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FNIRE - R ERIZET 380N ETH 72, DHITHAENEMML - LR 2I2k D, Bix
BECBVWTEERABALRRDOND ISR, BEEMBELTEHEDOLBRAIREHEATZD
ThHhsd. RELIL, EOLI BRI IZE IR BRI LN2FIIDIT25THLERBRINT
W7z,

nd, FHOBEBEIZIRIIN - T—=YHI2WITHHEERE BRENS. ZZTHHZ WD SEEIZ
i, RRZCHSDHE TYHEL2REDLZENTEL L WS ERMNADSNT WS, /2, BRI XA
W RFROZ . ThH Y, SEICBEb 2 =% (OGE - il - B85 S HERFICEL 2R (FEM - %
fif « K- FH) 24T, TNSOHBEHIZDIFTVWDE I HAUFORERADD NVEDHEBTH - 7.

1.2 HEHE DX

HHERID 5 BEDDPEAN R ERTH o 2 FH MG U & 52 BELEOHMWIZLITERZED T
HY, TORFTERICER L 22 NPWHINEZ I THD. T LT, ZORNEZHERT 5 —D2DfEE %25
Z5HDE UTHEENEHRINT W, ZOEFRITIE, HE 725 2FMOPTHRUCEEN N & WELER T
BB EBENRALRIN, HEMDET IV E R WS HEN DD, 55 A, BELUNDOFRZFR
ZeTHmMMEE N Z2EDE I LIFTES. LA LRDPoHETIE, RO%ERE® e UTHEMLL 2
I Z T S EHA DSR2 &5, GRHIC & > TIRED O KHEF 2 WZEEPEE LT W WS [ilE 2 5H
5. ZZICHENSIRIZBI 2 BFAOBEMMERD D, FREED HiEiw e FIE S L BT FEES > TO
DFEMEVZS. ZOHBREAMRIZEVWTERALTHY, BHEL L TORAITHEI 2HEIEIFED 5T
W5,

— T, BHEEDFEE U 7RI B W TR, £ OEAAIE 2 5 8 F 2 2 I EPELTWS. B
FOLL IR EEHNVTREIND 72D, VMV ADFiEL LTETHIERIER S RWERIE o7z
DTHD. BB A, FRERT L2 0HIZE > TE, BAZEHT BBV VI AEWNWDHTESS.
ZNTHHEBXT V7 — MRE L Vo B 21T 5 8 &2 HUT 5 D THNIE, BUFERIZ EDFEDE
B D 2D 27D LB EEEIBENDH D, HARRERD L OHEMZRHIED IZE
FEIRESHEBELRTH D L WS BZEOGIE, FHICE T 2 BBAEOXKHN 2RI EL2HDDH 5.

LXK B¢1d professional school # & U graduate school OHIFRIZHY L, Z Z Tld professional school #3579
2H 5 VVHERFERSABBTIRTYHERN L EE X605,
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o MEREBFZDHHMMADII D HEFAIZHLEKRT 5.

ZDOAEFR, BIKIZO > THERIZTIREABR L 2o TWWD. ZhE, BEERR % 8] 0 #& TiligzaEd
BEFOEEOEERBELDZ2HDTHS. L LD SH# " BEIIN U TR ECEREEZS5 Z L
EEEL, HATIOES b2 LTWA.
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U, 8% HIREFZOKAIZETE S —EidlX, XV EVEMIEOSNDIZT THS.

B ARECE 21, HEICHH TSN AR OB 2 @O 2 F D Z L TH 5. FIZITNH L TH AT
RHEME R EPN TS T 5. L L o R OMiiE, —DDRLHRE —DDRAT
BB ZHDLERDESD. ZHUIDVWTIHAHIO®KY (1.6 B LU 1.7H) THlZZ T3

3HLbAA, MBEDHELEZ D LT, HEBREO Ay r—ILIZBRTH 5.
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50, ALK R/ NGB DOREZ > 2R D H 5 — D NIZE > TImb R UADH EFT
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H5. BEamDiiH%Z PR UISBRZ2DIEH L. UL, SIEREER I NS UL TDO E Z
WZAZDHATH D TANK, BRiIZBETH L VI DPNEZTH 5.

RN SR THEATZMA XD 72 BN D RRIREE % T 5 A2 BT E L WD . b A AEEBOHIFH
L EOHEBON b TRbNn s (BEGE). BAREOEN (WEERZZ1T & 3RS W) Z3ldd
2RO IIMABH ORLBEHVTRI N, 2o IMa (B AREACIENS. 25 U724
FBRAOHEZ BT FIER, M-I HEEET 52 LM TFOERENTH Y, LizhioTHE
R B BEROEVWDF L EX D775, BFICE W B ZRBLER 2175 121X
-0 AEDRFIFEHBAAD I &) BEDOINZBT 2K - koK (BB F) 23
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X 7= E, MEHF O & R DR (R OEAPR U ORRER) & VDL 2K - T
W5,
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D (BIZIE R =F YRR Y) LW BREICHRE IR, B S N 72 B R & S o AG % f5 0 108
MO DU h oz, SRR LI NDOE RTINS T 5. D% 0, FHOFEOAREMIZD
WTERT2HFETHS.

WEEIFZATIIBRFEO I TH Y, ZZITRTHIEINDIT TRV, HIZIZEROSEFICE
DS BECE (B 2 ED) 12OV TIHI— DR AT WA, Z0ED, BEFTNEKRER S 5B 5
5. ZD—DIIBUEFOREL Z R < AT 0B TH D, £ 5 —DIFBFAIT BT DEEHDOEEMEX
EYPEIZ DWW TER U 2 BUAE R (BUHGRELY) TH 5.

BRI, KW I TN F R ARBERIZ DOV TR TE L. ISP TRBHTRD S
NEHEARWRFZED DL WVWZAENEI D, B HE TR S NG Z L 28T,

MoED WMo L JHFROEE DI L 2fd. ZNRREFANZRZ(EREZEERL TE D, MOETIHMEE OO
ZELUTYHEOZEZRZA S FEN ML 6ND. —H, B (ERD) TR OHRBICARRIZHY
LSMETHE. ML<YO R ZHMEOHEREZRLADED I L TRMUKL L D IZ, MAOETIHIE
ROERCREDESI B RONDG. — R 2L, Mo ReEBEROBZVVIED LS IZEBZS
LEDOD, TNSIIMABEAFOREATIH Z@U CTEEMNIT SN T WS, BRI A TR D BN,
Za— M UIZEBNEADE N L > T MR 05 H O THESL S 2, B2 PRl 2 5%
Re@UTHWPST DI EAHBRICR o7, LU, 22 L2 D MEZER - e T oL 0o
T AT R Y Z D ERRET TIE AW, TS IZAMDPIT I 2 - BRICBWTEANTH Y, Lk
Mo T, D DFIRFLHADEIZSHTE 5 AR 2Md T\W5.

B MPEG KPR 20T 2720082 AET L WS . SEEG L X, REHTIZW 2R
EEAIBEI R D £ B BIZHEYS U, W IR BRI E BB ORI Bl 72 AR e W2 5. HARBIED,
HARFRDOB G %2 HRLR Y BMARET MIZEL LTOMT 22 TH L L T57%25613, EREHRD
AT Bl 7 & R DRE RN 2 2 TR ERKE 2 R-TTH A 5 T 1T HBITH < v, L
THE, Bx NHBE Z 2B FHHROL S ITHRIEERBA TS DTH 5.



ZNTIE, MEEHBDOHELVWHIAZRAS ZOIZ, PRBETIEHZD, £EE4PEH, T LTARZ bV
D E AN —fZlzOoNWTHEEL LS.

1.5 21—y RE[ICBIFZ2MERNT—E

WS ODPDEDDEED DI L EES (set) L\ . EEEZMEKIL TVWEHD—D—D%E% (element)
FriETEWVnd. BREDORELDMLETTO—28 LT, BAZMKRT 2 ERZ §RTHUARTHFFER T < BT
ERH L. HIZIE, DAZ, ArA, AL D3 DOEZEN SR DELIT,

(VAT BbrA, A1 5}

ERINSG. ZH5UL7ERUAR, ZO#HBETIEZIMEDLLRVEDD, FHIZHWAD ZENRWTIEL.
Bt EFZ L TEEREDI BV ONFBEFITRNZT IV 7 7Ry hAED B TSENTED, KD
IO EEHWSL:

o N : HAAE (natural number) 2D R TELEDZ &,

o 7 : B (integer, integral number) KD IR T EED Z &6,
o Q: AHEK (rational number) 2ARDRTELEDZ L.

o R : F# (real number) £AEDRTHEED Z L.

o C: #HFEH (complex number) 2AD L TEAED Z L.

R® CIZBWTIE, INBEERROMAEAERNE L > TWS. ZHIRBMOZ e LT, FzilEd i >57.
HDrVEAXDILTHDLeEre X & HEL. £HThRVEE ¢ X 2EL.

Bl 1.5.1.5€N, —1¢N, %e@, VIEQ, RESE{ VAT, Bivk, AN }.

TODFEK 2,y € RIZEBWONEZADZEERTOM (2,y) bR NoR2HEE5%2 R2 ERT. Z
T, “UWOMEZADZEER WS DI, (z,y) & (y,2) IZESEDEHRBRTE VWS L THDS R? I
I EDRERIZ =L TWA. FERKIZLT, &n e NIZDOWT, nfHDOEEDI OIEZIAD 72 ZRTD
H (21,29, 1) 2HREDNORBEGE R R, 2ThEnRITA—7 ) v RZEM[ (n-dimensional
Euclidean space) £\"5. 72, R* DD Z &% ~RY Ml (vector) EIES. @R TEEH L& ST, R?
PREDORY MVOBIZIEHE A AT —EREE->T VDD TH o7, FARD I LBRVICBVWTHEHRS
N5, THOL, R ODZDDONRT M (21, ,20), (Y1, ,yn) E RPBXOFEHr c RIZHLT, "7 b
VO (21, ,x0) + (Y1, yYn) BERONZ VDR AT —1F (scalar multiplication)r(z1,--- ,x,)
ZRTEDS:

(@1, xn) + (Y1, yn) = (@1 + Y1, &+ Yn), T(T1,-,xn) = (1T, TTy).

ETHWEES =%, izl Th 2B E2ABIIE>TERTHILVWIREK|RERTEDTH 5.

R MR —=XFTRIGEE, 2= (21, ,2,) DEIIITKFETEL. KFEZHVDIDIX 1 KL
RBELZWESIZT2720DHBETH Y, ZHIE 1 ERAITBEBEICBITEHEHER>TWS. x,y € R
(7272Un=23)IZ8LT,0,z, c+y, yD4REHRETDMEAIETINLIZIR S Z EIERIRIZ
FoTHERTES. £BA5AN>4DGEIZDOVTEHRBDZ RO LD. HLIE=Z RO ZERITE

TKFEN,Z,Q,R,CEHVIILALH 5.

SEOMEEIY, HREIZ 0 28D 7771E5 1% DRZDIZPBVWTESESINE Z B0 Hh5. UL, ZITREKRET
DOEFNZFEN, FRBUZ 0 BEEhBVED LT 3.

S35 Z 1 R VEETHRZERT % Zahlen IZHIKT 5.

TID &SI e B HEEITIE, I 2 WS RN ZED, & BRSPS BEERET S LW BAND B
METHS.

SEVIEHEICI, s =y THoT EZIRVT (2,9) & (y,2) ZREDZHDEEHAETEVWS Z &,

10



ATWD 7z @D REZEZIZRL S I LI TERVWTNE S, 2O XS ITERITOER DS DME
DN O ZEFTEILNTES.

