g(vm)] = w1, w]B
Th5. #iHd 25.3.2 10FET X
lg(f(u1)), -+ g(f(un))] = [g(v1), -+, g(vm)]A = [wy,- -, we| BA.
WZIZ go f ODRITIIIEBATH 5. O

% 26.2.3. UDHEEur, - ,u, BEOV ORE vy, v, ICEATEEERE f: U - V ORBTH %
AT, ThSDEEICETS 1.V 5 U ORETHIZA T THS.

Proof. W =U & UTCHiMmEZEHTS. B% f71:V = U ORI & THIE,
E= “dy:U—U®DORBEFH = “flof:U—UDKEITH = BA

FRIZLUTAB=E HR&N5. D%V, BIZ ADWITHTH 5. O
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% 26.2.3 1%, REUTHIDOERP SHEBIIRTILHTES:
% 26.2.3 DRIGERH.  [f(uy), -, f(un)] = [v1,- -+, v, |AICHES f71 21 28, HE 25 3.2&0

[wr, - un] = [ 01), - [ (wn)|ATHSB. ZOMLIADS AL EBFT (v1), -, f ()]
(w1, - un]A~L 2135, Thbb, A LIE -1 ORBUTHITH 5. O

U=V a U, U, VOREEE UTHIZ U, u, ZH5 & &, @ 26.2.2 (2R T : End(U) — M,(R)
DHEHE L EBANTHD I L, T4bb T(gf) T(T(f) ZERL TS, @mEH21.46 KD EHIZ
>Mi‘fﬁé5.

% 26.2.4. T : End(U) —» M,(R) & L TEA LA L 1T, FREOZHA V() 8L T f € End(U)

ZOWT T(U(f) = U(T(f). Thbb, UDKEw, - u, CHT 5 f ORFGFHE A 2 ThZ,
U(f) € End(U) DEBITHIE T(A) TH 5.

26.3 HEOEW ML BRIRTHIDEWL
MEEMRT U -V ORBITHIDEEDIEOBZIIZE > TES BT ENELRL LS.

UDKE:  wy,un BEC ),

s Yno

V DR - v, LU, BET v, v

» Ymo

El, U, uy Evg, 0, KT ST ORBTHZE A ), u), &), v, BT T DFE
s a B35, 7z, B uy, - ,u, TXDHEE ), - u], OZHITH % P, BIK vy, 0, I
FEHEE V], v, OB E QLT H. ZDLE,

®E 26.3.1. LOHFREDNDH L TB=Q 'AP.

ZoamdEld, ZNZTNORBATINZET W HMAZ £ L O ROABHANSIELAEH SN E D
EA%.

Rr 2y I, Re
TBl Tl lTA (26.3.1)
R 2y G, gm

ZZT, Fi, By, Gy, Gy lFRDOM 6% R 28E AR GEHRTH 5:
Fi: Fi(uj) =e; € R" 272354, Gi: Gi(vi) = e; € R" &7z G4,
Fy: Fy(uj) = e; € R" Zili7= 3G, Go: Go(v)) = e; € R™ Zili7= §EAR.

oKz WT FIOF;I:TPB;U“GIoG—l_TQ Thbd. ZNEIEHITHIDOEREISEBIZES
N5 (FEL < IHMHEH 25.5.4 # R &), AN (26.3.1) 1281 54 EDO R? 225/ FO R™ ANOGAEDGEE
LA ) CRERZENS T =Tg-10T40Tp THY, THIE B=Q AP TH 2 Z LTz 5w,

M 26.3.1 DFEH. FioFy'=Tp BEUG1oGy =To TH Y, RO AR D 12 D:

R™ Tp R”

s | | 7a

R™ Tq s R™M

A (26.3.1) f)%L@m@iﬁfﬁ%ﬁmz) L (DED TyoTp =TgoTp) XFLALHS LTS
DM, —IGHERLTHE IS, GroT =Tyo Fy DELIZENS G 2T TT =G oTho Fy

169



2135, £/, AL T =Gyl oTpo F TEHB. Gyl oThoFy =Gyl oTpo Fy DEHLIZAENS Gy
REDS Fy ' TWENERT 5L

GloGl_lOT,qulon_l:G1oGz_loTBoFgoF{1

idRm OTA (¢] TP = TQ [©] TB [¢] ian
ThooTp=1TgoTp.

WA 2133 X0 Tup = Top BL U AP = BQ %145, ZOWMMLIZAEN»S Q7L NI TB =
QAP TH 5. O

EHOERANOHMEZMET 720, ETIEMRZHWTHAL . SHEERVPELITNEENTIVE Y
SDTHNIE, KD K S FEHS H 5.

il 26.3.1 DREEH.  [T(u)), -, T(ul,)] & @O OFHIETEHET S, [u), - ,u,] = [ur, -, u,|P
T %2I1FEZTeME 2532 &0

[T(ull)a T vT(u/ )] = [T<u1)a T vT(un)]P = [Ulv T ?Um]AP'

475“(’

[T(ull)7 T ,T(’U,;l)] = [’Ullv"' av'lm]B = [Ulv"' avm]QB'
BLEED 1, om]AP = [v1, - ,om|QB TH 5. $#253.1 £ AP = QB. Lihi»T Q-1AP =
B. ]

MIEET U - UZBWTC, T TETZEIZEORT MDTTDOMENS ES BT 0% HE5DT
HNE, EFRE I BWTH—DOREZM>TELL ZEMNLEE LWV, I T, EHEHOHEEw, -+ ,u,
BIUOMBORE uy, - u, T2 TORIUTHOZ &%, LN TIHRIZEE uy, - ,u, BT
T ORBUTHEIERZ LIZL & 5. FiaEORR 256 L TR%2/5.

%2632 T:U—U%MEEHREL, UD_MORE uy,- - ,u, BEO ), u, 550 TWH
595, ZDEE uy, -, u, (BT T ORBTIE A, u), -, ul, (BT 2 T OXBITH % B,
uy, e up W& DUl ul, OEHTHE P edThE, B= P AP TH 5.

EFE 26.3.3. @A UY A1 XDIESHITH A, BIZBEWT, B=P AP %iii/- 3 Al 175 P B FHET 5 & &,
A L B3 (similar) TH 2 &\ 5.

I BB Z DT B350 51, REITINZEHND RO DD E D EMTHRVWI EREE L. ZD7-DH
WIZIRERIEZ EFROBEIBEDLNH 5. RELETIE, 52 5N A R D L WRE, b b RE]
FHIDEMEC 2 S5 WK D R EDEL Ji2E%T 5.

#E 26.3.4. —DODFHPFLTH B & WS BERBRIEFEMEBERTH L. ZhzrE.

26.4 13X 1 OXIG & TR

— RO G T % REITH A ZHNTHARBZIZH 72T, T HREOWEL Ty DR OMEE L FEET
HHZZHBUTESBELDS. HIZIX, ROLSWEE2 THREDI L L Ty BR>Z & IXFEET
H5:

B, 2, BORITA L, EORGEH .

I o OREMEDAHM X (26.1.2) IZB T2 2HHN F,.G 2B L TEIPNS Z L 2HRLTHEI 5. LD
WODHEDIENZE, N e RYFEEME LD, BLOEAM N BT 2EEZBORT, H 5\
JA 25 [E A 22 DR ITIZ DWW T RO IR %2 REiI AR Tind 6 Z L1272 5.

ML OPSHADHN TH BT 2 AR FEZ L UT, ROMEDLED LD,
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(v
(Y
o)

RE 26.4.1. ROTEMARE D L>TWDB LT (T4HDE GoT = SoF Wb ID).
UV,Ry, Ry BEETHY (MIZEMTHRLTHEEW), 1,5, F,GI3E5HTH 5.

v L v
Fl lG
R, —2— R,
FBIUGHEMHTH DL RN LD,
(1) T=G toSoF, S=GoToF L
(2) T WM == S EHE, T 05 « S ERH, TN — § 32N,

(3) X CUIDWT, T(X) = G—l(s(F(X)) )
4) Y CVIZDWT, T-(Y) = F*1<S*1(G(Y))>.

Proof. (1): GoT = So F OWIZEN»S G 2ERTNET =G oSoF 2185, £7-, WilIicf
No F 28Tl S=GoToF L

(2): B OBRITHEFTHDZ L, BLUORHOEEN 2T LRI eh6, (1) KV ELIZRES.

(B): BT =G 1oSoFIZBII2 X224 LT, T(X)=G1oSoF(X)= G*1<S(
ThHb.

(4): WE/R GO Y IZEBHEIZONT (@) (V) =GY) THD I LIZHEELT, T =G 'oSoF
BT Y OFBERS L, mE19.4512& 0

o)
>
=

T-YY) = (G Lo SoF)HY) = F—1<S—1( GH7' ) ) = F—l(s—l(G(Y) ) )

fE%: (3) BLU (4) DFEHIZ F ORBFMEFIEIIAETHD, 21 old G OBRHEOAD SBEIND:
G DHEMED A% N T= (3) & (4) DBIFER.
(3): GOHEMNELYVE B C VIZDOWT G YG(B)) = BTH5 ($H 19.25(1). SoF = GoT &V
)

0 G(T(w)=Gy) THY, GODEFUENS T(w)=yeY. Lizh>TweT 1Y) Ths. O

FOMEDISHE LT, ~MOMEELRT : U —» V OB EEDPIRBEUTINZ DWW T DRI B DG & #
ZITNENIETH I 2 RES.

i 26.4.2. U DRK uy, -+ ,up, BELEV OHEE vy, 0, IZEHTET U -V ORBTIZ A L
AU, RO DAL D,

(1) ImT ~TImTy, (2) KerT ~KerTy

Proof. "I (26.1.2):

WZOWTHTmmEZ EWH 5.
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(1): X = U I D\WTHifE (3) 2535 &

mT =T(U) =G (TA (F(U))) = G! (TA(R")> = G~ Y(ImTy).
(T Z 2T (3) 2 W)

Thbb, MERMNESR G ImTy —» ImT BEAET IO, TNSIRFRBTH S.
(2): Y = {0y} T2\ THIdE (4) 2@ H T T,

Ker T =T~ '({0y}) = F! (Tgl(G({OV}) )) =F! (TA—l({o})) = F—l(KerTA).
(1 2 2 CHIGE (4) % VW7
MIERIBIEMS -1 KerTy — KerTW2& b, ZNSIXFEBTH 5. O

Ty :R* = R™IZET BRuEHIX, #23.2.5 THAZE S IZ#HN 1 RABRROMHEEL OBEFBEN ST
Zah5. I EOXEREEOELZET, MBOEMH [ U =V BIFERTARDHEHZSES.
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27 EBEHEECEBEXRY ML

Rl BB IC KB R PVORREZEZ XS 4fx1T 5 —HMRIHIE, EHELRX2 Mg X Bl
MR NVIZHRUBRZ R IZT B IZH D, LU, BRI MLE—STWoThH, % FEHE
WHA DD WS BB HA S, T T, ZITTIEROEY DHEZBEL LS. —DIF, EHEH &
BEZONBERT MVADHRTHD, £ 5 DX 52 5NMMEEHB L HED KW MV ADHET
H5.

HIE OB MBI ZRHIE R DR ML AEBHERKIZHHT 2L WS 5D THD. £, BITETESR
BB OREMBERE T DL BPMD—D L EZX 555, fIAIE, 7—F —DEHIZB I 2EARIEN 0
WIRT 2 Z & 2 DD D Z LT, RO K S BRERBIER (71 7 —JBH) 2195

n

. _ S (_1)71 2n+1 _ - (_1)n 2n T _ - z
Smm_T;)(Qn—i—l)!w , cosa:—% (2n)!x , € _Zﬁ

n=0

EOZ0ODEMENIC ETHPET B2 Z DRI N, e =i I LTINS Z2EAT 5 & TROE
ADEIND. ZZT, i IZBEHAL (ThbB 2= -1207298H) £ T5.