WD TIENZ MV EBEZIZTS0MEHTHS. — /T, RETTED D175 DO & DR & #E
RELCTIERTZ MV EMEZEZIZUZIED BEEGRR NI DL\, BTNz ML EITTRY ML (row
vector) & WWHEIZ R RZ ML ZFINRYT ML (column vector) &\ 5. BETIEES 5 R” DIt
AL, HRIZISUTHNR IS Z L 0H 5.

x1
TRZ MV (21,0, ), FIXZ NL

Ln

1.6 BHREZDEM

EIRETORETHENDEH (BIF) IXIEL AN 1 EBTH Y, LEBOGEIZDWT S EHUERIEK
DAHER STz, TP I EHRIZONVWTZ L ISP WEERIZBERP 72D TH B0, TN 5T R D
R MNVERATEERT DRI MVIREZOND XD REBREZEZ D720, 2 RAT B LMHBPES
NEONPHHMEIZTEZRENEL S, T T, BRI OVWTHDTEZR L2 RRTHE I 5.

EFE 1.6.1. EFEX DK T TN UTHEBY Otk D52 58/ (WNIK) 25X 5. 2O &5 5#8F%
X 75 Y ~DOER (map, mapping) &I, X % ZDEMHRDESERSE (domain) £\ 5. X 75 Y AD
GRS fEHAVTRIGE, e X IZHIET Y Otk f(r) L EL. ZOXKGLEBLT, “o% f T
BRTD” HEWIE, “f Il 2RATE LWVozRBEBHRINSE. £/, COELEDTITHLTEDE
BOTLE NG X ELEBERONPIHRT 72012, RO XS %5 - MALHVWSNS:
f: X — Y
f:X—=Y, f: X2z f(x) €y, w w

RE, R LB (function) [XIFIFFEFBFETH L. WIHI NI E LD LS WEH (T70bb E
DERBIZBVWTESY PWREERLTI2EATHIHE) DI L 2BBEITRI ERE 0.

FRBDTHAZ MV & DEA, fx) BRAERLTERCETIE f(21, -, 20)) L7 D FIE
BUED L\, F 2T, R —DWS LT fon,- an) L5 < OBMEHIE 2 >T WS,

Bl 1.6.2. FFEH 2 WK UT, f(z):=32x LEDNIX, THIX3BOEBENEIEEEH f:R—-RT
H5.

WS ODPDEBPEZSNT WD L&, TN &2 HWTH R BR 2T 2 8BF 2 5 TIHEIC
1795, 2O LI fEDh Tl b AR DWEHROERTH 5.

TEH 1.6.3. ODEH [ X Y BEUg:Y 5 ZNEALNTVNEETSE. ZOEE &reX (T
FUT, ZDJtg(f(z) 2GS E254% f & g DER (composition) X IF S, &Fgof: X - Z
TRT. T72bb5, (go f)(z) :==g(f(z)) TH 5. FEPRITNILFEIMZIEL T (go f)(z) Z go f(z) &

&<,

FE. Algo f EED DI, & f(x) ¥ g DEBBROERETRITNIZIR SR\,
BB O R % BIBIRIZ D 2B 2B LU TR TA LS.

T 1.6.4. H2FEHa Z2HAVT f(2) =ax LEDSNDIE f R — R % LLBIFEE L W59,

B 1.6.5. B g R=RBEIV f:R =R % g(x) :=azx, f(z):=bx LEDNIX go f B LHIBIETH
D, g0 f(z) = (ab)z THB. KX, go f(z) = g(f(x)) = g(bx) = a(bx) = (ab)z.
I D &S REBAD BN RIFOLITHGEZONTE ST, THHIEK IAZETOABLLHFETHS.
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X, WHIBEEDH]Z W DDFEL TWD D BIZ, ROMIIZRD DL DTIERN5 D h.

EH N JEVILE 3P G XES
reR flz)=rz

b5, FHREARE WHIEBEAERZ 1IN LITHRLUTWAEDTHS. Lrd, Z ORI E OH
DELEBOMOEES EFRLBEBRITSNTWS. DX 0, I g B O fITHIET 2E B E TN
Fa, bl 2L, go fITHIET2ERITa THS (B 1.6.5). HEDICHELI L ZIRRT VWS 720D
HFIFRIFLTLES Db L. LA LS, 2hI A 14 HORBZEDFHIF TR AR “= DD 5
mHMREE —~DODRETRITEZ L O—HladThHsb. SOFETIIFERELZLZOEREES Tl
WHIBEETH R L EB 2220522 THD, THIFEBICHTERAZRILT 22 2EHRLTWS. Z
I UFEZSDERIRE UTITHOBEERHNS. ZHERHTHLULIBRED.

5%E 1.6.6. —DDMHIEE f(z) = ax BLV g(z) = bx TR LT, TNSDHNZ K> TERI N D EK
h(z) = f(z) + g(x)  E-HHIEKTH 5. EEE, h(z) = (a+b)x & FIFE. DE D, FEHOF & HpilEE
BOHNZOWTH EFS/RIT5NTNWEZ L2505,

1.7 %L TIRERHEA
FBIBEE D 2 2RI MY 2 P GBI RD L S ITER I NS

EE 1.7.1. ROWE (i) BLO (i) 22544 f: R" - R™ 254 (linear map) &\ 5:
(i) IRXNTDx,y e R"IZHLT, flx+y) = f(x)+ f(y),
(ii) TRTDz e R"BLITEr e RIZDOWVWT, f(rz) =rf(x).

Thbb, X7 FVOMER > TRORALTERALTR2SMEZRN > TEHHUMERMPE SN, £z,
ANT—fERIFEZLUVTORORALEZSDIFRA LTS AN T —H2IFEILEZBDIC—HTE LD
BREBDODZETHDL. LOZDODOMEZIEMM (linearity) &\ 5. BBV ILER TH S Z & % i
RBLUTHALD.

%E 1.7.2. U f(2) = ax BEBEHTH 5.
Proof. $#EGHROMWE (i) B X (i) KL T 5 Z & 2R T IX L.
o HZr,ye RIZWNULT, f(x+y)=alr+y) =ax+ay = f(z)+ fly). PRI () 1K IT 5.
e Hx cRBLUr e RIZHUT, f(ra) = alrz) = r(az) = rf(z). ®ZIZ (i) XK 5.
BUE&D ik, BB () BEO ) 2O I B0 h otz DA f B EHRTH . O
L OFEHDRBZIZHWZEES O IXFEAR (q.e.d. *quod erat demonstrandum) % £ T 5.
M EHROEEZFIL 208 THE 2 5. I TR OMOBIEEHREZEIT LS.
BITE 1.7.3. 557 UDFH a,b,c,d B FATEE, GE [ R2 - R % f (;) = ("’f’“"*by) LEs

cr + dy
5. ZOLERIZEZ K.
(1) o= <(1)> BEOy = <(1)> £ FICRA LM (ZNIER2 M VETHS) R &

i ol



(2) f IR EBRTH S Z L E2RE.

%%w;ifﬁ%%@@%go>e%%u;5.ﬁa_<2yb_<z>mﬁbf,

a vta') _ fa(z+2')+by+y)
resn=1((5)+ (7)) - (w) (o)

_ (aﬂﬁ—i—by—i-ax +by) axr + by ax' +by'\
O 2RISR DML (1) T 5.

DEMILEGONE (i) AL LS. K= <x> BLUFreRIZHLT,
Y

B z\\ L, frz\  [(a(lrz)+b(ry)\ [r(ax+by)\  [ax+by\
fra) =1 (r (y)) =/ (Ty) B (c(m:) + d(ry)) B (r(cx + dy)) - (cm + dy) = /(@)
W ZIZHIE G OME (i) 13T 5. O
EiF, R? OHOMEERIE LOPIETEX 72D EDTIRTHO LTS, $74b5, g: R? - R?

- e 1 ) 0 T ax + by
EoMEGRL LT, [©) = 5 - rHir _
% AT ML EHRE L ’(c) g<0>35c120‘<d> g<1> BL g(y) (cx+dy>

ﬁ%(ﬂeﬂ@ﬁﬁbf&ﬁ?é.:m&ﬁ%5@®%§ﬁﬁﬂxmm%%wtﬁ@iiﬁ%#@%
y
Nn5:

()=o) 6)) = (-6)) =+ ()
o) o (8) = 0o = (2) () - (52)

PLEIZ& D, RZOMOEBEDHIEEGS g : R?2 - R2 1%, 727220 a,b,c,d TREO T 653 Z &
Do Tz,

% 1.7.4. FOHIOMD R? EOSHTHIZBY H4~S M LD E kI 2 B X0y il T
YL ; ,2 DI ERDATRE S, ZNIBEEOEERETD D TH Y, ZhITE->T
Mz X OBEMAEDIZHRLIZD, HRLZEDERE LD T 5 EWAERIZRS. EOFEIL, &
WZ—fR T CanE 20.1. 11 12Tl o 5.

X, MR TIRUSDDEAERD XD BIZRSREZEDEZH WS

(o) (1) (5 %)

INHE2 X 2THNEMERZEIZL LS. T5& LOHERIE, MEERE 2 x 247508 13 LIZx)ed 3

:t%%%bfh%.?@b%,ﬁﬂ(a "ViestucmEg s (T = () aumaen
c d Y cx + dy

W, ZHE 1R 1R THS. 22T, BIEHTEAZZFIREE & EHROM D 167 1 662 vt 281,

ROMEPEE I ND.

IRE 1.7.5. R2 O OB EHRIZB T M EAHIZ EFNERT 2 L 512, 2 x 2175 OFIZH (& UH)
CH(HUR) Z2EDD I LNTE 0.
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X, ROEIIZLT2x 25N EBEREEDONIX L VW 2B >T W5,

a b n F G o a+F b+G a b F G o aF +bH aG +bl

c d H 1) \e¢e+H d+1 )’ c d H I ) \ ¢cF+dH c¢G+dI |’
THOHDEEDERG S D LBZ 2 T THOERN PP 2 D%, EORBE TR 2T
BZBEHOTHD. LVFELLSBARNIE, ROMREZ KL I E D Z EPMMTHHEGRDHRIZR > T\ 5!

W 1.7.6. R? 225 R2 AORILEM R E 2 x 2751 2ROMTEEL 2 LHROMNKIE 1IN 1THS. &
7z, ZODKE GG g, f : R? —» REIZHIGT 21782 ZnEh A, B dhiE, Tho DM g+ f L0
B gofHEIEEMHRTHY, g+ f LV go fITRIETETHIEIZTNETNA+B, ABTH5.

ZOXNE 2 ZBUTER S T, R? 225 R™ AN EMRE2AR L m x n [T 2RO O )E L LTIz
BONDZ bR, ZZTTELTEL

MIEREBFE TR S A 2 3P B4 % T — 2L T2 DICE X SIhMEaTh s, T LT, LMz
ML GEBRZATHN K > THAEM T 5 2 & T, B E2HEAT D205 OBTHHERDORD S W TH L. Hif

DB T, TP T2HBE2HEMT 52 L 2B §5. 2BHIZEWTIX, 17512 BEEE L 72408
BBRODIZOVTER. SHEOHBRIZBENT, bf%<®%mﬁﬁ%§@%@%@@%ﬁ01mfu:
2NHY, FTHIEER O HIDSRE EARD DI H B L\ D T 2RI VWTEHLTE S\,

5 — g 2 9 r\ [ ar+by x\ [ Fr+Gy
ﬁ%lJJP_OQﬁﬁﬁﬁfm.R—HR%§<y>.—<Cm+@>,n<y>ﬁ—<H¢+m>

x (aF 4+ bH)x + (aG + bl )y

TEDSH. D& = LIRB I EEND K.
= fon<y (cF +dH)x + (cG +dl)y * i
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I £ DAL (INEEH)

~
R2DERZ MLz 2/ UT, F O ZHMNI ¢ % 0 MHESE72_R7 ML ARG E 554 Ry

R?2 - R2A2FZX 5. ZNIEHS DI EHRTH 5. FEEE, €H 1.7.1.128 10 288 (1) B X (i)
DO NDZ LIFRDESIZLTHRTE 5.

(i) O ZTHAUICFDEATIULAE 2 O 2 HEZ I NI, 2hd O ZTHAIZR DT WLE T
BB, DA Ryl +y) R=DDRZ ML Ry(x), Roly) T SN2 TAFLHOFL L 72 5.
I Ry(x +y) = Ryo(x) + Ry(y) EEKRLTWS.

(i) FHEIZ L > TRZ MVOREIDPETEZLERWV. Lo Ta lralZBIT2EIDIE,
INS% Ry CHEB U Ry(x) & Ry(rex) ICHBIF2EIDHIFHEIZL: r THD. B,z & ra
AT X 0 B D Ry(x) & Ry(rz) b FAFTHSB. MU EDZ EHS Ry(ra) = rRy(a) B
J&% D LD,

Tz +y)

_x+

Ry(rz)
Rg ((B)

rer

O

sin cosf

A (é) BIU (g) kO EEEXH-RT MLIEENRER (COS9>, (Sme ThEMS,

LT Ry 12 RS T A A = [ %0 T ) Lz

sin @ cos
ST, R MVE BREEIEZBRICHEIZ o FEIELHEL, —EIZ o + 3 BlEES & 2 84E
DIGRIFFA L THS. ZNIE Ry o Rg = Royp ZREKT D, Royp SIS BT Apyp =

cos(a+ ) —sin(a+ 3) R . - - .
<smm+5) C%m+ﬂ)>f%0,&yRﬁkﬂmTéﬁﬂdAM%@R

A A cosa —sina cosB —sinf
e sin o COoS (v sin 3 cos 3
( cosacos B —sinasin8 —cosasinf — sin acos 3 )

sinacos 8 4 cosasin 8 —sinasin 8 + cos «cos 3

Anrs = AgAg DS & T B 2 2 CHIEREH:

cos(a+ ) = cosacos f — sin asin 3,

sin(a + ) = sinacos 8 + cos asin 3,

K%%é' ML BRI oFHIZ L > TINEEHIZEPHOH L WA 5725 5.
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2 1T9DEE

= DEITIATH (matrix) (C T 3 ZO DM, TARbLHIB KRN T —fF, BEMAT . BIfiTH
7 E ST, MBI L TE RS NA A THIOSETHABR 6 DI m5 2 LR RUEL, 215
DEBEDEHETATVS.

2.1 THDORD R

m x nAHDEE T W AFEINTIH A 7ZE D ZmATnIDITIH 5 W id(m, n)-175, m x niTolk e
WS BEEIME & TR 20 RIS STFHIAIT (row) TH U, Hil2 333517351 (column)
ThHd. [TOBEFIDBDAM (m,n) 2175 DB (type) d 2\ EH A X (size) &\ 5. F 7z, 175 % HEEL
T 7DD & %, T DITFIDHS (entry, element) & IFX.

Gl 2.1.1. 447 5 HD1TH:

=W g o

4
1
2
1

— W J O

4
1
2
1

W = Ot =
N O O N
= 00 ©
W = Ot =
N O O N
= 00 ©

THDED 2 EEHEIREZS P VWEDTERWEDTHRDLARW. IETIREROARE 2G4
TEHZDRNWFERZ WD ZENRLVWEEI D, KL oTEFESIPVIESIZHAWE I H 5. Hiffi
TEDEITRZ MLV ER I XxnfFHTHY, FIRZ ML Enx 1FTHIDZ & TH 5. 54, BOH n i
HBEXRT NIV ENRRY NVERERZ 2IZUED.

A% (mn)fi5ledsd. &i=1,--- mBEOj=1,--- nlZDOVWT, ADi{TjHIEHDE% (i,7)-
B RS, 2111285175 A D 3{THEIES RITRZ ML (4,3,2,9,8) DI & TH Y, 25HE

0
gasHINs b | L DIETHE. AD (3D RARITHS.
1
—ED m x n 175 A BERRRTDERDE ST D. AD (i,§)-Ha % aij £ T 5L &0

ail a2 e A1n

a1 ago e aon
A=

Aml Am2 ... Qmn

HEZD LS BREFRZHAVCTIKFEMBE2 2D X, HBEIZL T, 2z

A= [aij]¢:17... RN

j=1,,n
eFEL. 22T, EATRER,jOELOMTE2RTONARPATHS. 22T, ERITHNDZHRAF
LMz oWT, ERICEN S BEHTIC, FROTNIIISHIET 5 2 L L AETRIHKT 5. #iX

¥, BB FEEOEBUCH S X5 % AR 720380 B = [a5j]j—103, 122WT, B D (2,3)-RA1E j = 2,
1=1,2,3
i=3LUEEDa; DI Y, DED azgy TH D (ags TIERW). 05, WEIIITOERKIZ i &, FIDERK

W2 RAWS Z RO L R BGEBE . £ T, (i,5) DEIHHFEX, &6 5 OEKNTE2ET
WD E U RN nwE Z ik, EX%E A= [aij] CHEELT 5.
TODITHNEL W L ERTEDS.

-

1004, §)-Bisr % ay; EL &, (1,23)-504r & (12, 3)-B4r DRELHDILT a103 £ 72 0 KR D00, 2D & S IZHEMOBNAH
BHEBEIA VI TRY T, TNETN a1 BE T ans EL.

16



T 2.1.2. mxnfidl A= la;]| BEOTLxr 75 B = [bpp] MELWEIX, A, BOY A XNEFELL, 5
2% (i, ))- AP —BT B THD. ThbDL, m=LhrDOn=rTHYH, HIZ&i,jlZDVTa;; = b
MWD DEVWS e ThHD. A, BWELWTHTHELE, A=B #EL.

U723 T, H12.1.1 1285475 A, BIZDOWT, A=B Thb. EOEHERIZINIZE, n RFIRZ bL
EnRIFRT MV, fT7HE LTIERZZEDTHS. ULLrLENS, ZThsida—2Y vy RZE- R O
L UCIEAUMNEZRTHGEDR DD, A UAMEZIFETARY MVERLDZEDLEZNXREILIPEL B
BNDVHB7ZA5. TZT, RV ORI MUZDOWTi U d5GE1E, M H 52 HWTHE L WA, 0D
MMOBmTIINT A~ STDAE NS EHRL 72\,

2.2 FHOMERNT—1E
THIDME A5 —EDEHEIE, RPDORZ MLOFNLIFEAEDD SR,

E% 2.2.1. ‘b"f fﬁs‘%bb\:‘?@ m X TL?‘T?IJA = [aij] Q‘SJ:UB = [bU] ﬂ:;@bf, Zij = aij —|—bz‘j %E‘Z
3E$ B mxnirdl (2] % A, B O (sum) &V, ThEe A+ BTRY. $4bb:

a1 a2 ... Qin bin bz ... Dbin a1 +bi1 aip+biz ... aip+bin

a1 a2 ... Q2 bor  bay ... Do, ag1 +ba1  age +bae ... ao,+boy
+| . ) . ) = )

Aml Am2 ... amn bml bm2 cee bmn am1 + bml Am2 + bm2 cev Qmp T+ bmn

AL BOMMPEEEDIZABDYA AN —HT E2LGEDATHD.
RTEDOND, FEHEATHIOROEFIZE T 5FEHD I &% AN T — (scalar) & IEX.

ﬁ% 2.2.2. m X nﬁﬁﬂ A= [CLZ‘]‘] BJ:U%%&T‘ eR CZOL\T, Wij = T'Q4j ’Eﬁ‘Zﬁ\&j—Z) m X nﬁﬁﬂ [wij}
ZADrfEe v, Iz rATRYT. T4bb:

all a2 ... Qin rail rai2 ... Tainp

asy ago ... Q9n ras1 raso ... Tagn
T =

Aml Am2 .. Qmn Trami1 Tam2 ... TAmn

A DFEHLE T2 2K L TR N Z—1F (scalar multiplication) &\ 5.

2.3 1T 0DFE

fAIEL S5 & 512, fFFHOERE L IHFEERDZIIGT 25D TH L. R? 2R L T 55
BORY MV, ax +by WO TEOEERDICE DI L 2HETRZ. ZE 1l aHDY > 3 2 f#
1D AT Y ylZEAT 2IZIEEDETVW SBEN (BFA T ar+by M) EWVWS 72 VDG
EHEBEITD ZEICHY LTV, 2O LD IO & 1%, BETHRS £ 5 mBMEtEE2 &L,
BIELZDDITIENL SR,

T
S ETEmx il A=[ay] EnKAIRIZ bbe=| @ | OBO Az %, PP K FOIHTIX

TIn

HEELEDODEHLTLEED. Az IERTREHRIND m RINRT MLV TH5:

ail a2 ... Qaip . a1121 + a2 + - - + a1py
1
az1 a2 ... Qa2p ) G21%1 + Q2222 + - -+ + G2pn
Az = . . . . : =
Aml Am2 ... Amn Am1T1 + amax2 + - + AmnTn

ZZTADHDEE x DFEAEHEFELL, ADITOEE Ax DERBHIEL W LIZIERELTEL
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5l 2.3.1.

3 2 1 3:442-5+1-1

4
[umo 500 0] __[1mm~4+5my5+0-1]
B 23

6500 ]

B 2.3.2. HIF D OFEKRITOHERD O, —~ADHZDRD XS RMEFERKRETH L L AL SNTW5.
FESMFHBEIIRD LS ITHERINTWE LT 5.

RN | 24| SR e | s | s
3 E (F) 1000 | 500 | © KA | 4 1
BIZED (M) | 3 2 1 =i 5 2

: : My |1 1

B Z TR T B i 2 J1 5020, REEE 0 ROBUEZ KD & T 5175 L R O T — X112 &
LHR7 MVOREEIIIE LW, FOFEIIH2.31 D@D THY, it > TXRIEE 6500 1, BIZED 23
fEPBE L 725, [FRROFREAHESR (28E 2000 M, HI12E D 8[) RS (2EE 3000 M, BIZED
0f) I2BVWTHLIh, TNoDFEEZ —EIZT56D L UTTFIORIZERI NS, 20, XD &K
I REHEE/MEL TV 3.

[ 1000 500 0

4 1 2
3 5 1 5 2 2 | =
110

6500 2000 3000
23 8 10 |

TP DD AL E R IZRDED TH 5.