EE 27.0.3 (A1 7 —DRN). e = cos + isin 6.
ZDEIIT, @ﬁ@%ﬁﬁﬂi%ﬁ%ﬂiofi%ﬁﬁ&%ﬁ%ﬁ®ﬁﬁ@%ﬁ@@%ﬂé.*ﬁ?,
AR f (x Zan:c IZDWTRD K 5 HEHAE

n=0

J— - n—1 . o ain n+]_ . -
_nz:lnanx ) /ﬂx)dx_nz%n—i—lx +C (CEBAER)

LR TEDZDTH DD, ZOHRIG z DFENTND DA% FHEDPEHEICIRD. n B IR IZEHE
SIFHEIT—HTH 5.

Z I T, WA EAFZE X O HEDORWEBIZ X 2 4R E Z 5N 5. FIZIE, A 2r OB D% <
ERDOESZHRTEDLZ RSN T WD (77— TIEH)%:

= Z 2T ZZT, & 2y = QL f(t)e mtdt 1ZHEFEE.
Q —Tr

n=—oo

torxE %ew — e BEFBAEBI Y LT HR D O LR 5, UHHMELT BT,

:nzz_ooinzneinx, dxinf( ) n_z_oo(zn)nznemx
LB NI N, BB L3 IFZIHANZ L0 &L D MO EHZR L HER TN & A
REIN5.
DI, BN EMLR D X WARZ MVIZ XK 202 W RO B AR EI O X E
5. £, ZOMEISKEEBORITH] 2 WP RHIZERT D, L W0WSH 5 —DDRARW L EE

81 f(x + 27) = f(x) %{%f’?@ﬁ&@ &
62f WEBEBEROEEIE, A1 5 —DARITLY M 2 =ZAEBICOMLUTERTIONRNTH S, EE, EHENS
n X 2, OIHAE E*ﬁfﬁﬁ(ffﬁ D, an=2n+ 220 BEP by = (20 — 20 )i FHIZFERIZHRD. ZDLE

inc —inx

Zn€ + z_ne

THDIEIIARBITHENPD SN, =AEEBURER

= an cos(nz) + by, sin(nx)

Z an cos(nz) + by sin(nz))

n=1

do
2
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LEBIIHELTWS. FTIR IO >OMEDHFZE» S U & 5. IR T, #IBER U »5 U BS
ANORELE, $bE End(U) DDA %EEZ S I LI2T 563,

27.1 BEABAXRZ ML

ETHRAR7ZMAEARZIIT T 2RO L 512 f(u) = au 72T ML w2 DWW T DI,
ZTO TR MUIZDOWTOHEMEIDBBEMTHAI I LIFHEATHD. 2O HBRT MLEEA
RTZRVEES.

EE 27.1.1. AR .U - UIZBVWT f(v) = M 2T ANEcRBIUEXRZ MV TRV e U
PIEET B L E, N % fIZBIT2EEE (eigenvalue) & W\, v ZEGE N IZETS f OEEXRY ML
(eigenvector) &\ 5. 7z, n RIESTTH AIZ K BB EI T, : R — R" OEAGES L OEAXRZ b
NeZhTh ACBBEAHES LTEAENZ RV LIS

u € Uﬁ‘f D& A fE Ai BT BEANZ ML v; WZfRIhb e %, Thbbu= Z?:l a;v; &M
L E f(u) DIEIZRD XS IZfHHIZEHETE 5:

flu)=f (Z ai”i) =Y aif(vi) =) aidv,
i1 i—1 i—1
FPu)=f <i ai)\i'vi) = iai)\if(vi) = i ai\i*v;,
=1 =1 i—1

Fu) = Zai)\is’vz‘, ey M) = Zai)\i”vi.
=1 i=1
A
Bl 27.1.2. (1) n XX ATTH] B = . BLUP R ODFHEXRT ML ey, - e, D2WNT
An
Be; = \ie; THD. PZIZ\; T BOEAMETH Y, e; 1 B OEEME N IZBETAEEXRT MLT

H5.

(2) UDEE uy, -, up, (22WT, & u,; BEPIEEM f € End(U) OEAE N, IZBT B EA~2Z bILT
HBLTDH ZOLE f(u) = \u; THENPS, FEEuy, - ,u, (BT f ORBUTHNII AT
A1
4| Th5.
An

Bl 27.1.3. HEZHARE nIZOWT 7 = 0 27z TiE L %2 ESF (nilpotent) THD &S, £z,
A" = O 2731152 BB TH D L\ D . BELHROREAMHEIL 0 DAIZRS.

Proof. 3 00 f DAL IRB I L ERTED. £ #07RBRT MLE—2rnE, f(x) = 0D X,
HELEEBE mIZOVT fm(x) 00D frtl(x) =027%5. ZDLE, y:= fM(x) #0 & TN,
fy)=0=0-y DA ylXEEMEO0ICEATHEERZ PV THS.

—H, x A0 Z2EAMENZHETS fOFEXZ MLeThE 0= () =Nz THd. WEFx#£0L
LTWERS N =0THH% w2z \=0. O
Bl 27.1.4. u)V7bﬁm£5:wWﬁRNwcﬂmﬂgy:@mg%NKBwfgmﬁa%mAaé

HFHBG = (a\"pen 1S OREIGMHEN BT HEERI ML THS.
G3E BIMD L L IRDEIE 2 T 2 1ZH D Z 2 DI N B 7% 51F, BERTINIERTINCID Z M TE, LA ->THL %

MU BBEIIRL D, i 26.1.3(2) HiZ DB ARIGETH 5.
CURIZ AN £ 0 2328, ZOWEMGE Ve =0 DEHAICIELY I =0 A0 FFELTLES.
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(2) y=eM e BLLyYy =AM THB. Lo T, MHIERZE D : C®(I) — C=(I) (D(y) :=¢) i<
BWCHB AN F D OEAEN BT 2EAENRT MLV THD.

BB L R VAL & 5.

Bl 27.1.5. (1) VH R 2B 5 90° [l &5 4 — | 590 TSm0 0=l g
sin 90° cos 90° 1 0

W, &FxcR? (72770 x#0) 1k Az L ifTTRVD R Az # Az THS. DXITAKR EOKE
E e UTOMBER Ta : R? — R*ICEA XY MVIIAFIEL R

(2) FINT BV AR T — R B 2T THEE2EZALD. ()IZBT5 AIZDOWT, KC LD
IR L UCOBIBEAR Ty - C2 = C2IEEAE R ML EFD. EE, x = [ & A DEEH

BT BEAERT MLTHS:
o —1|[i] [-1] [i
1ol Tl T

27.2 BEARY MIHISARBEEETIORAIL

BRI PIVEEENT MVORIEREETRT & [P PEGIEHETE S Z L 2HifiTRZ. Th e MRk
2, XA BIZBWT B 2KDB Z L I3BHDTH 5!

n

)\1 )\1 )\12 )\1 )\ln

A A A2 An A

FIiX, MIEEHOEAERTZ NP SREEEEZRDD I &, B2 5NIEHITH AIZH LT P TAP A
ATH L 05 &S5 a5 P 289 Z &3, ﬂ@uﬁ&fﬂ]ki/)fﬂ#ff)é EMnMD

(I) IEATH AT LT, FiERKK e, -+ ,e, (BTS2 Ty : R" - R" ORBTHIZ ATHS. T2
T, Ty DEAG N l\)wf)%?léﬁérfpl,m D, WBDETNE, BEp, - ,p, BT D Ty DF
BT B 1361 27.1.2(2) 12 & O WHAITHITH D, 7=, €1, ,ea ICED py,- -, p, DEMITHIIZ
P=[py,  ,p,) THYH, ZOLEFR2632%LD B=P AP TH 5.

() U DEE wy, - u, TS 2 fORBUTIIE AL 5. HHAWATII P = [py,--- ,p,] 12T
A1
PlAp = L1513 01E, [q, -, q,) = (w1, ,u,]P TEDSND0H 7272
An

HIg%qg,, - q, IZBIT B f ORBUTHNIZ, R 26.3.212 & D HATTH] PIAP (2% L. KBTS
DEHEDS f(q) =Nig; (i=1,---,n) THYH, DRITHK g, [XEHME N, ITBET2EE~X2Z bLT
H5.

B =P AP B’ AITHTH L L &, B"DEBIZHETELZ 205, A" ERDESICHETE 5.

A" = (PBP Y'=pPBP'.PBP' - PBP"'.....PBP"!' = PB"P . (27.2.1)

# 27.2.1. EAHGH AT UT, PYAP DS AATH L7225 K 5 Rl AT5 P BWMFES 5 L &, Al
SAECTETHD LW, PLAP 2 A DXk (diagonalization) &\ 5.

1THI DX AL REMEIZ DWW TR CREL KRS 5. T I3 EMOEA NZ MLz Wz kod
L&l LS.

55%bb, g, = [u, - ,ulp;, TH5.
S0 25.4.1(2) 12k VD q,--- ,q, XU ODREETH 5.
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27.3 RMLIER

RILZER U 281 21HE G idy € End(U) % [ LEL D Tho7z. #BEMf .U -UBXIUTIER
Z2OWTC,z €U (7L x#0) BPANIZHETBEERY MLERDIFEMBIFRDEISIZEVIZ LT L
TE5:

f@x) = x <= Iz — f(x)=0 <= AN(x)— f(x)=0
— M—-f)(x)=0 <= x € Ker(A — f).

U7z T, FEAME N TS BEAENRT PUVBMEIEST B Z &1, Ker(M — f) #{0} TH BT & LFHMET
H5:

Rl 27.3.1. S U B L f € End(U), A € RIZDWTRIZFAETH 5.
() NiE fOREAMHETHS.
(2) Ker(M — f) IZHBATRW, $4bb Ker(M — f) # {0}.
(3) M — fIXHH TH.

ERIEZU=R*"BEE f=T4 1220 T, (M —Ta)(x) = (A\E— A)x TH Y, Ker(M\ — Ty) BEHIHT
BWZ ik, ARAAE - Az WHETRWEEZ DO Z LIz S5kwn, 2k, L 6.2.212K0 AH
ATRWI e, TRbE |NE- Al =0 HETH 5.

Tz, D n RGREER U 2B WTH, U DRE uy, - ,u, T2 f ORBIFTH%2 A2 Th
M — fORBUTHIZNE —ATH D (I REHAN V(1) = A -t IZDOVWTHR26.24 ZHHAEK). A\[—f
HHEHF TN LI Thp_a PHH TRV LICAMBTH Y (M8 26.4.1), ZNIE |AE — A| =0 & FAfET
H5.

DA EDEL D S RHEK D 3L D:

%2732. neNBLXUFTANeR ET 3.
(1) n RIEFFFH AIZDWT, KK DLD: NF ADFEEMETHS < |AE - Al =0.

(2) n ROCHIEAEM U OH 2 EEIZBT 5 f € End(U) DERBITFIZ A &3 HiE,
M fOEEETH S < |\E— A =0.