EE 2.3.3. m X nﬁﬁﬂ A= [aw] b n X Eﬁﬁﬂ B = [ ]k] 6:;@[/‘(, Zik ‘= aﬂblk —i—aigb% + - +ambnk
’5:5263\2:3‘5 m x L1758 [z;x] % A & B OF& (product) & \WW A- B TKT. T4bb,

[aij]i;1,~~~,m, [ ]:1 = !Zaz] ]k]

]:17...771 k=1 =1, ,m

k=1, 0
WL, BOHE - (Fy 1) 2L T AB 8B 2 RS0,

AB D (i, k)-F 2%, ADif7H (ZHUE n RIFRZ MV) & BO EFIH (ZHiEn RFIRZ NIL) D
Bchsrl 75O AB 2 €D 5121%, ADFIOKE B DfFOE —BERIER SRV LItERY
K. ZThiE BIEEBR fFL gDERgo f2EZDLE, FILRALTHELONZRT ML g DERKD
TETRIFTNIERSBRNWZ EIZHIELTWE., £72 A DITOE® B DTN 5H-TH LW, Zh
1232128 0WT, ARE D RITER (ml), BE TR (M), AGE (H) REDT—XE2MA7=D, FKik
DT ORIED T =R Z2MAT-0 LTH EFLHENTELZZ L ITIGLTWS

Bl 2.3.4. (1) 17FIOBEOFHEICENL N D BIXRO X 5 IZHREFIWTE L AP TLFHHETE S,
FERDITF 2 FIZOWTHEL, GHIDITH] 25N DONTHE L TW5.

101 031 [1-040-241-0 1-340-04+1-2 1-140-141-0
320 2/0(1|=|30+2-240-0 3-34+2-040-2 3-142-1+40-0
11 2 0|20 [ 1:0+1:242:0 1-3+1-0+2-2 1-14+1:142-0

[0 5 1

=14 9 5

2 7 2

FO—DOHOESOHDOMAVEIEIX ) — MzELT IR TE LS ICLTELLZ L.

NI MVEORBICHY T 2BEBEZADIEHTES. ZORUIDVTIEH 3.43(2) TH S —EdR 3.
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(2) ROZDDFHRZRALU LWL SEREE L.

d a ad ae af
h bc}e — ad + be + cf, b[de ﬂ::bdzm by
f ¢ cd ce cf

THIORDERE 21T, BHTIED S B DDE < DEFIEZME VBRI 2T NIER S 0. HIlZIE 3K
ESFHE S LOMEEFHET 2121k, 202 KOLDICHIIEE 30, EUHEZ 20, &bETH
FEDHEZITD. Lo T, IRTOED ZRKD B ICIFEH45 MOFHBELRBEIZRE. 2055 —D2T
HEHE & BAUEIE U WRERIXE S iy, BEER O & 3HE O B/ IXBIROTDETH b, GBI

Lo THHOHBEREZEIDTEL L LV REARDZOTH D).

2.4 TIEEDOMHE
TFHNCET 20 OOl 2 I 2T TEDTHEL.

o TRTOWANERIZARS m x n{75]%FFT5 (zero matrix) & K Oy, £EFL. TRDD,

O = [Oimt, . THB. [FHIDY A ZIHEEAE U VEAIE, ZhE O LT 5.

j=1,.n

e n x niTHD I & ZnRIEATTHI (square matrix of order n) &\ 5.

o n KIESTH A = [aj] \ZBEWT (i,4)-8F a; (1 =1,---,n) & A DA (diagonal entry)

LWV,

o TRTONAKSN 1T, ZNPNDHKI TR TED & 705 EST5%BA1T5 (unit matrix)
H %W FMEFTY (identity matrix) &\ 5. KFTIE n KEAATH % E, TRLU, 1750 H A X

CRRANE U\ WA B LI 512,

1000
10 L oo 0100
Ey =1, - 7 =010/, Es=
! 2 [01] 3 4 0010
00 1
0001

o (—1)A% —ALEL. £/, A+ (-B) DI t% A-BLrEL.

BE 2.4.1. [FAIOEBIIROMEE 27729, 72720, 75 A, B,C /Y A RFHANEHZINLZ &

ZHifRE U, a,b ZFEHET 5.

(1) A+B=B+A4, 2JA+0=A4, 3)(A+B)+C=A+(B+C), (4) A+(-A) =0,

(b) AE=A, (6) EA=A, (7)A0=0, (8) OA=0,
(9)0A=0, (10)14A=A, (11) (ab)A =a(bA), (12) (aA)B = a(AB),
(13) (aA)(bB) = (ab)(AB), (14) a(A+ B)=aA+aB, (15) (a+b)A =aA+ DA,

(16) A(B+C) = AB+ AC, (17) (A+ B)C = AC + BC, (18) (AB)C = A(BO).

PR ERTEHSICE, B I HE5VEE, 1 22V, 21 identity matrix(5%) & %\ i3 Einheitsmatrix(3H)
DEFIZL D, —IC, REEBIZBVWTIFEI L THEDLSRWILD Z & 28It (identity element ¥ 723 identity)

EWVWS. BOBMNTH D 1 ZEBORICEHT 2R TH Y, BAATH E, 1 n RESTHIORICET 2HETTH 5.
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APEFFTHTRVIEEIZ () L (6) B2 EOY A ANHELLZ L ItERET L. 2 (N3
FEAD O EHBD O HY A XWES ATREMEDNH 5. (B) IZDOWTHFARTH 5.

EOMEDS B (3) BLT(11),(12),(18) IFFEAHRLIFEND. ZHiX, L5 5DHRZEIZIT>TH
FERVPECIZRD I L2 EERKL, TNWA A+ B+ C L WO REAVHFINDE I LT E. [k Z &P
abA, aAB, ABC IZDWTHEZRS. &<IZ, IEA1TH A D k{HORE % 5 B X & D53 ORI 6 IH
ICEMRLTHME (1) I L DFRIFFA L TH D, 2z AF L EL. T4bb, AR EIZOWT,

AF = AA.. AL
S————
k @R
o, ADEAORNE, k12X D ADAHN T —FERAIZEL W EHWME (10) B X (15) 6 Erh 5:
A+ A+ +A=1A4+1A+-- +1A=(1+1+ -+ 1)A = kA,
k@D

(14) 225 (17) £ TO 4 DOWEIF AR L EIENS. (13) Z AT —HE WS, (4) 1, (9) B LT (10),
(15) 25 HEIT 5.

A+ (~A) =1A+ (-1)A= (1 + (-1))A =04 = O.

yODCkDMEEﬁ@'IéE Sl 2R AU, DI T OEAEDOE ROFHIC N T & bR E D 5
NBZLizhd (HHE 243 R &)

éf,zti%%&bi M 2.4 1 B MEETRTHKRAIT S Z e 2EH LR T NIER SR W. L,
TARCICKMZE S BIZZR VWA S, 22 TIERENZDBDZ WS DPIO LT, (1) LT (5), (16),
(18) IZDWTHANT I DD, ZNSDFMAMRTENE, B2 S5 MOMEBEE RSB ITHHTE LS.

(1) A+ B=B+ADiM. A= lay], B=|by] LB &,

A+ B = [aij] + [bis] = [aij + bis] = [bij + ayy] = [biy] + [ai] = B+ A.
O

(16) A(B+C) = AB + AC DFEW. A% (m,n)-47%1, B,C % (n,0)4751& U, A = [ay], B = [bji],
C =[] EBL &,

n

A(B + C) = A([bjx] + [cji]) = laijl[bjk + cju] = !}:a” Jk+Qm] { awjk+aw%k]
j

j=1

D aibip+) %‘Cjk] ) {Z ig Jk] : {Z “Z]cﬂk] = laij]bje] + laizlleju] = AB + AC.
=1 j=1

O
PEET (5) 3 & OESHE (18) DIEWIE, KEIZBVWT WL DD S DMV HEHALES X THES.
B 2.4.2. 1 XAFE CIESHTH A, BIZDOWT, AB = BAZ—MIZITE O 122w, Flzid A =
[1 1],3: 0 _1]é:T2’LL£,AB: 1 _1],BA:[0 Lt lens.
0 1 0 1 0 1 1

1
fRE 2.4.3. A, B % n RIEHITHIE T B, ROEXDPEL D LD IEU T L, IEL L &iFh
ERH %250 &

(a) (A+2E)(A+E)=A*+3A+2E, (b) (A+B)?= A2+ 2AB + B
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(a) : IELW. FEB RO & S ICEET 5. BEHRA VLS C = (A+E) £ B<.

(A+2E)(A4+ E)=(A+2E)C = AC+2EC = AC +2C = A(A+ E)+2(A+ E)
= A’ + A+2A+2F = A2 + 3A + 2F.

(b) : —MHZIFBI LR\, C=(A+B) L BEAELERBHALTHAD L,
(A+B)?=(A+B)C=AC+BC = A(A+B)+ B(A+ B) = A’ + AB+ BA + B>

U723 T, fRIZA (b) B2l e AR FELWE THIE, Wilsrs A2 + AB + B2 25[< 22T
BA=AB %#%%. UL U242 TRZE D12, ZHIE—BITIZK D 2270,

a FeRE (REIE) ~

REFEE L IZEEDOTICH U TEBINAMELOEHED Z L TH D, FFTldth 2 2B E
EROTEEREDONT VS, —FBRUADBFENEDIXR P C, Q D & 5 (IR MY AIHEF A
AL T BHARD Z 2T, ZNERE (field) 2\ 5. Z XA TIEARW. iR S, B E S LoE ) HA
BBUZR SRV S TH D, EHHEEEATIER .

HBEADEITLE D LIZDWTH, 2, BOBERB X O 20RHlMT 0 & E (IhsEZNTh
BT, BAITTE VWD) BEHINTH O, @i 2.4.1 OWE (1) 55 (8), BLU (16) 75 (18) AL
THREMEEZIR (ring) LW . HIZIX, Z1FFE O LT0%, Bt EE LT1A2RHETSHZ
CTEREALRED. b, ROERICHATCOFEEZNTIHE H 5. O T, HIZITEES
BRIFHALTE G ERVERTH .

M 2.4.3 1%, 7TFICHS I, BRICT LU THRIDNERNEMETH S, o7 <FH UM &
D, EBOBIZBVTERN (a) ZELWIZ 2095, FX (b)) IZ20WTIRHE S LS50, TRTO
JGIZDWT AB = BA % i 7= 9 B % AI#EIR (commutative ring) & W\, FIHERIZHEWTIE (b) &
FRNET 2 (RZIZZIZBWTHKD D). £ THRVWERIZEWTHEN (b) E—MITIdk 0 172720,
ZTOMHEMY 243 TRRZBEY THS. ZDOL3IZ, figmicE 2235t &, £@<HEUH
ETHOMADGFFIZOVWTERMICEMRT AN TES. WAV THRNWRERZE2RAT S
HAE, 25 UANAEZZRLEZZLIZL5DTHS.

iz, FEEEREEEEIEZKSADS. HIZIE, AN T —(EHEOFTEE->TED, miE2.4.1
DYEE (9) 75 (15) BEENET B (L7zhi> T 2.4.1 OME TR T 2729 REMNE:2 SR E
72 I3E (algebra) &\ 5. HIAIE, BRE n ZEE L TH &, R FERE R D n RIESITHIE
wOELEE M,(R) LT, ZNIFL R THD. £<In=11Z2VT,RHAFIE, &L LTOMH
BEANT—ETEHHLED I TEILBRLEEARYES.

WE, PR OHRMEDOEWEEZ L TE D, & I BERKRIZR > TWaA s LR, Bk
W, BB TE L U TR RS IR 2B (R bVEER) LIFIENS D TH D, 72, H
b RBEED S bROBEELRD DI, AMELZFRT 2 TH 5. MILERIZDOWTIX 15 Hi
DBETHmU 5. BHZOWTIX THiO 2T LA THNT 5. )
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3 1T7mdERLA

FHORL AB L ORREDHNFIZONWT, W DhOHIERIEEZFHHT S, 22 ThRRSNTWSEZ
CIFHHRETH - T, BEMTENERL D 5 &V I DI TlEiwn

3.1 /OXyA—DTILE
E& 3.1.1. RTEDD §;; /0%y A—DT LY (Kronecker delta) &\ 5.

0ij 1=

1 i=jDLE,
0 i£jDLE.

Ju %y A—DTNEERCIUE, BAATHIE E = [6;;] £ £ES.
W 2.4.1 (5) AE = ADGEH. A = [a;j] &% (m,n)-473, E = [6;] % n KELATHI & T 5. 175

AE = [zi] O (i, k)-R5 & EHEIC LIt TEHEAT B &,

n
Zik = Z a0k = i1+ 01k + -+ + @ (k—1) - Ok—1,k + ik * Ok + Qi k1 Okt1k + -+ Qin - Onk
7j=1

=ai1- 0+ +a;,-1) 0+ air-1+aipr1- 0+ + ain-0=ap.

DA AE & A D% (i, k)-BDE% L <, AE = A. O

32 Y ESOHEVS
MOES Y, PHEOEST [[ OV AZFHELLLHALTE IS, nflD ay, - ,a, 72H5DH ay + as +

s dap %
Zai HBNIE Z a;
i—1 i=1,n

LR Txﬂialag ceeaqp IZDWTHR

n

Hai HBHNIE H a;

i=1 i=1,--,n

ERT. F a (=1, ,m, j=1,--- ,n) HOKRMN% Z a;; £EL 2O UKL E LD —

7":17"'7m7
]:17 )T

RN ZeNT G I GkD B & RD & 5 RN T E 5.
P%, HAEBICHETERME TS, ZZTEBIIZEHE LTS L.
Bl 3.2.1. P DEABUZLATD LS 2L DHH 5
o P(i): “leN”
o P(i): “i=1F7/Fi=2F7F - £Fi=n"
H: ZORMXP6E) ZBELT, Bxld“=1,--- ,n” EEFEVNTWVS.

o P(i): “iA1MhDi#2
B ZORMX P> 1“9 =1,2" OFEIHYT E206, THEKLT, “#£ 1,27 £EL,

Broxe “£1F713i#£2 2RALAVWESIEETIIE. 2BRFICRED, “G£1 342 &I, i ZEAR
BTHIWVWILZ2EKRLTVS.
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o P(i,j): “i=1,--- m»PD2j=1---,n"

W BEIE (o] 28U THRARTEZenE V. —7, TE2E) BBFICBL TR s,
HiZm=nD& & ZOFEHEX P17 ZHKLUT “%,j=1,--- ,n" £&EL.

o Pi,j): “1<i<j<3
o P(i,j): “1<i<5mD1<j<5
e ZOZRMX P(i,j) 2L T, “1<i,j <5 &&EXL.

T 3.2.2. P(i) 2bDHEALT AL R 2T RTHEANLT, 2NSDTHIRNT 5 a; 725 ORI ZHLS
L& kY a tEHS B [[aconThEBKICED S

P(i) P(i)
BIZIEPGE) & LT %=1, ,n" EZNIZT, Z ;i =a1+ - -+a, CTHD. IENPITERD LS %
=1 n
HNHEDRD 5.

B13.2.3. (1) X={1,23} D&%, Y a;=a1+a+as.
ieX
(2) Z a; = a1 +as +as+ag+as.
1<6i<5 D 4 1FIEE
72720, @HEIL i R TH S Z CIIEBRMIZEROTVWBE Z D%, (9D 138 DI IEE
X5,

(3) E aijj = a1 + a1z + a3 + ag1 + az + ags.
i=1,2, j=1,2,3

(4) § a;j = a1l + a1z + a1z + age + az3z + ass.
1<i<j<3

B) I (@i— ) = (@1 — 22) (@1 — @3) (w2 — 23).

1<i<j<3

6) Y ay= Y ay= Y ay
7::17"'777'7 i,j:1,~~-,n 1SZ7]§n
j=1,-.n

55, LR [[ BT BHEAT i OB ISR WHEE, Y b0 [[ eMils sz enid

5. RETIXZOD &S BBEMHARTIXITHORWV.
gaij (f:f:b i = 1?"' , 1, ] = 1)"' 7”) o)?ﬁ:ﬁ*u%TO)J:'5a::ifﬁibO)jﬁ{ﬁf“lﬁ%&:}ibflﬂ<
RTIHFEZ ANBATHERIMIFLW 26, ROFEA%2E5:

5 3.2.4. i (i al-j) = i (Zm: aij) ZDFEARZHNLFHIMIINES Z &A%,

i=1 \j=1 j=1 \i=l
| N [
G (2 a3 Qu ’0‘2{ i (s
= 1]
O . O3 Oa| Qz G2z
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TR ORDRE G HZ L & 5.

éﬁ% 2.4.1 (18) (AB)C = A(BC) @%EEH. A= [CLZ‘]‘] Zm X nﬁﬁﬂ, B = [b]k] n xéﬁﬁﬂ, C = [Ckh}
ZIxrfidle U, (AB)C 8L A(BC) DEBEAEZEDERIC LA > TEIRTLERD LS IT405.

n

Z a;jbjk

Jj=1

leen] (22T aipi= agbj £5X)

J=1

e[S 5 (5000 - (S|

4

A(BC) = [ay] ([b [Ckn ) [ai;] [Z b]kckh] (ZZ Ty = Z birckn £ B <)

(AB)C = (lag] b)) ew] =

k=1
n l
azg y]h Za‘l]yjh] = |:Z (alj Zb kckh>:| = |:Z (Z aijbjkckh>] .
j=1 j=1 \k=1
(AB)C & A(BC) D4 (i, h)-EaDFE LW &i3H13.24 KO h 5. O
e ¥IE (GBROGHRDOFEGH) ~

fEAE (AB)C = A(BC) 2B EHRDOSETHRRNIL, ZNIXEHRDO AT 28568 (hog)o
f=ho(gof)DZLTHs. AEICET AL, MIPERIZES T L EH—BOEBIZDOVTHE
AVACRAR

W 3.2.5. ZDODEHR f: X Y, 9:Y - Z, h:Z—WIZDWT, (hog)o f=ho(gof).

Proof. ZDDEBENRELWEIE, WrREILERALUTEZDMRREN T EHL VWS THS. f
@%%ﬁ@b#&%ﬁxéXﬂOMT%(mO@oﬁ@%:@o@oﬁywtﬁé:t%%%i
FT hog% o, fla) ZyBLZ LT

<(h °g)o f) (x) = ¢ o f(z) = 6(f(2)) = (hog)(y) = h(9(y)) = h(g(f(2))).
RIZp=gof LBLIET
(h °(go f))(x) = hod(z) = h(v(@)) =((ge f)(z)) = hlg(f(2)))-
WX (hog)of=ho(gof) THA. O

W GED G EFIORDRIET 2 Z L DFLWBHI, 2—2 1 v REFO Lo EEIC
DWTIE 213 HIIZBWT, F 72— ORILZEM EOBILEHIC DN TIX 26.2 Hilo BV TITS.

3.3 WRHODZLEHEEEMN

1751 A = [a;j] ZEARRT 2L &, AN 0 LRDMAIIMEZINTIIHATRT I LN DD, £z,
FLEOLEBIZBVWTIRTOEOL0ODEE, ZhorFeHTO TERYT. HIXIE, BATHIZRD
E2IZFEN,PNS.
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HEVEBETRVESIE x EEFEPNDS. FALELE « 2ZHWDIHDD, KD IZEVWTERRLIBDA-

2 0 1 2 % %
TWTHEWeEZXS. HlZIE, B=|0 3 2| 2L T 3 x| EL.ZOLSITHELTE,
00 4 4
B" OXHEIEEIRTE 5!
2 k% 2 k% 22 % % 2n % *
B? = 3 x 3 % | = 32 x|, B"= 3 x
42 4n

¥, L E o HHEBRICBVTHEAEEARETH L L E, Zhoe T K p#l,

F 3.3.1. AMD &0 TOWAATRT 07425175 % E=FA1T5 (upper triangular matrix) &
W, TRDE RO LI BRIFFIDZ L TH 5:

ay

a9 *

o .

ML 562175 % W TEAEL T D BIZIE, HERS RO M TR WTINIZ L > TRT Z EAEX L.
IETifFH 2 W TREIT & SR ORIEEHKIL, AR (BE) 2 LF<E5X5 2 2 T2 05% E=MA17
FNZHI G Z & 2RITHARI LT85,

3.4 ERETH

(m,n)- 175 % KRR L, TOXNAREEIZERTZ L THONDS (n,m)-1TFIDZ &%, H L D74
DEZEITHIE WD . ZHRTERWIZIIRDO LI ITEEZEINDEI LD TH 5.

E#E 3.4.1. (m,n)475 A = [ai) IR UT, by :=apg (272U k=1,--- ,n,h=1,--- ,m) ZEI T
% (n,m)-474 [byn] % A DEREFTF (transposed matrix) &\, Tz 4 L FEL.

Bl 3.4.2. (1) A=
v 0 a1 a2

@ 5] - [““ “12] YU, by = ang (k=1,2, h=1,2) LEDdNIIL,

bi1 = a1 =, b =az =,

THBHS U= |0 bl?]:[“ 7].
ba1 = a12 = B, baz = azx =9, ba1 b2 g o
(1 6 11|
‘T1 2 3 4 5 2 7 12
(2) 6 7 8 9 10|=|3 8 13
11 12 13 14 15 4 9 14
5 10 15

(3) E=A1TPORETY] 2 FT=A1T5 (lower triangular matrix) & I35,

Bl 3.4.3. (1) FIRZ ML E2ZDEEELLTHEHRNTLED 20, RO L 51T MVOILET
RITZEeBbb:

r1
Tn
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(2) YA ZXDBELW_DDRT MLONE (inner product) 2175 & U TORMEHEEZHWTERT Z &
MTED. THOLE, (TR M,y lZH LT, TNSORER - iy TED, SR Ml y iz
HUT, ZTNSDOREE z-y TEDS.

REITHOBEDOEE, TROLMEEHRE U TORERE Z Z TRRZ DL WY WEI, A DK/FT
(HBNWIFF]) 5 LONBEDLIERERL72ODEELEZATEIFETLINWESS. ADETES LOA
BEED T 5 (mm)178lk ATA THEZOND. £HE S LONREIE, (n,n)-17FIAATEZONS.

BAETTH D7 2R 2 RN KRBT 2B, RO RICHER T 2 0EDH 5.

%% 3.44. (1) LOEH3ALIIBVWT, ADITLHERTIRAF k,h 2 XFi,j [iEEHANIE,
wmzl,laaé Tibb,

j=1,

t
<[%]z L, ) = [bijli=1,. n, = [a;s]
1 .7:17"'7

L (3.4.1)
J= 17"

FOEBEFNTIZ D, OB PR EZ>TWEZLIZEET LI 8. < DXIZBWTITS]
[aij] DEREATFN [aji] L EPND. UL, 205 ZDOMTi,j OB HWEPRRD L5,
TEHIRALTZIL 252755, FIZIETKD (2) 2R &.
(2) (m,n)—ﬁﬁlj A = [aijlizt,m, THUT, ERDIZEHTIRAFOXFDIHE ANEZT B =
j=1,-n
[aﬂ]z 1, ZACEBOFE AT EFOBEANB A C = [a;:] 11 iAo)E%ﬁﬁU
cim\15. ZDMHIZDOWT, IBELZRES B 72D EARFITHEZTA LS.