PARIZ &Y, EHEEZRDZITIZ BT AR E — A =0 2 ITIEL N2 &R 0h o7

EH 27.3.3. EHIH ALK UTEER DA(1) = |{F — Al # A DBMSIER S 5\ IZEHSIER L IT
R E 72, SIVEH £ € End(U) OEASTER (1) %, U Ob 2 HIKIHT 3 f ORBUTHIOE A
RELTEDS. ROMBEIZE D, ©4(t) BIEEDROHIKS TIChE L HATH 5. KL HAD
B AERTHRR (M) = 0B LV Op(t) = 0 A RHHRRE L ILE,

R 27.3.4. f:U - U 2 PEBE U, HK uy, - ,u, 12& D fORBUUTHIZ A FK o), ul, 1T
&5 fORETHE BTN DY = Pp.

Proof. )& uy, -+ ,up (K BHEE u), - ul, OBEHITHIEZ P L 3THIER 263250 B=P AP
OO, ZDEE

dp(t) = |tF — B| = [tP"'EP — P"'AP| = |P"'(tE)P — P"'AP| = |P"}((tE)P — AP)|
= |P7Y(tE — A)P| = |P7Y| . |tE — A| - |P| = |tE — A| = ®4(1).
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5l 27.3.5. A= |¢ Z] IZoWT
t— —b
O = (t—a)(t —d) — (~b)(—0)
—c t—d
=t? — (a+b)t + (ad — bc) = t* — (tr A)t + det A.
ai
ag *
Bl 27.3.6. E=MA114] A = ' ZOWT, Hl11.1.2 &9
O .
t—al
t—a2 *
at) = . = (t—a1)(t —ag) - (t — an).

O ) t—ay,

TROL, ADWNMETIE ADEEHETHS.

1HE 27.3.7. n RIESHFTHI AIZDWVT, (L) IEn REERTH D Z & 2R K.

FRED: tE — A = [by] DITHIR Bl = 3, cq, 580(0)b15(1)D20(2) * * - buo(n) PEHD DB, t D n K%
HAPEN S DI 0 = id (2T B sgn(id)by1bag - by = (t — a11)(t — ag2) -+ (t — app) DATH D,
OEHIZET 2TIETRTn - 1 XU TOZHAL LS. DAIZINSDOHIEn REHATHS. O

ﬁ%zz&&zv&mmfﬁﬁm,B%nmEﬁﬁmaﬁé.m+nmﬁﬁﬁﬂxew3 ;]aomf
Dy(t) = Da(t)Dp(t) Bmt

8 27.3.9. ESTH AIZDOWT &y = &y 2t

27.4 EBZEME

MIEEBDEA R ML 2T RTRD L HiEEZ2EZ LS. FETHUZ L0, SEEH .U - U
BEFNERIZODWT, Ker(M — f) # {0} TH B L E, Ker(A — f) 75 0RT MILERWIZEAIL f
DEAENCET ZEARZ MVERIZ—T 5. 22T,

EE274.1. AR % fc End(U) DEAHELTE. D& &, U DEHZEM Ker(N — f) % f OEAME N
B AEEEBMENS, ARTIEINE W(N, f) TRT. F£72, n RIEHFH AIZDWT, Ty : R? — R?
DEEMENZB T 2EEZEME WA A) LEL. T0b5, WA A) IFEL 1 RGRERNO0E - Az =0
DIRZEE Wyp_a TH 5.

8 —10

BIRE 27.4.2. 174 A =

] ZDWT, ROMWIZEZ K.

(1) A DEHESIER O (1) 2 RD &

fiF 2 A5
t 0 _ 8 —10
0 t 5 =7

=(t—8)(t+T7)—(=5)-10=t>—t—-56+50=1>—t —6 = (t — 3)(t + 2).

t—8 10
-5 147

Du(t) = |tE — Al =
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(2) ADEAMEZTRXTRD &.
R AR ®A(t) =02\ Tt=3,-2 R27.3212&0,3¢2 20 ADREAHETH 5.

(3) ADAEAMEIZET 2 EAZEM%Z KD & (EAZEM%Z £ DEEIZ L SIMEN KL TEYE).
il A DREIRHE N = —2,3 1IZ2WTHEHN 1 RARK (AE — Az =0 2 ZNZ N IEL V. »
P4\ =0IHERELTAE - ADfiifLEITS &

A—38 10
-5 A+7

-5 A+T7
A—38 10

AE—-A =

ZIT, miED (2,2)-H531E

WHOZ %(()\4-7)()\—8)4—50) - %@A(A) —0.

LMo T A= 2310835 (\E - Az =0 DIRIZZAZNRD &S24 5:

TGR}, W(3,A):{r[i] TER}.

1 vy — f S T H B . T AUHEATIE

W(-2,A) = { r

FOBIBIZ BT B EERZEMOIEEIC L 5 v, =
7w, MR E LT 28. 1.1 IZTRT. v, v W RZOEETH O, ZOREIZEIT 5 Ty DREITH %
B &S AU 27.1.2(2) (& D BRI 118 26.1.4(1)) £ D B = [_02 2] LB, £7o, BRI o), e

IZ X BEE vy, vo IS 2 EHATHNIE P = [v1,v2] = E i] Thbd. WRIZHR2632L0 B=P AP
2155,

8§ —10

BIRE 27.4.3. A=

] IZDWT, A" &2 3K k.

1

WA B — P-LAP L3 HUE, R (27.2.1) kD A" — PB"P-1 THB. P — it?h@i?%

‘02 g] THD. 7, P OWFHIEHETIE Pl =

LAl ehd B=
12| [(=2 ol |-1 2
1 1] o 3|1 -1

b

@8 27.4.4. A= | J IZBWT dy(t) =0 DEDI A, Ao TH DL X, ADREAERZRD X.

C

FREW: c £0DBFEEL c=0DHBEITHITITEZS.

-1 2] THB. koT,
1 -1

A" =

(=2 2.3 -1 2| |=(=2)"+2-3" 2(-2)"—2.3"
(=2 37 1 =1 | —(=2"+3"  2(-2)"-3" |

(1) c#0 DG4

NE—A=

)\Z-—a —b —C Al—d
—
—C Ai—d /\i—a —-b

. [ 1 —(Ai—d)/c] . [ 1 —()\i—d)/c]
)\Z-—a —b
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Pa(t)=(t—a)(t —d) —bc &b, EOITERLERIZET SBRARD (2,2)-K57 1

T (/\Z —CL)()\Z' —d) _ —be + ()\1 —a)()\i —d) _ CI)A()\Z‘) _ 9 —o.

C & C &

P Z AT N (0= 1,2) BT B EA %I, WA, A) = < [(Ai —1d)/c] >
(2) c=0DHE: O(t) = (t—a)(t —d) £V A\ =a, o =d ELTEW. b A 02 E S DTHEIZEHEH
&3 5.

e b=0%5IFARNAGTHTHY, a,d W ADEEEL %S, a =dDHEIE T IZH{RY
MV %E a3 2540272 53, EAEMHE o (2B 2 EAEMIZEZEM W (e, A) =R2TH 5.
a#dDEGEE, W, A) = (e;) (i=1,2) &7 5.

e bA0DEE, [HAM a 2B 2 EAZMII,

0 —b 0 1 0 1
— —
S R P R

0 W(a,A)=(e)) THB. HiZa#dDHEITDOWT, [EHEMHEdIZET 5 EA2Z /I,

d—a —b]_}[l —b/(d—a)]
0 0 0 0

aF — A=

dE — A=

X0 W(d,A) = <[b/(d1_ a)] >

27.5 —ROREEZRDOEEZEME

— DI EHRDOEEES, R 2732 1L VR AREREZMS Z e TRDEND. fOEAEXRT ML
&, ZTORBTHOEAERZ SN HIG DT 5NE D 2R LTH I 5.

B 27.5.1. U % n JOMMIERE L £ U - U 28 ERE TS, F12, UORE vy, - 0, 155
FEBUTHIE A & THUSRAHED 7.

(1) x e R"" DTy OEEEN BT S Ty ODEARZ ML THBEI L L, y= vy, v,z € U WD
EENZBET2 fOBEEXRZ MLVTHDEZLIEFAMETH .

(2) A& fOEAEL TS (LEA>TA AR ADEEGHETEH D). FINT MLDM @y, - 2 € R™ (2
DWTC,y, = [v1,,vu)xs (=1, k) ETE, gy, -,y W, f) DRETHB I L &
xi, Lo W A) ODHRETHEZ L EAETH 5.

(3) dim W (A, f) = dim W (A, A).

Proof. (1): v, e U % e; e RVITHINIEIMPFAMEZF:U >R 35, ZOLEg=\—-fDFX
BTHIER 2624 KD NE-ATHB. 7=, i 26.4.2(2) DFEHHIZ KX Kerg = W(, f) & Ker(AE —
A =WNAK FIZEoT1IH1IZHIRT 5. 254 HTHRARZZ LIZXE, Fid (v, - o]z Zx
OSSP AELRTH D, Lizd>o T,z € W(NA) THEZ L L vy, ,v,Je € W(A f) T
HBHILIFAMETHS.

(2) BEU (3): ETHBALMIE Flyn gy : WA f) = WA A) ([vr,- - vn]e — x) ARUEFRETSH
52 ENSHHS M. O
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flifd: Lo (1) OFEAPHIRHEE S LU 25513, RO &S RFAMER 217> THERL TH L

RE 27.5.1(1) OHIGEEH. @ ="z1, - 2, B y=[v1, vz =YL zv;, THHI L, B&

CRIUTHDER LD [f(v1), -, f(vn)] = [v1, -, 0, ] A ITHERT 5 &,

YyIINIZETS fOBEEXNZ MVTHDE — f (szvz> =\y
i=1
— szf(vl) = )‘[vla"' avn]m <~ [f(vl)"" af(vn)]m = ['Ul"" ,'vn]()\a:)
i=1
— [Ula" : 7’Un]Aw = [,Ul?'” ,’Un]()\a?)
= Ar=\x <<= zENIIEHTEZADEEXRI ML THAS.

(1 22Ty, v, DB S KO 25.3.1 ZH\W7z.)

O
Bl 27.5.2. #IEGH D : Rlz]s — Rlz]s % D(p(z)) := %p(m) CREDD. BE L, 2,22, 23 IZETA DD
0100
KETIIIL, BIE26.1.4(2) XD A — 88 32 THhB. LT Op(t) = [tE— Al = 4 TH Y
0000
D DEAMHEIZ0ODATHSD. £7-, A DFEAZEMIL, #L 1 KAFER (0F — A)xz = 0 2T
1
0
W(0,A4A)=<¢r 0 relR
0

TH5. ZHIHIET 5 Rlz]s OESZERD D OFEIEZER W(0,D) 75, W(0,A) DEIL € R*

o O O 3

2R GY % Rz)s Drtlidm@ 27.5.1 &0

2,2 | | =140z 402+ 02 =rl  (EHBIE)

1, z, z°, x

o O O 3

THB. DL, W(0,D) = (1).
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28 EBEZEERHEETIONAL

AIEIZBWT, A f .U - U OEIEES K CEERY MV ERD 2 HEE2 527, £72, U D%
N7 My ZEERT MVIZHIRET B L f(u) DFFREPNEZ LDzl ULPLARRS, 207D
WZIEEDRZ PVDEERT MV OIEAES TEIT 2085 1OMEIC R 5. Bakh S —ROmIE
BHIZOWTZID LD BN TE DD TIERL, REITIE, ZORMRPRETH 57O DBEA+75
L AN R

AT, FAEERD DI ARR O, (1) =0 2 < Z NI L > TH D, FifE R FR#
BRIV BICA N T — RO 2 EEBUTETIE S BPEEDR L WEARH L. LI LS, A
715 — 1B FERUTBR - 723 D DEEBE TIKIT TW S OO0 @R MBI IZ > TIER S DT, Kifilcs
WTIHAKZR FZIZCOWTNDE U, SPEME MR K EOEEMOZ &, TR0bb AN T —f%
BEUTK EDiENS T 5. £, 70 IZK D2 BRMNRHOTHOZ T8, b 5A, i
BB 5 NEIEATHIDOBEAEMIEIK O TH Y, ZHALITZK DI 2RI O2ZHADI L TH 5.
72, ZIHR O(2) PEREABEIND L1F, A, A e KEHVT O(2) = (= A)(z—A2) -+ (2 — \p)
LEFZILLEDL. ULEOREDE LT, K=RDGFEL LUTHHIZETIIRRTELZZILIZIK=C
DIGEITBWTEH KD VLD,

DBEDOHNBFIZEWT, ERF - ITEZEEDOWITNDIZBEETE2HDIZOWTIE, ZOHE KX ESL S
THLHHEIZ L ETHIAT 5.