:1
L\iﬁ/)@%&a” (i:1,2 ]:1 23)%&11:1 a12:2 CL13:3 CL21:4, a22:5,a23:62:
ED, (2,3)-1751 A% A= [a”], 12, LEDDH. DL E B= [aﬂ]l 12, , C = [ajij=103 EED
3 1=1,2

3 ‘77
o &g, ABC@ﬁEﬁ%% RO LS 1275
1 2 3 [ 1 4 ?
A= B = [aji] i=1,2, = i dar as ,

456 J=12,3 | @12 a2 a32 2 5 7

a1l a12 1 2

C= [“ji]j:1,2,3 =|axn ax |[=|4 5

i=1,2
| as1 a3 T 7

DF D as1 & ass i?k?tibfh‘ﬁb‘@i BX CIXEBEPARHEYITHD LB 5. —7.3,
A = [aij]; ’C%Z)?IP BT 2 ZDESIZESZEBWTH Y, SEARA (3.4.1) DAL

e 3.4.5. (1) YA+ B)="'A+ B. (2) Y(AB) = 'B'A.
Proof. (1): YA+ B) = “([as] + [big]) = “(laij + big]) = lagi + bji] = [a] + [byi] = A+ 'B.
(2): (m,n)-4751 A = [aij)iz1, m, B K (0, 04751 B = [bjg) i1, n, 122VT, & (3.4.1) £
j:l7 n k:l,- N4
A= [aﬂ]li% ‘B = [bk]]gcill oA

IR Z SN EBROITER LTINS DOITHYT 5.
BN LT m=nO%E, T4bb ABEHTHOL SR, B="ABXV C=AMKYID.
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Thbd. 'BIABIOYAB) DEEGEZTNZTNEEL LS.

b aglpmt m, (SICHRATOXTREEHMAT)

=1, iJi=1,-, a=1,
k:17"'7 _7217 ©,m 6217"'7’"’ y=L4m
= [Wapla=t1,- b, [Tay]=1m, (2T T yap = Dbga, Tay 1= ayp LEWNT)
B=1,-n =1, ,;m
i n n n
= | 2 vosren = | 2_ bsatys = |2 @b
B=1 a=1, ¢, B=1 a=1,- ¢, B=1 a=1,- ¢,
- ’7:17 M "/:1,"',777, 'y:l’...’m
i n
= > arbsi (ZZTHMRATFOX T2 EEMAT)
.7:1 i:17"'7£a
k=1 .m
475“(’
t
t n
B = (oo Bl ) = | [Sasta
J=L =1, j=1 =1, ,m,
:17"'7£
t n
= <[sz]i1 m) (;. Z Tz = Zaljb]k tlﬁb\f:)
k=1, 0 o
n
= [2ki) i=1, 0, = Zakjbji
k:]-’. m J:1 izl""» )
kzl»' )
PLEE D, IBIA & HAB) ® (i, k)R ET AT LTWS. O

3.5 1THDHE

RD &S5 WL DIPDINSWTHNZFEIL, HT=DBATH 2 RTIZE 2TFTHH 1D LS I
RZUTEHEL TS &,

1 0]
1 2[3]45] 01 1 2][(1)(1)“)’{6 7|+ |4 5}13 i]
6 T slro||6 T =) f oy Lol T 2
11 12]13]0 1 éi | H_L]_+13F ﬂ*h JL J
) T [1 2}4—[18 21}4—[4 13] 23 36
= [6 7] [48 56] [1 2] |=]55 65
(11 12] [78 91 +‘lo 1] 89 104

IHOUERENZ L 2BOHA L T4 DEBIZEIIZHEOHE BT 2 Z &%, ROV ED X S Lk
DB ORI > TV B FARNIED 516, DEGFEZITOBOBESIL, BPREbALEZE LD
BNEEITOMRERDHDIETHS.

CHRZHEZB L CTHMTE D Z 05, 22 TIRBRANRIAIZEKT 5. 21X TRBARBEE FHHEZ & GUEX
FHRE)) ICEEEAE - T W5,
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Bl 3.5.1. (m,n)-1751 A & (n,0)-175] BIZB\WT, A, B 2 ZNZTNITRT MIVERRB L OFIRT LK
AUES. DFD a1, ,am ZEnKITRZ MV, by, by B n RIINZ ML e LT

a;

ERETE. ZOLE FAB = [2]) D (i,k)-3 L% ADifTHE BOEFIHOEDZ L TH -7z
(‘?—73?3’346 Zik = aibk). AB 0)%%']8 bf, >9_\,0)c}: 5@%[./7575‘5)5

al alB
as G,2B
Al b by oo by | = [ Abr by oAb, R
a, a,,B
a] a1b1 a1b2 cee a,lbg
as a2b1 a2b2 L G,ng
(bbb = T
an, a,bi a,bs --- a,by

BB, ADITRI MVFERBIT BOFIRY MERRE DY TRY->T, TNTN A= tay, -, tany],
B=[by, - b £ELZLEH 5.

TN D4ENT X BEHEIE, ITH O %2 ik 2 W ORTBICE I 2 R4 5. 1750 1 XIZBd

BIFHNEIZBWT, DENZ & > TNE K 2o 7ATFNTIRINE DI E 2 9 % L WO iwiki & { flibh
TW5.,
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4 YEIL1XRARK

AFiDHE, HY 1 RARRNEFF 0GR E B, HRADMMEIRDOELERED LS RFIZkb
HENCCTHBTLEIZIZHD. KEBIZBWT [HERXZ2M) X, IRTOMEHLOSTILE2E
ke 3. ZHiE, HTToIES THRO—DOR D% RO B L WS EFETIHZR. iR Bt S, iz
INSDAMZIED D Z W E WS Z e FTHLIIRIRIERS .

4.1 EBA

— R, HREADOMITER I SADELELNARVL, —DEFEELBRVWEVWSI 2 EHDES.
CDFEREEZRD=ZDDHEAZHUHENDTALS.

r+y=1, r+y=1, r+y=1,
ﬂ){ @){ @){
2z + 2y = 4. 20 4+ 2y = 2. r—y=1.

FHREA (1) OIIAFE LR, TR S oy FEHIZBWTER 2 +y = 1 LEHE 20 + 2y = 4 1XFTY
ARDOBRNZ LB ERITIED P2 06 Th2D. MOMTZ2ED TITHMIET 2BH 1RO L 5127425
7255, RIFHEEZT 55 A THETIEH 20, R L TWAHREEIERINTVWS Z L2 ENTiIER
SR,

fROIEAFEER. R HRER (1) 12 (2,y) = (a,b) DFHET D EINET B2, EBEORE 25952
ET2a+20=2%15. ¥72, FEEOAXNS1E20+20=4%185. LEXD4=2¢ 745, THITHS
PIZENL V. DAITHER (1) OIZFAAEL R, O

FHEX(2) O EFORIZEWICESME L ZBRICHE2056, ZOOXOBERIZFAUTH D, DX IZHERR
r+y=1FED (a,1—a) AR (2) DL 5. a lMEBEOFERE &L V1R85O, ZOHEADMFIX
WD D, HREAG) DI DDOEMR s +y =180z —y=1DKHTH5. ThbbH, fRITH
—D (z,y) = (1,0) DATH 5.

WEDHNZ & - T, FRDOITIXB % BRAREMED H D185 Z & W0 o 7z,

4.2 EIL1RXRARRETH
WE, Ea,; BEOY (z7Z0i=1,--- ,m,j=1,-- n) BRHOETHZ L L LS. ZDLEn
HDOER x1,x9, -, xp (BT B3N SRR
a11r1 + a12x2 + - - + a1py = by,

a91%1 + agewe + + -+ + a2p Ty, = ba,

(4.2.1)
Am1x1 + Amax2 + -+ GmnTn = bm7
i Z 2 &, (TN 2 RDEBRR
air a2 - Glp x1 b1
a1 a2 -+ a2, T2 bo
~ |7 (4.2.2)
Aml Am2 *°° Amn Tn bm
]
X
BT BN M= | | #ETILEALIETHS. R (4.2.1) H3VIER (4.2.2) OF
Tn

THZ6ND5HEADI & 2EL 1 RAER (system of linear equations) £\ 5.
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ail @12 - Qlp
Q22 -+ A2p

a
BR. I LRHRR (42.0) CBUBEMCBNS SRR AL | | ozeE A

m1 Am2 - Omn

A (4.2.1) DFREITI (coefficient matrix) & FES.

DA%, N 1 RARRZMS 221X, AT ABITHRIT MV b BREZ N & Az =b%
W TRIMDOR ML 2RKDBZ & LMIRL, §E2HED X 5.

4.3 WITHERDEZE

FTIEED BRI ADOMIEEZRNT 5. TIF ADVEHTHITH Y, Wi AB=BA=FE %iil=§
EH1T8] BB HEAET 2 BETHE. TOXI BDI &% AD#HTH (inverse) £\ 5. ZD L & 4
RZ MV aBWFHRN Az = bDETH 2 LIRNET L (T72bH Aa = b 2iii72F), ZOMIIZENS
B %)} %Z&TBAa =Bb%zfG5%. Eillzitid%5¢ BAa=Fa=a®Xa=BbTdh%. Lk
Do THRERNPGFEET 2 TN, ZOMRIIME—ff 2 = Bb DA TH D Z Dotz 72, FEEE
WZx=BbIXZDHEBRERDETHS. Mif7s, Ax = ABb=FEb=bWZ Ax =b %2/~ "5ThH
5. LEXORZEGS.

i 4.3.1. [ES175 A D78 B PFAES 5 & &, A 1 KRR Az = b 13ME—fif = Bb 2 FiD.

COMEIFHBRMIZIZToE DL L TWEEDD, WS ODRDRENRH D, —2IF, TH T HTHH
FAETEZNEI 2 ESIP>THIT 20 WS 2 Thb. 7z, MiiFs B 2k 2 kb 513
o, HIZ, BTN EELZWEEIS, TSI Lof@EIc ¥ U2 S THhATL
Folo, BEIMEFITRDboTLESIDES I 0. EiE, @HineEDO TV &, TS DOMEIZTART
BNRSTWBEZ RN h 5.

4.4 THDOITEERER

A% (m,n)-415le 35, ZDLE Az = b, ZEOED nfl, XKOH m EOHL 1 XAREATH
5. FBEAZMITH 20, BERBUZBIN DDA (F] 2 R 0 3% K Bl B 556) 7R1F EfRIdeK
OXTV. TZT, RBDPRER MDD XS ANEEHRT 5 HEEZ XV, ZTOHI21E, AREX
2ELUTHZOARDAREMNRERNED SR WED AN %2 ETHEZDHEDDHD. HIZIX, KD 3D
DEME (RDOEFEZ) I ABRADORERAEZZ RV, Thbb, BT 2L B THROELED 57200,

(i) EHr £01220WT, —20RZML%Z rfFLAZRITEFESHZ 3,
(i) m HDOXDNEFE Z W~ Z 2,
(i) &2 RDMMEEPEJORIZMAZZ LT, HLWRIZEHEESHZ 5.

LD 3 DODEETHROIENZIL LR WEHIX, B3 DOBEOWTNAZTD 2L TrdARADOE
WRTZEWTEDEINSTHS. 20D 3 DOHFIEITKIRT 2175 DEAEIE % TEEAZER (elementary
row operations) £ \95. §78bH KO3 DDERDI L THb:

(1) EBr£01ZD20WT, —DDfT% r 535,
(2) =207 ANEZ B,
(3) B BITOMIGENENDIFIZINEZ 5.
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(m, )48 A & m KB 2 RV b EWMATz, (myn + 1)-4751 [Ab] 2E X LS.

ail a2 e A1n b1

a1 ago e aon bz
[A]b] :=

Amli Om2  --- Gmn | bm

I 1 RAGEA Ax = b (2B 2IERBEATI D 5 W IZHIZHE AT (augmented matrix) &
WO AT [A|B] IZATHEAELOEME (1) 26 3) OWIhhz —EIFE I L7{75l% [Ap] & L& S.
ZDEE IR M all2WT,a P AR Az =bDHTHEZ L L, a B HEN Az = b OfiF
THhDZLIFAETHS. Tk, #8371 RGRRNTHLUT () 55 (i) OWThORER21T-> THMR
DEL BN o ahd. £, [THERAZR % [Ab] TMEIFZEZLTE ZORMIFED SRV, L
TR o TRERS:

R 4.4.1. 1750 [A|b] THERBRIOFTEAZERZIZE Z LD % [A|0] & ThUE, HfER Az = b Ofif
R SRR Al = b OeRiE 8T 5.

IC, EN AN Az = b 2T, TEAZEEZHACC L O fERAEN RN Az = b ZRES
BEEWZ ERaho7z. T, 22 TWD T LIFE S WIEKZA S . HIAIK AP IESTS
THY, [A] 2L [BY] ICERTEETIE, CRIREREE S2 57255 (EBE, = b 21—
DIFTH5). —BOGEITIEHEAITINCIRE Z L IFEDBRNEDD (£ Z 5 IEHITHI TR I
WARHRETH B), ARERNOMBELIZND D XS BITFIOEEH D, T ILEHTH LN T W5,

4.5 BT

T 2 /T 572012, T ERDPRIMIE2BEAT L. 175 ADEXRT L THRVETRY b
WIZR LT, ZOFOX A TRWERAIDESDZ &%, TDIFOERD LIER. ROFTHNZENT FEREA
SIPNT D PEITDERT TH 5.

o O O o
o o o o
S O = =
O O N Wt
= © w

EE 4.5.1. XD (1) 06 (IV) TRT 729175 [a;;] BT TH S LW\, 2D K5 72175 % &Y
175 L IR

(1) BAYZ MLEBRBIFIIERY PLTRWVTED S FRIZHS.

(II) FEARZ PILTRHRWITOERDIZ 1 TH 5.

(II1) i fTOERDHE 5, F1Td DT, j1 < jo <js < - DEDILD. DF D, BITDOERS T
TZhBTIEEEMZH .

(IV) »2FDERDZEELINZDNT, ZDFIRT MIVOEFEERDZRNTIRTOTHS. T4
LH, (M) 1B T 258 L0 M) OFME2EDLENE, FifTHEXRT MLV TRVWE &, 5 j; 7
AT DY L TENLSNDEFIE 0 &5,

HE. LOWEZEZITTIOAMISEZICLIoTELELTH Y, HIAIX EOSRMIITEHEEICL TED ]
BTHHI LD OTENWEITIGELH L. £/, TEH] WO A TBEY (reduced)] EHEWHZ S50
5. HIZIE, B 45.1 D&M (1) & (1) %72 3175 2 1TBE Y (row echelon form) TH % & W\ filifyE

BEEI & o T, [TRERICEM (I1) RET 3.
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D Z L 2 TEHIPEER (reduced row echelon form) EIFERZ L £ H 5. EHFITDOWT S FEMKICERZ 225 WHE
UL23H D, 1TIZB T 2 538 (pivot) H 5 WIXEIEDE S (leading entry), ScBEDHEX (leading coefficient) 72
ELHMENT NS,

fRE 4.5.2. RDITFHID 5 b FHIATHIE E N

0 0 0 1 2 -3 1001
1 @ lo1 1], ®l0o 21 0],
()001 (2) (3)

i 00 0 001 1

[0 1 0 0 1 210 0130 2
@W|l1o0o00|, G®)|{0002|, 6|]000T11

(0010 0000 0000 0

AR N

AL (D) @) AL L. (2) 1 25HIZDWT (IV) AL, (3) (X 217 HIZB W T (1) AR EKSL
T, HIZ3FIEICHBWT (IV) KD L7278\, (4) 1 (TID) SARKAL, (5) 1 (1) AL TH 5. (6) I
(I) 75 (IV) T RCTE{i72 3D 2T TH 5.

18] A AT EARE R 2 MEDIFEE Z U THENTH BIZER I 58E%2 A 28Rt 0vn, 20
L& B ADEMILLIER. LD HIEIXROFIETHEOND. 72720, 2HiEH £ THRAWZR
TOTYZXLTHY, ERIZHERLZT OB, £EOHWM CFIEEZ ANZZ721F D DR VPBWEE
»H5.

(1) BRZ ML R BTN TBRICES L S FOANBZ 2175

(2) ERAZECTIZOWT, BifTOERDD j; FIHIIHELTE. ZDLEj <jp<jz<--- A
ROSED XS IAITDANE R 217 5.

(3) ji = jix1 ERABGEIZITOMEN% i + LIFITIR, i + 1ITHDOEED TH o7z (i + 1, 5;)-H5
0129 5%.

(4) 1 <jo<jz<--- ERBETLED (1) 75 (3) DIEMEZEIEDET.
(5) FTDAN T —f52FTFV, HEITOEED% 112T 5.

(6) BBF(ZhEHEifTLT D) DERDEATINB VT, TOERDUIDRAH 012755 &5 i
TG ZMDIFITIMNZ .

) 4.5.3. RILEIITHANDITEARAZRDO—HITH 5. EEOEIZBVWTIX, 2O0HE 3 ODHDOEE %,
4OHE 5 DHDOERZRKIZITORE LT, itHBREZ2 TE2ZITEKT 5.

2 01 5 4 2 00 3 20030
0 01 2 3145241001 2 3|14-4410 0 1 2 3
00 0O 00 0O 000 O00PO
00 0O 00001 0 00 01
20030 20030 1 00 % 0
24i—44ix3 [0 0 1 2 O anggx [0 0 1 2 0| 14x5 |0 0 1 2 0
— — S :
00 00O 0 00 01 0 00 01
00001 000 00O 0000 O]

BB, ORISR ICEE S, Zhi, EOXDRITEAZHOFIEEZEE > &b, Bi&H
CELSNBNIEST T EL VWS THE. ZOFHIX6.1 HTHRRK S (EH6.1.1).
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4.6 EIL 1 XARADHE

fERI1751 [B|b] (B 1) B3N 1 R SGFER B = b Ok %z B G 28 U CHAT 5. [Blb] DEKDIC
BT2HLM2D20T, ZDODT —AIZNIFTEZS.
(7 —2A1): £31 [B|b] DmBEDH b IZERAIDEENIGAETHD. HIZIX,

01300 0130]]|™ 0
Bll=|0 00 1|0 |oexBz=biz|0oo0oo01||?|=]o0
000 0|1 oo0oo0o0l||™ 1

T4

Dl E mEOTIZETIERNZ ARADSETEZHEE, 0ry + 020 + 023+ 024 =1 245, 2D
FOHREWZT 2 XFELRVD R, ULzh > THRER Bx = b DfIITFEL 72\,
(77— 2) : RIZ [B|b] DmBEDH b IZEBDDEENLRNGEEEZ L. HIAIE,

€1

0130 2[4 0130 2]z
Bl=|0 001 1|5|D&E Be=>bl%, |0 00 1 1| |a3|=]|5
000000 0000 0] 0

Ts

DL E ERDDR\N BDINIIET DEM x; 2TREEHE B LEHBICEIEONE I E2IN
MHERTWI S,

WE R ML B ABERBr=b2ii-zLT0W5235. ZOHTRERDZED B DHNIXE 25
EEAFTHBENS, TR 1,35 5NIKIET DL 21,23, 25 (TDWT ¢1 i= 21, ¢ := X3, C3 1= T5
EBIZD. TBHL, EBOD s BLVP ay X 117HE 217 HIZHINT 5 /A

(1) 0x1 4+ 1ao 4+ 3x3 + 0x4 + 225 = 4,
1
Ox1 + 0x2 4+ Oz3 + 14 + las = 5,

EBIT I TRENZIRIXL SR VG0 5.

.%‘2:4*3563*2565 :4*362*263,
(f2)
$4:5—$5 :5—03.

D& ITHRIZEM T E 2R IXHNIT AP RFELREEZ L TWd720Th 5. LRIk, AER
Bx = b Dff x BWEAET D L TE, RZ ML IZRDIBIZHE > T WD Z D0 h o 7z

I C1

X9 4 — 362 — 263
xr = I3 = C9

T4 5—c3

xIs C3

W, SEIXEB ¢, e, c3 ZHETITED, FORIZE->Tz 2EDTALD. ZDEE AR
Bx =b %7z Z L IZPASNTH L. 7o, ETH-o Tz 2EDHDL 0D 28I, X () Wiz X
NBEESITEDZZ L Z2ERL, X (f) 2BIHT NI DHN HER () BEOoNEN6THS. Z
NETOFERILY, HEA Br = b OfRIIEFEEL, ULBROBIIRDEDTHL DI TWE Z &
MR h > 7=
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_ o - _ . -
X9 4 — 362 — 2C3
x3 | = ) , 7272 Uci,co,c3 lIEEDERTH 5.
T4 5 —c3
Zs C3

2, RO ERD IS IZHBHE L TEL B2 DEHEMIPVTHESIE .

c1 0 1 0 0
4 — 3¢y — 2c3 4 0 -3 -2
C =0 |[+c| 0| +c 1 +c3 0
5—c3 5 0 0 -1
c3 0 0 0 1

LD XS BREDORFAMAEERT 2 D0 T 272012, RotEFEE UTRE DR MLIZDWTHE X
THED. FTODFEFTRVORY Ml aj,a, e R ZHS>TEEL &S, RiZy =ca, +das 755 5
(72720 ¢, d IMEEOR) ORTHEE H 2FE 258, HIZR OR TR ZES FHIZR S, BIZH-4
RT Mlag e RPZWY, x =ag+cal +day BB DR TELEW 2520, ZHIEEH H 27
MV ag HNEATBEN L 72 EHITH 5.

HAL 1 RIGRERDOBEROERIIEIZZDOLIBEELTVWS., TN, WED LI REREZ R ICH
WTATAIRERTE 5. (m,n)- 1751 A I X2 /iR Az = b DfikZ2 W & L& 5. RIHTH A 72857
1 RARERDOMEIZ L NUE, BE SNz n RIIRT MV ag,ay,- - ,a, 8L OMERES i, e ZFHWV
T, W DITIERD LD BRI TRRINS:

T =ag+cial +ceag + -+ cpag. (4.6.1)

Wik, RCEEING Ly OAETER H (2R DEEAEED k JOLOER L AT 3) % ag HA~
TABB Lt L 755
Yy = ci1aq + cpas + - - - + cpag.

0130 2 4
B 4.6.1. ETHW/ZEN 1XAREN |0 0 0 1 1| z= |5| ODMEEKROESIE, XRTRTZLDT
00000 0
ER A/ MY
1] [0 ] [0 ]
0 -3 -2
1|0l +ea| 1| +e3]|0
0 0 -1
0 0 1

HERERORTEES H (ZHWER OFUSEES 3RTDEMTH D) %, FEN AT E UG

O Ot O = O

WIiz—39 5.