28.1 BEBRY NMLORH I

RO, R2LEEMEICBETIEAENRNZ MVBREDLS ITHEINT WS %2 HfEdT 55 2 TH
REBRBHEFETHD. ZI T, AHTE3IEIIDZoTINEIHHAL LS. TIEHEART MLOEHRS
ZH > TOWNIIH LI E 52 5.

i 28.1.1. f: U — U 2L U, TOMHERLEEMEEZ Ny, N\ & T 5. £/2dimW (N, f) =
ny (A=A, \) 95, ZDEE, REAME N DOWTEAZER/ WA, f) @%EUAJ,“- s Wy —
DENE, ZNSEEDEARY FIVOMB = {un; [A=A1,-, A, i =1, ,ny } BEIBSITH 5.

Proof. BB TH 2 LE L, FIEERES. by, by € B % (B) DHIEL T 5. B HE MY
WEPZ, by, by DVWTNTHRWVWbE BARNG. ZIT, &b, (i=1,--,0) \TFEEM~; 1TBT
BEARZ MVTHBE L (3 ICREEDPD L WREMNES H ), 72 b 2EAE BT 2EAERZ ~L
295, . b="_ b L, ZOMLIT fIFXITE,

f(b) =c1f(b1) + -+ cef(be)
")/b = Cl"}/lbl + -+ Cg"}/gbg

7(0151 +- 4 Csz> =c171b1 + - + coyeby

ci(y = 7i)bi = 0.
=1
by, -, by OFEMSIMEL D, ci(y— ) =0(i=1,--- ,£) THY, LTy Ly BERLEAETHN
=7 A00X ;i =0%15. LEd>T, A b="_, cib CENBEH e D55, 0THRVE
Dy =y DFer, THDH b € W(y, f) DHEIRE. ZOE57 b BEC b, tyr, -+ Uy, D
WENPDRZ PV THD. M 17.25 K0 wyy, - Uy, BEERIRE 2D, 20T wy g, Uy,
ZW(y,f) DEEE UTHI- 2 IZFET 5. O

% 28.1.2. A% n RIESFHIE U, FOKEZ BEAME Ay, -\ ETHUE, S0 dim W (A, Ta) < 1.

®%E 28.1.3. Ei, f OREZIHRXD O p(t) = (£ — M) (E— A2)™2 - (t — \)™ EIRBA RS B 54,
dim W (g, f) < ng DAL T 5. ZOFEDFHMIZRELAE TR S (EH 29.4.1).
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HHEIZ X BREHICIE, ED AL T AREF R VE DO RN ZA0H S, T I T, mE28.1.1 %
HHEZHWTIORLUTALD.

i 28.1.1 D HIEERH

Z ( Z CA,i“A,i) =0

A=AL A \i=Lmy

tﬂiib, Chi = 0 %ZT’\‘T %)\ = )\1, s ,)\r IZ2OWT V) = Ei:l,mn)\ Ch iU g &j’o‘”’&i, Z)\:)\ly"‘)\r V) =
0THd. ZDLZ vy, e WA, [) DA f(vy,) =Mvy, THEZEIZTHEET DL, > v\, =0DM
M fRIFEZTIETY Moy, =0%135. ZORICHIZ f2IFEZEE, S5 Moy, =0T
by, ZOBFERIERED RS Z L TROEFEXL 2155:

va Fat oy, =0,
)\1’U>\1 + )\2’0)\2 + -+ )\Tv,\r =0,
)\127.7)\1 + )\22’0)\2 + -+ )\7-2'0)\7, = 05

/\11”71’0,\1 + )\Qril'U)Q + -+ /\Trfl’l))w = 0.

1 M M2 o
1 X )\22 )\QT_l .

%0, P=|. . LBFE [vy,-- 0P =[0,---0].
D VD VE I W

BN BHEZDEAEMELTVWEPA, 1<p<qg<rBSIE N - N#0THS. LER>TY 7V
TIEY ROFTHR (BB 11.2.2) KD |P|#£0, 2% D PEAHETH Y, [y, - ,v)|P =[0,---0] D
RiLICADS Pl &I 528 Tloy, - ,o0] =[0,---0] 282, 2F0& N =)\, A\ IZDWVT
Zi:lf“nx ChiU); = 0 wCﬁ)é UN 1, 5 Uy @r%?%}%ﬁ?\ﬁ‘lﬁf)‘g Chi = 0 72%“5 OJ

FEOFEHOFREITRI R AR (T VTV EY FOAR) ILREIETWDE. ZOAXEHVRWAEE
FAHIO®RETEH A5 (fli 28.4.1).

28.2 WA RERMG

ROEBUTIEFITHOX bl e D B E+ &2 5 A5 & & H12, ZOFEHIZB W TH AL E K
OEHEBRRLT VWS, GEHDO—IL 272 THTHERZZZ L L EEHT HM, 22 TIFEHEFRTHENR
THIZS.
EIHE 28.2.1. A% n KIEFITH & THULRIEFME.

(1) ADHBELZZEAMEEZ A, A ETHUE, Y dim W (g, A) = n.

(ER: ZORMITFA2812K0 > dimW(\, A) >n LRETH5.)
(2) ADBEHRZ PV 5705 K OFEEIFHET 5.
(3) ARMMILTES. Thbb P LAP HHMGHIL 25 & 5 Rl %175] P BEET 5.

Proof. (1)=(2): A=A, , A IZ2WVWTny =dimW(\ A) £EL. WA A) OEEEZ DD, Z
NoEEDTB={ur; [ A=A, -, A i=1,---,my} &EFTUE, @E28.1.1 & 0 BB TH
5. 72, REXD BOTOMBIEZn IZFEL VWA BIXFK DHREL 425,

(2)=3): FINZ b VDl py, - ,p, & ADEERZ MV 573025 K OEJEE U, p; IXEAE ~; 12
M3 aEAR2 MLeT 5 (DFD Ap; = vip;). P:=[py, - ,p,] LEDNIE, EH17.3.6 £ 0 P i&HA[
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WThd. ZOLE PIAP AT w2 Z 8 1d 272 1H (1) THRARZZED THh DD, THEFHHEIC
LoTHERLUTHALD. Pe;=p, BLO, ZOMIIZENS P LE20NITHOND e = P lp, ILHER

ERLIES
“PYAP D i $|H” = P~'APe; = P71 Ap, = P lyip, = viP 'p, = vies.
WAz
st
P_lAP - [71617 e a’yne’n] —
Yn
(3)=(1)
4!
PlAP = =B (L7z»H>TA=PBPY

Yn
THEHLREL, P=[p), - ,p,) LBL. 51T, R MVOM qy, -+ ,q, €K' ZRTED :

[qlv"'vqn] = [617"'781]P:EP:P:[p17"'7pn]'

ZDEE qp, - ,q, TK"ORETH D, £72 q, BWEGME v OFEERZ ML s Z ki, 27.2 3 (1)
TIHRARZBOTHD. 08B, q1, -, q, DFEHIEIZER 17.3.6 o050 5. £72, q, BEAENT L
THBILFERDESLEAEN S LR TEZ S (Pe; = q; ITHEETS):

Aq; = PBP'q; = PBP'(Pe;) = PBe;

71
=P e; = P(vie;) = viPe; = viq;.
Tn

ST, ADHBELZEEME M, -\ ETHE

k=1 k=1
EDXRER2812%2E6HDETY, _dmW (N, A) =n 255, O

LoEEix, KM DRI MV A DKRBEGZEMOTCIZE > THRTELZ 2 ADBKNALAEETH
L5ZEMRBBEARTHS I ERNTWVWE. —BDITFHNZDWTIE, EEDNT FIVPREAFA R MVIZH
fReE b TiERV. Thiafd ke UT, BEaEZEMZD UL 72 IEHEEE 2R O & > TEED
R MVEDMRTZHBMBED 5. ZHIZDOWTIZRHLABIZEH L 5.

% 28.2.2. n RIEFTH ADS n HOMHEZRBEAM N, -, Ay ZFDR 61X, AIFNAEATRETH 5.
Proof. &EEME N\, DEIART MIVIEDRL L E—DIEFHET S, Lzdo>TdimW (A, Ty) >1THY,

Sho  dim W (A, Ta) > n. WRITHIER L O AldA{bTE 5. O
% 28.2.3. A= |" Z IZBWT Oy(t) =0 DR A, A THDELED. A\ # X DA R 28.2.2
&

E0 AIZHAATEETH S, —H, A = X DHEEI, ADBKANMIETH 5720121E dim W (A, A) = 2,
DFD WA, A) = R2THRIFNUTE SR, ZD7DITIE, ABTL AT TRIFIERS RN &
D 2744 PS5 D.
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Z 2T, 7O HAD FIEIZOWTEEDTH IS,

b (IO S). N
n KIEFHFH A DR ATRME DM, B X O A DR ALIERDFIEIC & > TR5N5:
(1) BHEZIER @ 4(1) = [tE = A % R, B AR () = 0 2R <.

(2) Pa(t) =0 DMHELDBIE N, - M\ (ITDWT, BEAZER- W (Mg, A) = Ker(A\g L — Ta) DRt %
KD B, W (A, A) 1FHEN 1 RARER O\ E - Az =0 DEE[OZ 2 TH Y, ZOREIXME
18.3.4 DFFH L FAKIZL TRD SN 5.

(3) EHL28.2.112& 0, > dimW (A, A) = n e oIX AITHMILATRETH D, 25 TRITNIE A
(EH AL FTRE TR .

(4) ADPXAAEETH B & Z, (2) TROZEZBEHZEM W (A, A) DIEZMANIE, Z ik n @D
N7 NVOMLp,, - p, THY, EH28.2.112B1F 3 (2)=(3) DAL XL P = [p,, - ,p,)]
IZDWT B=P AP I3 fAfTHl & 72 5.

Kﬁ@)1@&%%%%%3@”@&%%@4%Kﬁm?%ﬁﬁ@ﬁ%b“. )

PAEDFNED S, A Z 5T 272D W8] P DR HIZiX, ZEERZ SV OIEED IR TR
ADBEHEDH L Z B h5.

AT, AR ®A(t) = 0 2 < 121E, n RARKDMDOARNE VDI D, O4(t) 2 EF  INE R
U udie sy, —#iZ, 4 REAFD n RABRRIZOWTIIE S L WHIEE O AIZ X 2O AR H
D, 5 R EIZOWTIEZFDOLS BRARIFFHELBENWZ DM SNT WS, 3RBE I 4 REBERDHED
ARDEHX, 5 R EDHFERDIEEZ WHITRD B0 & WS BIEIIIERBFZ OV 2B R 5720, A
TIFEOFRIZERTHIZHED, TN EIF®RLRNWZ 2127 5.

PIRE 28.2.4. RDITHIDH FALFTRED & 5 & X, AT HEZ S I3 b K.

5 6 0
1) A=] -1 0 0
1 2 2

EIEAME KD, ZEAMHEICET B EAZEMORITCERDS.
t—5 —6 0

BA(t) = [tE — A = 1t 0=
-1 -2 t—-2

- ((t—5)t— (—6) - 1>(t—2) = (2= 5t+6)(t—2) = (t —2)2(t — 3).

t—5 —6

D=y GEm125 # V)

R ARER @4\ =0 2RV T, A =320 ADFEEMETH 5.
o \ =3 DEFEMW(3,A): HERN(Q2FE — A)x =0 2f# 72012 3E — A itk d 5 &

-2 -6 0 1 30 1 30 1 0 -3
3E—-A= 1 30| —|-2 -6 0|—]000]—1]01 1
-1 -2 1 -1 -2 1 011 00

3
@iK@E—AMzO@%%%@JV@A%:<—1>T%Dﬂhﬂﬂ&&zL
1
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o \ =2 DEAZERM W(2,A):

-3 =6 0 00 0 1 20
2E — A= 1 20|—|120|—]000
-1 -2 0 00 0 000
-2| |0
@zK@E—Am:0®%%%quzm:< 1 ,0>?%bmmwwzm:2
0 1

UEXD, dimW(3,A) +dmW (2,4) =3 Th 5. L7=h>T AINMLATRETH D, KEHZ
DR % AR 72 E H175 %

3 -2 0
Pl -1 10 I P AP =
1

o O W
O N O
N OO

FE: INETOEMIED, P 2RkDETE ADKAL DN 5. @B OFHEIZ I AD7R W
MBS G X, NAl B = PAP OWGIIZENS P 20 7-%X PB = AP M D LD h Y
IDEMERT B L L.

1 3 2
(2) A={0 -1 0
1 20
t—1 -3 =2 ~1 t—1 -2
Da(t) = |tE— A| = 0 t+1 0|=(-1)|t+1 0 0 (151& 25D ANEZ)
-1 -2 ¢ -2 -1
t+1 0 0
t—1 —2
=(-1)? -1 t—1 —2|=(t+1) L
-2 -1 t

:(ﬁ+n(@_1ﬁ_(_mp4»::@+1xﬁ_t_2y:a+1ﬁu_2y

o \ =2 DEFZER W (2, A):

1 -3 -2 1 -3 -2 1 -3 -2 1 0 -2
2FE—-A = o 3 0|—1]0 3 O0|—10 1 0] —1]01 0
-1 -2 2 0 -5 0 0 1 0 00 O

2
@zK@E—Am:0®%§%ﬁszm:<()>?%mdmwm¢921
1

o \=—1DEHZEM W(-1, A):

-2 -3 -2 1 21 1 21 1 01
—-F—-A= o 0 0|—|232|—]0-10|—1]0120
-1 -2 -1 0 0O 0 00 0 00

-1
@2Kﬁ&ﬁbﬂ—@m:0@%%ﬁ@ﬂﬂ—h@z< 0 >?%&dm%%4“®:L
1
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MEXY, dimW(2,A) +dimW(-1,A) #3TH5. L7z >T AEA{LATRE TR,

i 3 RIESHITH A DRHELERA ©A(t) = (t = N)(t — )2 (272U N £ 7) THIEA, 5 28.1.318

WCFEHELAEZZL2RD2E, 1 <dmWNA) <1BLT1<dimW(y,A) <2 THDI LB nd. D

g‘d) dimW(\A) =122 Z LIFEHHEET L0020, ADKAAEEDE S 2, dim W (y, A) DIED
CkoTHES. LA T, 51T dim W (y, A) ORIEH SR 51F 5 DA & .

B 2715 IZHNITHNZDOVWTHD TEZTALS.

ﬁ%z&zal4:[? ‘; DRHELTTRED ¥ 5 DR &

fREH]: ®a(t) = 2 +1 KD AR A1) = 0 WFEBM AR\, Lzdo>T, ADEAERT b
VI R? EIZIZFEET, %ﬁﬂz%&ﬁﬂ‘zﬁt?éﬁﬁu PZMHAWT PYAP 2475195 Z X TER
V., BICEERERDBGAIE PAL) = 0Dt = +i H A DFEIEETH Y, ZOMEHZER

u%M%mwwam——<KD,Wp¢m<1]>fﬁéw GAIc P = Z‘f]aﬁm‘
PlAP = ! Q
0 —

28.3 —MROBHEHRDIGE

INFEFTONEE —MOMILZERORBITINCET 2 FRICESMA D ERDESIT%5. ZOEH
DFFIAD —FRH 27 2THTHM U2 L L EET A, T2 THHTARRTEXL.

EE 28.3.1. n RuTAILEM U EOFEE f: U —» U IZDWTRIZFAMBETH 5.
(i) fOMBERBEEMHZ N, N & TUE Y, dim W (g, ) = n.

(i) fDEART P55 U DIEITFHET 5.

(iii) f DEEORBATINIALFTRETH 5.

(iv) f 1AL ATRE AR KRBT A % 5.

(v) fIERAiTF e 725 K 5 KRB TH] 2 FFD.

Proof. ()& (ii): U DEIE uy, -+ ,u, BT 3 f ORBTHZ A LT, EOLME (1), (i) T2z
N 28.2.1 IZBIF B %M (1), (2) LFMEIZZR S, EEE, ()e(1) BXT(ii)e(2) d@mE 275112k 5.
S (1), (2) DEEMEL D, S0 (1), (i) BABTHS.

(1)=(iii): U DEEJE wy, - ,up, & — 2D, TOREIZET S f ORBUTIIZE A L5, WESRMA (i)
ERELTWEWDZ, @E27.5.1(3) &0 AIXEH 28.2.1 128155 (1) 272U, Lizht-> THf1k
TE5.

(ii)=(1): U DER uq, -+ ,u, Z2—2HY, ZOREIZET S f OXRIUTHIZ AL $5. REXD (i
I ETTRETH D, U7di> T A XTI 28.2.1 1B B 54 (1) 279 . @E27.5.1(3) &b, Z
oA (1) BT 2 S,

(iii) = (iv): B & P,

(iv)= ()WQ@GDTLNt‘U

(v)=(ili): U DI u), -, u, BT 5 f ORBATIIDZIN AT B TH D LT 5. U DIEEDEE
ul,--- u, 12 E@Téf@?ifﬁ THADPRMIETED I L ZRED. BEuy, - u, (&K D ), u,

ZtiE%E P 3, 2263250 B=P AP THY, LzdioT Aldffbalgecdhsd. O

i)
n

T2 S OFFREIRSE 27.4.4(0) HOBELIIHD 5.
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ﬁ¥2&&2WWMQT%@&%%E@D:Mﬂy%MﬂﬂDW@%:%ﬂ@”iﬁﬁﬁﬂ&&é

LD BRBUTH 2R ONE I PEZ X
fEZ: D OFEAEIZ0DATH Y, ZOREAZEMIE L RCTHS. dimW(0,D) # dimR[z]; =4 &

D, RAITHE D XD 7% D ORBUTHNIFAE L 72\, O
0100
s g . 00 2 0f_. A
HIE 1, 2, 2%, 2% 12T 5 LD D ORBUTHNE, HilE 26.1.4(2) £ A= 00 0 3 THh,A =0
0000
THD (ZNE3RZEAZ AAMHTE BT 0IZHRDZEIHLELTWS). D &> 2{751%, XD

LD —RERIZ L o THAMTE RN LA N 5.

1#E 28.3.3 (FBE). NAMTRERESZITINEO IR Z L 2RYE

FREH: n REFFTH AP TE B2 51E, ADFEERY Mlpy, -, p, D575 R DIENDH
5. 012713 &0 ADBEEEIZODATHEZIDZ, ADNMLIZF PIAP =0 TH 5. ZOMBIZLED
S5P%,A7S X 1EMNITA=0. O

28.4 WAMLARRITIICETS T —)— NI VOEE

e 28.1.1 DRIFERADHETEIZHE WT, ROME & FED FRZGEHL TV, TNZHOHR» S E
5 —EIEHL TA LS. 2 ToOiEMm, BRICEIABEAEMAMME LT —Y — - NIV OEH
NOHREDBNT 725725 5.

8 28.4.1. f OMHERZEEMEE N\, N &TD. up, e W, f) (k=1,--+,7) DD uj+- - +u, =
0451, uy = =u, =0.

Proof. (f — M\eI)(ug) = f(ug) — Mg = Mpug — Mpup = 0 WIZHERBLE D WELS, ug+---+u, =0
DWGIAREERL (f — M) (k=2,--- ,7) ZIERIFEZT I L Tuy, -, u, DA T up DIHDOA
NEAHZEERES. r —1IRZEAU ()=t — o)t =X) &, Fk=2,--- , 71 IZDOVWTHDLIH
KN OL(t) ZHWT V() = O (t)(t — \g) EARTE D, TDLE,

L) () = (Ok(A)(f =MD ) (ur) = Ou(f) o (f = Mel) ()
= 0x(t) ((f = WD) () = Ok(1)(0) = 0
THB. DA up + -+ u, = 0 OFGLICHILE S U, (f) 21EL 23

Ui(f)(ur+--+u,)=0

SO0 (f) (up) = 0
k=1

V() (ur) + Y Wa(f)(ur) =0
k=2
Uy (f)(w) = 0.

Fhe, Bk =2, 7 EDWT (f = Med)(w) = A — M = (A1 — MeJus THB. THEMRHE D &
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FZ&T

0=y (f)(w) = ((f = Xel) = (f = AoD) ) (1)
=(f=Xl)o-o(f=A-1l)o(f = A1) (u1)
—(f=AaD)o---0(f — Avsl) ((A1 - Ar)ul)
= (f =Xl oo (f = AaD) (M = A1)t = AJur )

== A= A2) - (A= Ar)ug

& BB BB CTH DX M=) (M —A)£0THY, LEN>Tu =0 TH5,
JUZ w4 e = 0 DTBLIE (f — M) (k = 1,3, ,r) ZNERIEE Z1E, FBEOMEEI L b
uy =0%2H55. Zho CHELUDERZ ug, -+ ,u, IZ2VWTHITWV, uy=---=u, =0 2155, O

OO OBIL, BB ER (f — N\ D) BRHWCAHIC RS Z 2 I2h 5. EBE, BB EG U, (f) =
(f=XaD) - (f = \NI) 12 BIF B2 BROMEFR % AN Z T, Uy (f) BRZ R Op(f)(f — M) 128722
EDFINT WA, WE EFEBRIZ EFRLS Wt 2 WS Z 2T, ROMENPEONS.

M 28.4.2. n KIES{TH ADKAATRETH D & &, A DMHERDIEGMHEE N, )\ &2 THIE £
HA p(t) = (t— M) (t = \) IZDWVT ¢(A) = O.

Proof. A DX fALATRENED &, K™ D& ITIXEA N T MV OMYER G TERES. Lidio T, BEERY
ML, € WA, A) IZ2WT ¢(A)v, = 0 ZR_BEFDTHS. ¢(t) 1F, r — 1 REHKX O(t) ZHWT
¢(t) = @(t)(t — /\k) t‘.’.%”é Z t, ZBJ:U‘ (A — )\kE)Uk = Avk — )\k'Uk =0 fJ‘%

B(A)y, = O(A)(A — \eE)v), = ©(A)0 = 0.

BLEXD ¢(A) = 0. O
RIACHEA Y 2 RBUEH 2 VWL, RO FIRZE5.

i 28.4.3 (7 — Y — - NIV b VOEH)., n RIESITH AP AIAETH D L &, D4(A) = 0.

Proof. A DMRELDEGMEEZ M, -+, A\ &L, ¢(t) == (£ — M) - (t—A)z'ML ¥, %2852 &0
DA(t) = U(t)p(t) L FEITB. DRIT (A)z\ll(A)d)( ) = ¥(A)O O

—fEDIEFTHNZBITE =) — - NI VOEHIZOWTIX 29.5 THEZ A k.

28.5 ZIAXNEABRXORICEAT Z2EARNME ((16%)
x B2 E T 5 KAHD n KGR
"+ ap 2"V Haxtag=0  =FULag,ar, a1 €K
DFRIZET 20 DL DOWMEEIZ DWW THBIZAH L TH <.

EIE 28.5.1 (RNEEH). KFEEMn RZEHEA (z) = 2"+ ap12" 1+ + a1z +a T2VWT, AN eK %
P(x) =0DfFL TN, &(z) IFz—ANTEHOVUINS. Thbb, 2 KEMn— 1 RZEA U (x) 2 HD
T, ®(z) = (2 —\)T(x) & FIT5.

Proof. ®(x) % x — A CEl>721%% VU(z), RV %Z R(x) £T25. WEx - AP 1 RXATHEI N6, i
En—1XK ROIFZORK, THROEEMr e KTHB. 2F0,0(z)= (- NV(x)+r&FFS. Z
DEHIIZ 2 = A ZRALr=0%2/5%. LELD O(z) = (z — \)U(z). O
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% 28.5.2. ®(x) Z n REHEAL T 5. HERDIZE N, N\ BENETNSER O(2) = 0 D72 5 1F,
HBn—rXEHAV(2) ZHNT O(z)=(x - A1) (x— \)¥(z) &FIT 5.

Proof. ®(A\1) = 0123 U CHREEHZ @A T, n— 1 RZER U (2) ZHWVT, &) = (2 — )Ty ()
CETB. ZOWLIT A ZRATEE M= MU (N) =0THY, RELD g — M\ A0 THBP X
Uy(Ag) = 0. ZHIZREEIZ#EHT UL, n—2 REERX Vs () VT Uy () = (2—X2)Us(z) L HFIT 5.
U730 T, ®(z) = (=) (z—A2)Ua(z) THD. ZNEMRIEEDIEL, ®(z) = (z—N1) - (x—\) U, (2)
2135, O

ROECHIZFERNMIPVWTEARL LR EHTH S, ZOEMERTIZIER2 IZEHT 55T OAAH 72
HIER, & 5 \WIZ AT RE A B BUERIE (Z v & IERIBIE S WD) IS B HERD BB L 72 5 - O ARG T
LR 2 |4 5.

EHE 28.5.3 (RBFZDOHATH). (FED CHREZEN O(x) =2" +ap12"  + - +a1x + ap 220
T, HfER &(z) = 0 IFEFER DM 2 B TR D.

REFEOHAEH 2RO L &, FROLZIEHADPEBIHTE D P09 5:

% 28.5.4. RO CHRHLHA &(z) = 2" + ap_ 12"+ - + a1z + ap 1&, &(x) = (x — \)(z —
No) e (@ — An) & IEARTE 5.

Proof. n REZHA O (x) IRBFZOEAEHIZL VN € CE2FD. DA IZHBIER N S n— 1 REEHA
Uy(z) ZHWT @(z) = (z — M) Pq(z) EFFS. £z, n—1RAEX T (2) =013 N\ e CERDOWD
Zn—2REZHRN VUy(x) ZHWT Uy(z) = (2 — Ag)Us(z) EFIF DD X, B(x) = (x — A1) (2 — \2)Us(x)
Thd. INZEXREVIRL, REDH O(x) = (x — Mi)(@— X)) -+ (x — \y) 2135, O

BEBE D LT 27520 T, F28222RKDESICEVHZITH L.

% 28.5.5. n RIESITH AZB I 2RMEARR O4(t) = 0D CIZBWTEMERZRWA S, AIFHE
HZBOHF TN AL TH 5.

Proof. %2854 K0 ®A(t)=(t— A1) (t — M) EREDRTED. AKEL D, Ay, A\ IFHHEAR S
BEBDZF2822 50 AlxAafbTE5. 0O

TR n REHNIZE I 2EAME ZDHZIZODOWTHRARNTE IS, HE Mz =a+bi (7272
La,beR)IZHLT, z:=a—bi % 2z DIELRERERBE VS, 2+ 2B X0 2z FHIZEHTHB. £z,
ctw=z+wBLPzw=2z w, 2" =" BEVLD. £z, FHriZOVWTr=rThb.

i 28.5.6. RBED n RARRK ®(x) = 0 BHEEM 2 € CE2FOLOIE, TOHERERKZ
D(z)=0DFTH 5.

Proof. ®(z) = 2" +ap_ 12" '+ Fax+ag £BL. P(2) =0 HEL, P(Z)=0%2EZS.

PE)=Z"4ap 12"+ FaZta ="+, 12"+ 4@+ T
Mt ap12" @z +ag = 2" a2+ Farz +ag

(2)=0=0.

I
A
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29 LEEBZEDR (RE)

INET, MEEM f: U - U ORBUUTHI 252 B8, EFLEERZEATE D EHETRORET
Hafdd HEZDOWTHm U TE 72, M 28.2.1(1) DERMEDD & TiE, REUTHNINAITFNICENDG. —
JiT, EH 28.2.1(1) D&M &7 X R VBB BRI LT, ¥ 2 FTREUTHIZHHICTE L0155
D f OHIE uy, - u, ICEBRBUTHIZ AL LEDS. AIRRTERINBTHITH-T-.

ADHjH = BIUREE T(uy) = ajju; ICBNBRBELAZHIRS P,
=1
L7nio T, A& X0 MEAITINCE X 2 WO BB, T(u)) = S0, aju; KNS HREBOZ < &2 0p
Z0IZTEB L VO REICRE I NS, AHITE, ZORMBEADERLT T0—F & LTREH 2
BLUOHBHDEHOMEIEPNDE L2 RS.

29.1 AEEHDZEME

UDEELZ uy,- - ,u, £95. ZOLE jEHDRY Fbu,; EUT f€End(U) DEIBERZ ML &
B, fluy) = My DX fuy) 13 uj HEOMZEBHMBMESTETT, L > TRBUTHIDH j 51
KFEHRIE Ne; 12705, 22T, u; BEART MV THE-ODERMAERRDE S ICHEENPZLNE I L
IHEEL LS.

f((ug)) C (uj).
ZITEOEME—BILL, U DEE uy, -, u, D—E UTCROSMZ 2T M wp, werr - ueny %
FZ5:
S, wepr -+ wesr) C (e, wegr -+ Ueyr).-

T5L, & fluy) (=0, k) T up, wuprr - upr DA X SHPEFEATEHIT DDA, KEUTHIDOH
RIS 0+ kNS AR AR B 1270 B (FEBE, 6,0+ 1, L+ ERABINE 0 272 5). ZDHEM
RGN SRR E S LT NIXRDERICED

EE 29.1.1. f:U - U 2L L, W 2 U OFLEMETE. WH (W) CW 29 & &
Wik f-ARETHEHLED.

U RN DOWD f-REFD MR TE D751, ROMEITRRD &5 BRREUTHNEFOND. Z
NETOEENPS ZOMEDERIZPS N TH DM, —~ it ZBRTEZ 5.

mRE 29.1.2. U 2 ARRGeiE 2R E U, f € End(U) £ 35, & Wy, W, DU O f-REHH 72
THO, Wy (y=1,,r) DIEE wy 1, Uy, ZENTN—DRY, TS 2T RTEDLAT ML
DB ={uy;|y=1,,ri=1-- ny } PUDEEIZRDLTSH. ZDLE HEBIZHTS f
DRIUTH A RO 5:
Ay
Ay

Ay
ZIT,&A (y=1,--,r)3Y A Xdim W, = n, DIEATHITH 5.

Proof. dimU =n &3 5. B U DRELHBEZ NS nzzzzlnv Thb. ZZTng=0CEIT,
Zji=1niERDLIIZHEITS:

j=no+ni+na+---+n,_1+k (2L, 1<y <r®D1<k<n,)

BADPRITREFFZADE jHIHDOEI DI EHng+ -+ +ny 1 + LERDDPOHng + -+ +ny1 + 1,y
SR DIEPIITRTOICHDBIETHS. HEBIZBTL j=ng+ - +ny1 +EBHDORZ ML

190



Uy €W, THY, Wy D f-AERIEDS fluy,) € Wy, THD. DE D, BE B OFIEAEE T fuqi)
ZFR VBB B RED 55 0 THRVBDIE vy, Uy, DREUIIRSND. LIz o T, A DK
JAIHIZEND KD I HE 0 TRVEDIX Uy 1, Uy, (CNIET BT, TROEE no+- - +ny_1+1
R OH ng + -+ 4+ ny1 +ny RAIROND. O

®%E 29.1.3. LOMBEIZBITLE AL, BE uqy1, - Uy, ST D flu, : W, — W, ORBUTINC
L.

Bl 29.1.4. UD f € End(U) DEAERT b SREEE uy, -+ ,u, 2RO E, &W,; = (u;) 3 U
D f-AREHFZEETHD. oIl UTH@mEZEH T, & 4; 13 (L, 1)A75TH Y, f ORBUT
LUNESSPEEFRII R A SY

20.2 BEEFIHLEME

AREDIHDIZHIR U7 ME & I & 3 OB N2 55w U & 5. BiHTIE, BELWEEOWEZ2EE 72
U, ZOMEDE & TREUTHIHHIINI R IZ 22 Z e &2 Az, RETIEI N IXHD H A S BeEHd
5. $ibb, REUTAIDPHEELIEZ LTS LEL, D & SRR 72 3 R S MEE I &2 A
TWw<.

ST EMIANEILIRBU DEE uy, -+ u, & EFSHD Z LT T (u)) = Y0 ajju; BN S HRED
ZLEVWPIZ0IZTESLNTH 7. ZLUT, REMBEDPRWGELIE, u; BEARNZ MLV THD L E,
DL fuj) Hu; HHOMAEATET B HATH o7z, THDRLEDRVETER5IFE, KIZEZ D
HEE ML, u B, HEZRTHOLE S —=DDORY bl u; L OFIBAEEIT L o T fluy) BK
WEGHETHAS. ZITHIZHEAAAT, & f(u)) B, uj & —DBEDRT ML u;_ ORJEFEETHIT
556, $hbb

flug) = sj1uj—1 +7ju; (j=2,---,n)

EBGEEEZLD. £, flEOZOIZ f MK C EOILEMIZE ML EMTH 256525 R
LT, RBFEORAREHIZED fOBEAEXRY MVIIBTHFET . DIICEREDOHCICE T 5K
FID uy IEEHERZ MV THE (DFD flur) =ruy) ELTENWSE, ZDL & fORBTHNIZRD &S
Iz 5.

o8
T2 82

Tm—1 Sn—1
Tn

ZIT, 5-1 =085 u; BEARZ MV THL. —Tisj # 0 DEEFu; ORODIT oy 25
JE& & U CTHAIE,

1 1 1 1
f (sjlu’> = Sjjf(’uj‘) = ;(sj,luj,l +rjug) = wj1 +7; <sjlua>
ThHdNH, Sj—1 = 0 721 Sj—1 = 1&EULT&Ww £72, 4 tikzﬁaﬁﬁﬂ’c%éiﬁw}, %Tj I* A DEHE
(D% 0 fOEAMH) IZR>TWS (H127.3.6). ZZ T, Flry, - ,r, PEEAMHI I ELAEA
TWA X BHEICHNRGE2RELES. Thby, f OMBRZEEHEE Ny, , N\ &L, U DI

68:@& ;"Cr_(’ RIZAWATWB T MV Uj+1 G:Egj_éﬁ f(uj'+1) = SjUj +Tjr1Uj+1 L:O\z\f, WE u; %E%*ﬁiﬁ’.h‘% Sj
B osj1s; KEEMAZBEND . EICAMORREAA L, BEESIF u;, #EEMABILT, s, =07 Es; =1 2T
5. IR EEIXE Sj—1,8j5, " ,8n—1 OE/LIX1ICEESHBRZIOSNS.
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[ A6 sa1

Ak Sxp2
A= _ : Ay, = . (20.2.1)
' Ak Sapnp—1
r )\k |

ZIZTH Ay, 13 ng RIEFITIITH D, 5, ;=0 F72ld sy, =1 TH5.
HE: BEEME N OEART PIVEDRL D —DEFEET 5. €I T Ay, OF LFIHIFEA RS FIVIZHIRS
BHITHBLLTEL, WRIT Ay 8BF 2 (1, 1)-RAD—2 EORMF0 THDELTEL,
ZDEE, uy (=2, ,n) BEBERZ PILVTRITNE sy, jo1 = 1D X fuy, ;) = un, j—1+ s,
ThHod. DRI

Uy -1 = g g) = A5 = (F = Aed)(ux, )-

D& D, U7 Kﬁﬁﬂég{g%f - )\kI ’%?ﬁ%@i’ib&it:‘é’l aTuAk7j_1,uAk7j_2, s fﬁ;ﬁ\'/? ngfféﬂ’b, N
BRI B ERABITIE N CBT BEE N ML uy, o 21355, F7k,

(f = AkD)(uny j—0) = fun,j—e) = Arthn j—e = Aktn j—e — Akt j—e = 0

THHENH
J=A F=Arl =l F=Ael f=Ael
Uy,,j S Uy, o1 o U o P e s g e O
Thbb,
uy, j € Ker(f — M) (29.2.2)

[J VC%CZ? im%jﬁﬁrﬁfﬁo)w/u\ &\—:Kl:é .

% 29.2.1. ARIGTAIEZEM U EOKEER g : U — U IZx LT, #22MOB RS Ker g € Ker g2 C
Kerg C- WTFOMEIZEDFDREVNIZOVWT KergV = Ker gV ! = KergV 2 = ... %17z
. Z0rE KergV %2 g DEFHOEBME WS, 72, IEEH .U - U OFEAM N IR LT, P
B (f —Ned) : U - U OREFEHZE/MZ, f OFEEE N ICHET 2EEEEEEH 5 W IF—KREEEHE
(generalized eigenspace) £\ 5. K@ TlE, TNEF5 WA, f) TERT. Bz, EHFH AIZDONWT,
W(NTa) % WA A) EBFET

PIFTldg € End(U) & — OB EME LTHEIBDD, g=f - AN DI & LEZTHL &% im
CTWBDNAA=VUNELZEEES

fRE 29.2.2. HRERTHILEM U EOMIEEM g: U — U IZBWTRHBEK D LD,
(1) Kerg C Kerg? c Kerg® C ---.
(2) Ker g™ = Ker g" ! 72 5 1F, Ker g" = Ker g"*! = Ker g"2 = Ker g"*3 =
(3) dimU = N 7 51%, Ker gV = Ker gV ! = Ker gV +2 =

Proof. (1): u € Kerg" &3 1L, g"(u) = 0. £o7T, ¢""(u) = g(¢"(u)) = g(0) = 0WDX u €
Ker gn*!

(2): Kerg"t! = Kerg"t? 27R381E, & & IXRMNAIZE Ker g™t 8T RT—HT 52 B30 h 5
Ker g"™! C Kerg"™? X (1) TRUZWYZ Kerg"™? C Kerg"! 2/R% 5. & u € Kerg"? 1220,

OB s un 1 N KETBEARY MLVTHEHS, f— N % j EIEE 2T A CHETBEAERZ M LHRBT
Bohs.
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0 =g""2(u) = ¢g""(g(u)) £V g(u) € Kerg"t! = Kerg”. &> T, g(u) € Kerg" ® X g"(g(u)) = 0.
2%, ucKerg"' TH5.

(3): g WHHRS5IX {0} =Kerg=Kerg? =Kerg3 =--- TH5. TI T, BFTRVWEEEZEZ X
5. ZD2EdimKerg>1Thb. Kerg" B Kerg"T! KD B EIZKEL BB E, ZNSDRTHEIZ
KEL D P, FEn=1,--- ,NIZDWT Kerg"" Kerg” & W bEIZKEL LB L THIE,

dim Ker gVt > dimKer g™¥ + 1 > (dimKerngl—i-l)—i-l >...>dimKerg+ N>1+N

D dimU=NIZFELTLES. LizdioT,n=1,--- ,NOWTNPIZEWT Ker g = Ker g"+!
LRSBRFNIER ST, B (2) KW ITRT—HT 3. O

%% 29.2.3. W(\, f) =Ker(M — f) = Ker(f — AI) &0, f OEEME N B3 2 EA 2 - IE, EAMHE N
2B B A EEAZER O ZEETH 5.

INETOHMEELDD L, X (29.2.1) DX LORBTH 2G5 7121, X (2922) 12X U
DHEEE UTKEAHEICET 2IRREFEROGEIRND Z WD EHMHATH DI LD Rh o7,
Fi, K C Lo EMIZB I 2 EBOMBEBIZOWT, ZNHAHRETH L Z LW o5 T WD (EH
29.4.1).

[ OEEEMICET B IABEEFEMD fALTHDILEMRLTE IS,

RE 29.2.4. f,g:U - U 22§52 (Thbb gof=fog). TOLE, W =Kerg 1
[-REE 22 TH 5.

Proof. % u e W I2DWT, f(u) € W ERLEW. 207D g(f(u) =02 S AL, g & f 738
I 528, LW g(u) =005,

9(f(w)) = go f(u) = fog(u) = f(g(uw)) = f(0) = 0.
O

WA g ZHEB DR " ETRTH B, £, LB fF BXO(f — A", f — vl T ZT 0
Th5 (il 21.4.5). ThoDHEFELLOFHE,SRERFS.

% 29.2.5. f,g:U U ZMIEEHETE. £ N\ y e KITDWTRMBHED D,
(1) g: U — U OEFHSZEM W 1L g-AEWAEMTH 5.

(2) f— M OBEBEEAEMW & fALHAEMTHSB. L <2, f OEAE N BT 5K %0
W f)IE - AETHS.

(3) f— A DEEMHZE W 1 (f — ])-REHH = TH 5.

29.3 Ker(f — \)" LDTDH

BRI 72N DD DIIEBEHIZOWT, ED X D727 MVDAHFAEBEO L 5P RTHEI .
2 TRBRBH0E, #REHE RO — MR D RO — O E 2 Bfgd 5 5 2 Tl &
B5HLDTH5.

9, Wi U TROBEZHET . 20k, #17.2.3 TR Z 20— bzt S 20,

E 29.3.1. ML g U - UBLPFucUIZDWVWT, g"(u) #0012 ¢g"(u) =051, n+1
DR NS5 8 u, g(u), g?(w), -, g™ (u) KL TH 5.
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Proof. % k = 0,--- ,niZ2WVWTC, k+ LIADHM g"(u),g" 1 (u), - g" F(u) BB THEZ L % k
BT BIRMIETRES. k< n 2l TEHRBE IZOWT, kHDHM ¢"(u), ¢" L (u),---g"*D(u)
DI TH B LT L, k + LD g™ (u), g" 1 (u), - g" *(u) OFEIINEZ2 R T, SRR
Sk g™ u) = 0 B E L, TOMIIC g ZIFE I,

rog" " (w) + r1g" T T () + rag" E T (w) 4+ - g™ M (w) = 0
r1g"(w) + rag" () + -+ re_1g" P (w) = 0
g (w), g (w), - g * D (u) BB TH 572D X ry =rg =+ =1_; = 0. Y XIT 199" (u) =0

THY,g"(u) #0&Dro=0 LEXD k+14@?ﬁﬂg”(u),g"‘l(u), cg" R () IS TH B, O

RDOHPNZHENWT K = C DEE IFERLAEREE (ERIFEE) IZOWTOREBABE L %5, I TR, #
%%&Mﬁﬁa%_m\f%iﬁmﬁéﬁ@i G A L EBRDMA AR M-I NE 2 e 2 BADEETH DL LT
EHED XSO,

Bl 29.3.2. D:C®(K) —» C®(K) 2WEFHFE D)=y &L, ¥ reK&T5.
(1) FEEEER n 12DWT 2™ € Ker(D — M) 53D 2me ¢ Ker(D — )™
(2) e, wer® 22 .. g IREINI TH B

Proof. (1): n \IZBT BIRMNETRT. n = 0122\ T M IXFEAME N DFEBRZ ML 2 M € Ker(D —
). Kz, 2nter € Ker(D—A)" 23D 2" 1e® ¢ Ker(D— A" & L T 2" € Ker(D—\)"H!
B LUz ¢ Ker(D — \X)* 27R% 5.

(D _ )\I)(:L,ne)\x) _ (:L,ne)\ac) )\xnekz — (nxn—le)\m _|_xn)\e)\ac) _ )\:Eneka:
= na" e e Ker(D — )™

W2z 2"eM € Ker(D — A" TH 5. 7z, na"1er ¢ Ker(D — A" D X 2"e ¢ Ker(D — A"
THh5™.
(2): g=D - AN BLPu=a"MIZOVTHIMEZBEHNT S &, N4+ 1{HDM

xne)\z’ nxn—le)\z7 ’I’L(TL . 1)1:11—26)\&?7 - n!e)\m
EREHNITH D, DX, TNSIZAN T —fE2IFE T Uizl ane’®, gnlerr gn—2eM ... R 9)
KIEINLTH 5. O

Bl 29.3.3. S : KN - KN %3 7 | S((xn)neN> ‘= (Tni1)nen EF 5. A £ 0B X UL N
IZOWT, Bl xy e RN 2R CTED B

= (1, 29N, 3VAZ 4NN ) (2 E D 2y = (VAT en).
(1) y € Ker(S — AD)NFL 2D 3 € Ker(S — M)V,
(2) 2,27, 2y IR TH B.

Proof. ZZTlday 2y LT Z LIZT 5.
(1): NIZBAT BIRNIETRT. N = 0D5E, xo (3HH 1 A OFESITH D, ZHid SO NIZET
BEANRZ NVTHEPS 2o € Ker(S— M) THB. KT xg, - xn_1 1DV T xy € Ker(S — AT

TOIE AR B AT O Z L 2FBGR 2 WO . IERIBIRIC B 1 A ARDIEIZ O W T, BBGRO AMEZ 2B I N
ANy

U7z & RIC u = 2™e™ € Ker(D — M)™ EARET UL (D — M) (u) € Ker(D —XI)" ' £720, Z4UE (D —\)(u) =
ne"te* ¢ Ker(D — AD" M IZFFELTLES.
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(k=0,--- ,N—-1), B&UGxn_1 ¢ Ker(S — AN (20 (S - M)V "Hzn_1) # 0) 2KEL T,
xzy € Ker(S — AV TL B X Py ¢ Ker(S — AN 25R% 5.

(S - A)(@n) = (5 - AD (0 D) = (4 1980) “a(n¥a)
- (((n—i— N _nN)/\”> — )\(((n+ v —nN))\”—l)

2T, (n+ )N =N EZn 2T B N -1 ROZHEKATHE05 (n+ 1)V —nN = S0 ank L EHT
%)(9 'GQN_17é0). W ZIZ

N-1 N-1
A@@+1W’ M”ﬁ —A((E:%n>xlg —A<§:%MX1j
nelt k=0 neN k=0 neN

neN nenN’

N-1 N-1
=AY (@A) =AY amy € Ker(S — ADY.
k=0 k=0

PLEED, (S —A)(zn) € Ker(S — AV @ x xn € Ker(S — AV F7z,
(S — AN (zy) = (§ — AN ((s . )\I)(:zzN)) (S — AN <)\ 3 mk)
N-1
= A ai(S = ADN @) = dan 1 (S = ADY H@n_1) #0.
k=0

W2z ¢ Ker(S — M)V,
(2): g=8S - A IZOVWCHIMEZEHTNE, 2N, g(zn), -, ¢" (en) EEREHSITH S, £72, (1)
DFEATIT - 23R L X

(@n,g(@N), -, g™ (@N)) C (®N, EN-1, - o)
Thd. LizhoT

0 dim(zy,zn_1, - ,20) = N+ 1. Theam@223.33) 260ET, oy, TN 1, xg DI
Hzx21E5. O

29.4 [LEBEEZEESRE

—EIZR S 5. REUTHI & U TN AT 2 N PRI BN T, FX27 PIVHEAERZ ML D
MR ATRINDIDTH 572, ZHUTH U T RO LEIIZ DWW TIE, £ ORMEZ HAD KB #T
EBMOIEERNT PNV KERAEMOITOMEAREATES 2 LSS, ZOHEEZ ERT 5 RKOEH
DFEHIFREITEHEZ 5 & LT, AHIOEBFETIEZDOEHN S ENPNLHEARKHEIZDOWTHIL L 5.

TIHE 29.4.1 (KHEEEEAE). HRKCHLER EOSHER f - U > U OMER 2 EEH%
Ao A 2 U, f QRS AR

By(t) = (£ =A™ (t = A2)" - (¢ = A)™

Tdhd &‘3_5 :@tg’, dlmW()\k,f) = Ng (]{7 = 1,--- ,7“) ﬁ’ﬁk@ﬁ.ﬁ if:, %‘W(/\k,f) @%}E
Ur 1, Up oy, ZENTEN—DFE, NS5 %2TRTEDTRZ LD

B={wuy|lk=1---,r j=1,-,ng}

ZENIR, BId U ORRIZ2 5.
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FOEB LR 2854285085 TREES.

% 29.4.2. U %R C LOfPZEME T 5. RO f € End(U) I22WT, U ik f OJRFE A ZEMOIEH
55 HIEE R D.
5 29.4.3. (1) EH 2941 DBFEDH LT, KDL 5% WA, f) DHEDEVHE2EZ LS.

U, 1y Uy, DIEOSTE LT, £ Ker(f—Apl) DEIERZED, 23U Ker(f -\ )% DItz
AT Ker(f —A\e )2 DIIEE U, FIZ Ker(f — M\ D)2 DIEEAHIINZ T Ker(f —Ap )3 DIEE L Lo+
EWn 51:5%{/'5%%?% D 5&1/( W()\k, f) O)%Eﬂé UN, 15" UNg ng %?%5 ZZT uy,,j S Ker(f — )\kf)f
b 1=

(f — MD)(uy, ;) € Ker(f — M\ I)*?
fluy, ;) — Muy,,; € Ker(f — /\kI)E_l
f(U,)\kJ) € Ker(f — Ak1)£_1 + )\ku)\k7j-

Lﬁﬂi, %‘ f(U)\kJ') fﬁ UN, 1, U, 25 5, UN, @ff&ﬁ?ﬁ%é}f%b‘é Zr %ﬁ’\f W5, bf:?bi‘ﬁ"c,
ETHEX BRI U T 29.1.2 Z @M T IEE Ay 3 E=A1T518 700, Ukedio THIE B (12
&% fORBATIIE E=ATHE 5.

(2) X ZnKIES115&T 5. Tx : C" - CP IR LT (1) 2@HL, (1) THEALEEZ SEEMHEI L
iR 72475 % P T NE A=P I XPTH5. 2F0, [FEDOIEHITHNIERZRBOHEPHIZHB WV
T, H5 E=ATHEMLUCRD Z B30 5. 7b, NEERO YTz WTiX, BoSTRD S iE
ZATH 2 W ATH O E= AU S h b,

EE 29.4.4. EiX, HINIZ WO, f) DREZEIZ2I2L Y, KBTI 2R 221 DE5 2K TESLZ
ERHILENTED, TNEV NI VEBERL S S, ZOHELWHERIZDOWTIZREITHRRS.

29.5 —)— -NI)MVOEE

EFL 2041 2D B L, EHIZTr—1) — - NIV MUVOTHPELNS. FEIAOME S A a0 28.4.2
CHLULTWEZ EIZBRAMNEE5 9 H.

EHE 29.5.1 (F—V— - NIV b VOEH). n RIEFHFTH AIZDNT d4(A) = O.

Proof. BEBOHPFIZENT Pa(t) = (t — A)™(t — X)) -+ (t — \)™ LIRS EL K5, 22T,
Ay A MRS ADBEFETHS. Ty : C* — CPIZRHLTHR294.2 2HEATHNIE, C* OEIL
XA FEEA RO ORAEA TERES. LED>T, Fop € Wi, A) 12DW0WT O (A = 0 %3
HEFHTHB. %29.251) 0 WA, A) B (Th — M) AETHBZ 8, B, #2941 &b
dim W (A, A) = ny TH 22 Lh o, $I 54

(Tg — M) c W ( Ak, A) = W (A, A)

’W(Ak,A)
123 U TR 20.2.2(3) ST AUE W (M, A) = Ker(Ta — A )™, 2% 0,
(A — \BE)" vy = (Ta — MNeI)™ (v) = 0
THD. Pa(t) 1F, n—npg REBHEKX O() ZHWT Ou(t) = O@)(t — A\p)™ &FIFDI En 6,
D 4(A)v; = O(A)(A — \E)™v), = ©(A)0 = 0.
BLEX D ®4(A) = 0. O

% 29.5.2. ARIOuHIEZEME EORPEER [ U — U IZ2WT, &4(f) =0y
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Proof. U D& % 3EIZET 2RKEBTF % A LTHIE, Or(A) = Pa(A) = 0. % 26.2.4 12 & 0 KL
O p(f) DRBUTHNL @p(A) =0 TH Y, Lo T Op(f) IMEEDORY bV E Oy ILETEMEHRTH
%. O

fEBKRR EOMIPEM U ICB 2L TH O, EROFEIZE T f ORHMELIEAN RS
fRENIZWVGER, BRI R ERIR 2 K72 2 WIS (D W EBE R DVDTEIE LR WGE) 12
BVWTHHR29521FHVI>T WD, EOFEmIE, EBUZE 72558 ThH > THEBBUTHF Z AT T
B THEPRBITRHZMEIE EZ 57255, £HAA, 7=V — - NIV M VOFEHXR 29.5.2
DIEIIZ B WT, HEEBITB T 23R BBAEL NS DI TR, REOFEZIC, KK OFFHZ L1712
f U722 29.5.2 DHIEEHZ AN LTEZ 5.

o EDBB (=Y = A b Y ORI > 7T, ~

—RTBROREBIZE>TT =) — NIV M UVOEMMWNREINEZNIZEZLD, ZTHIZIEL
7R

Da(t) = [tE — Al It = ARRALT, d4(A) = |AE — A| = |0] = 0.

2625 LORERIT BT 550 O (A) 1En RIEHFTHITH O, 530D 0 3 TH B0 5, ThTIE
TR WS B a2 SN THATLE 22 21245, MEVOEKIE, KOs M, (K)
DIEEREALZZEIZHE. HD 0L, ZHER A1) ICEATH X Z2ZRALEZEDRO4(X) TH S
CHALTUE S E2TH L. O4(X) DIEMERERIE, £HK 21.41 THERZZE DT, Pa(t) 1T
BUGAKOE ! % X" ICEESHZ, BRUHo % o ITBEHWZ R TRINDZGHDOZ L THoT-.

EDasrizbiIs#hEVERKEL, £72, 77—V — NIV b UOEHOHIFEHD 72O DHEfE L LT,
End(U) Dtz a LT 217525 A LS. End(U) ORI EEAER I N T WD A, K 27 &
T 2175 D& L BRI U T End(U) B DIFFIOR, B, 75X ENELRTE L. HlIAIE, X = g
% End(U) B> @ n KIEH175) &3 hiE, £ D175)K

det X := Y 5g0(0)(G10(1) © 920(2) © *** © Gnor(n))
ce6,
EEnd(U) OJt, bbb POIEEMTH 5.

T, KB DOIFFNZDOWTEIH L 722 £ 24T LT L 5 Z & T, End(U) i O $ 5% <
DMENMEONDG. ZZTHERIAREZ L, FHRAOMER EDOFFHIZB WTHKS LS LORED Al
PE (ab = ba) & FIWFZERA AN D 0| ATEMEASE D 170 X IEBR S 72\ End(U) B4 D752 BT
I, NS ZBEHATERWETHS. UL, EWICHRTTOAZ KD & T R ITHDAZEZ 5
DTHNUL, ZOWD TIERV. BIZIE, & g € End(U) BHEHWZARTH 5 L &, EHTH X = [gi)]
IZOWT, ZORK T %2 X L90E, 13.2HTHLUZZ L LAMBIZLT

det X

XX =
det X

P DAL D,

%29.5.2 DRGEH. U ODEEw, -, u, il&5 fORBUTHIZ A = [ay;] L THE, [flwr), -, fu,)] =
[y, uy]ATHS. Tbb,

flur) = anuy + agrug + - + an1uy,

f(u2) = ajou; + ageus + -+ - + anauy,

f(un) = a1pU1 + A2pU2 + -+ AppUy
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Thd. EOENAEBIEL, £7-EEEMHT 2H A THONWERD L 5 12EIT 5:
(f —and)(u1) + (—aorl)(uz) + - + (=an I)(u,) = Oy
(—ar2l)(u1) + (f — azel)(u2) + -+ + (—an2l)(u,) = Oy
(—ain)(uy) + (—agnl)(u2) + -+ (f — apnI)(u,) = Oy

ZZT,End(U) Ditg &, UDitu DFEE gu = g(u) LED, End(U) Dtz KD & T 2175, R
MUz T 2HOMOEEZEATNE, ERIERD &S 12RKE 5!

f—anl —anl - —ap11 uq Oy
—ail f—axpl --- —anal uy || Oy
—aind —agpl - f — appl Un Oy

LOFEIZE NS % X LT UE, X OFESIEEWICA#ITH 5 (M 21.4.5). 7z, End(U) K5
DIFFNY, Z, BEX O U R DFIRZ bV z DREIOFIZDOWTHAH Y (Z2) = (Y 2)x DD Z LA
K A5 054 L ABIZ L TREN, LEA>T EOmEIZAED»S X ORKTAH X 2hF 52T
det X U 0y
N (29.5.1)
det X Uy, Oy
135, —H, ROFHEIZED det X = @4(f) TH 5:

det X = “LIHN Ouy(t) = tE —"A| B DEHt & fICES MR E4
=Py (f) = 2alf) = (/)

L7zio TR (295.1) 13, & =1, ,niZDOWT Pp(f)(u;) =0y THDILZ2EKTS. Thbb,
I D, (f) 1FTRTDILE Oy ICETERTH . O
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