KREITH Z 78 1 KGR DEZ, (FZ 7 LIE (row reduction) 5 WEHVR - 2 adrd
JEZEi% (Gauss-Jordan elimination) & IFIXN5G. 22T, ZOEIZDOVWTELHTEIS.

34



- EED (BEF UK KB 1 SGRAOMIL) N

AL 1RGN Az = b DFFEIZRD E B0 TH D, £ TIRREATS [Alb] DfERIL [B|b] %K
b5, DL E, Az = b DfERIRYE Br = b OBEKIZ—ET 5. [B|b] DmEOH b I EHKLT N
HBGEFHBEADBIIFAEL RV, 5 TRVWEGIFMIIGFEL, HERX Bx =b Offflf, BIZH
B EMDEE RN T DA ERERE B I L THHBIZRES. B, BOTARTD
FINZERD DD 256, TRERDEIL0 T, FFBAOMIINE—DTHS. 7z, ifEXDizE R
FLORNZ L THEL &, ERDOESD R T 5.

J

N 1 RAREROMEZR K S Z L OFEZMEIX, ICHDONED S T 5 ETH RV, — AT, SR
DEHAIZ B VT, R EPIEEBRDBEDOR T2 FARD 12D DFE L 5. ZHUZFKILEAL 1 2R
E&ﬁm®%cb%é&ﬁ*ﬁ®Mﬁ%ébﬁ5:azxﬁ%ﬁ@@ﬁﬁ@ﬁ%ﬁé F 7z, Koe Ak
I G DOMER BEM 2 KT DN SR d 5 EThrERw. £ U T, ERREHITIRIE S W@Mm
DAL ST B ERL k2 BREMRD ETRHRDOOoNDEHTH D, GBI BT 5 HAR
BRI 5.

T, VWERREZZ L L EETEH, BHIOHFEBZICB VT, TEALIEDHL 1 KGERDMOR R %Z
AW #RmPE 2 E5T 5. TOBIZ, #HETIZVWHWHLERTIRBITRVWD X, KEiThRRZZ %
HOoMTEELS5WIHIBLTWS Z D, SBROFHIZEWTLEENS.

4.7 EIM 1 RABRRNDBOW EEREHDOBEERICOWT

AEINZBWT, #HZ 1 RARER Az = b DFED—D (1IFE7ZULIE) 2527 22T, X (4.6.1) D
f%i%héAm_b®M®%bﬁktm<bmwﬁﬁﬁ%é#@ﬁbii.Wiwim®ﬁﬁﬁ

[1 1] [x] [1] [ 111 e [ 1 1)1 ]
pr y _>
2 2| |y 9 2 22 0 00
DL LT, ROWDDIEAREIT 5N 5:
€T 1 —1 €T 1 —2
1 = 2 = b
<>H 1y 1], <>H 1y 2],
T 0 1 x 0 1 2
=[] w =Pl [2)

727U, a,bc,de FENFNEEERTHS. (1) 3AH TR MBI LB, (2) & (1) 1BV T
a=2b& UTfR, (3) 135 1 B8 o 2EREE U, (4) IMERCHEZ KL UZfThs. 2050
BlIR G RDZ EDRIBINDETH A S:
o (1) & (2) DEARD S, ROITIMEBUZDH 2 Z W05,
e 3)DESIT, REIDMEL IZRIRDIEHEZTRER L THMED L. £72, ) DEIIZ, WTInD
ZBREAERERL LBRWREH V1S5,
o (4)IF, MOFRE LY TRV, %5l T 5B, RRMRBE LR 1T OEREERZHWS
ZEWEENS.
INODEENS, RO LS REMEZRDHEDL VWD I L &l
() [EEEHDMBUZKIEU DR NNE I 2 YR o THETNIX I VDD, Rz, REiTH X 7R
FEIZBWTEREER DK UIZ 0.
BEREO AR 6.3 HTH|D
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(i) (EREEBDIKIE U DR VRIS ZDDMROERI % 5 272 L 212, Z DD DEEEBOMEBII BT
—F B0

(iii) EREBDOEDHITIE, ENL SWVORENE Z 55 D,

I o DEEMANDIREL, BICHIMP MG EEE A ETREINS (222 HTEND). REXKGE
DFEFNC 25 Z L AR TR S & NI L XN A& %@L T (1) OHEN LT h, & ITR
HiThH Z 72 fREICB W TEREEBOKE Ui\, (ii) IZIEL <, ZAUIKB AR ORIt % 8 L T &
N5, 7z, (i) AP ERORLEDO G2 HLEBRLTWS.

AT, (i) Z@RONE TTROEREEHRDOME] RE2MEVERTES. UL, TOEHRDEZ YN
Difim (T80 H (i) & (ii) DFEA) 1X 222 fi  TRZRIXR SRV, ENE TOMDOYEORHE LT,
[N 1 RAREROMZB I 2 EEEROMER) S IIAETH X /L (X EZ LK) 128 2L EEH
DDz ThiLEDTEHL.
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5 AT
ZZCIRTI R EOFRIOME I DOWTEL RS . £7, BIfli TR A PIFRALY 2 75 OBH »
LCHET 3. Zhic X > T, 75 ORI % B\ 7= 0075 OB HLE R X 5.

5.1 HIT7DOME

WATHIDREHRE LD TENTH I .
EF 5.1.1. n RIES{T5] A D3F# (invertible) TH 5 (5 \WIZXIERI (non-singular, regular) TH
52H\0D) i, AB=F = BA%ii7-9 n RIEH1TH BBFAETEI L THD. ZOLE BEAD
#1751 (inverse) &\ 5.

ML E D S I RIEATHNE, BG4 FBIE) [ZxIn T 217511278 5. HEHRDFEL WEHIT 19.4
JHIZ T, S EAOWEMR & H 75 OBRIZ DWW TIEME21.3.3(4) BLUHR 2624 12 TR 3.

& 5.1.2. A DHITHIMNFIET L, ZNIEHE—DTH 5.

Proof. B,C 2$£1Z A D455 TH B LT 5L, B = C HfHIZHE,PrDONS. £, B = BE =
B(AC) = (BA)C =EC=CT®5. O
IDEIIT, XML THEODRHM—D UV L Z2RTIGE, &2 THDE2 2%, THh
M—HTBZe2Z XLV, 1EPT, K2 ZUEWIRLZZ2BORHEEHREL, FEEES &V
SFLH 5.
T, WA T A DHE—D DM FHE AL e KT I LIZLE S, SBOFBRDOTT A LVWHHEDN
HTELL W, THIE AP THEZ L 2HifEE ULz Th D I LITERE L.

B 5.1.3. FATHNBH S HEHRAMEEZZ I TEREDTHL.
(1) EDWFIZ E BEIZHE L.
(2) ADHfTHI%Z B &3, BOWITHIEATH L. ZNIFHITHDOERLVELIZHNS. Ti4b
L BYHAWTHITH O, (A7) =B~ = ADUKD D,
(3) & X1, X, -, Xp BT H R S1E, TNODFP = X3 Xjo1 - XoXg BANTHY, P71 =
XPixgth XX Th s EEE,
X7 X X P = (XS X XD (XX - X X))
=X X X (X X ) X1 Xa X
:Xl_ngl---X,:lEXk_l---X2X1
= X;1X2*1 e (X,;_lle_l) X9 X,
= =X;'X;=FE.
PXT'X XL X = E L AMOETHEPO 50D,

(4) AB = O 25175 B # O WFEETNIX, A FI# TRV, ik s KICA#HETHE LT 5L,
AB =0 OHLIZENS A L2 HMIFEZ2TB=08%0, ZREBAOILFETHHETH
5. 22T, BIXEAFTHTRSTEIWI LITEREY L. Zo&EmII ¥ 175 % K572 2 Wik 1751

@ﬁﬁ%ﬁ&fbé.%iﬁﬂm—gégK?MﬁAl—O@iAuﬂﬁT@m.

(5) HHEfTH AZDWT, (A WDz s AF e EL Znix AF OFFAICFE LY. £/ 40 =F
EEDNIE, BB p, g [T DWTHREEH] AT = APAT B LT (AP)T = AP R DNED. T 6 I,
FROEEBEZET 2 BGEHIOFEH R U X 512U ORI NS (GEHARK).
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PELEA NG DY N

11910, % BOEHREZ 28 TH A, —FT, TFIEEICHE (# 0 5H) oOE&IEARw. LrLk
Mo, MITROPEHEZE OB & ARTIVBITENTIE, /75O D BIXFITH 20T 5 Z L IZHY
T3 (ZNiE, FRZB T 2B ERFERENTIZZ L LAMETHE I eNsDHIZLS). 22T
EELRITNERS BRI I, FEOFERaA 020 Tall LBEDENEE DI LT, £
DITFIAA O DVWTEDBEVREE LD TIERVETH S, THIZBL TIE, A D75 TR
TIX AT K 2E D RITEE 57200,

T, FMa#A0DWHE L HD W F o™ LESDITN LT, W5 A DMATHI%E KT S
AL DHRTHY, ZhE 4 (H2 Wik ) e EIEB IR, TOHEHD—-DERDEY TH 5. K
2L EREUEBEI, ZhEHIOESTH B LOREZEZTAHLD

1 1
~.B, B--.
A )

A
IOLE, EOODHE B L BEIFRIID SN AN —ERHNLTH S5 eI nsg. L
U, ~RITIE EDO = ODFINERL D, TS RARBITHNCFA LRSS § 25 A TLE-TE, 20
DIBEOHBIIMAELTUES. 2O XS RBED» S, 7O BELIT TRV, 28, EHzBW
Tl p=0b- L DO IOW R, HRELE LT HRET 2.

5.2 1TEAXRZERHFE
FIE, FTHARLEWIE, HEEHRGHEEP ST S I EIENE SR, ZHIEDVWTEZL LS.

EF 5.2.1. RO =FIHD m KIESATH S, (35 1), Wi (i, 7), K (i, 5;7) ZE KT (elementary matrix)
WS, B, ZDREIE, ZO#FEBTOAEBELLIELETHS.

(1) Sm(i;7) : Em @ if7HZ rf5U7ATH. 72720 r £0 279 5.

1
1
S (i;r) == r —ifrH
1
1

(2) Win(i,7) + Em D if7E j1T7% ANE Z 71751
[ 1 1 <« 117H
0 1 —ifrH
1 0 +— j17H
i 1| <« nifrH
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(3) Km(i,jsr) :

BRGNP OHIT B Z &3, ITREAZR 21T o TWDE Z & IR S0, THRHOBERMBKD L.

K (i,5;1) :=

BH, EBIZEHEL THEEIPDOTALZ L.

&8 5.2.2. (m,n)-(351 A ¥ ARSI ORI OWT, KA D 2.

1

(1) Sp(;r)AIZADiITHZ rf5 L7475 TH 5:

1

(2) Win(i, )AIX ADifTE j{72 ANBEZ 475 TH 5:

1

(3) Km(i,§;7)A X ADifTHD rf5% j17HIZ

1

U7zDio T, ITRAEIZ L 0 2175 2 HIDTHINICERIE S Z &1k, W ODDOEKRITH 2 LS
ST 2 Z itz Siawn. 72, BRAITHHEIZHEAZEZIZEITI 25258, LOoa@ED
SRMEBIZHDND.

1

1

1

aii ai2
i1 a;2
aml | Gm?2

ail

ajl

am1

ai

ajl

am1

i 5.2.3. AT OWATHIZIEAGTHTH Y,

(1) Sm(isr) ™" = Sm(isr™),

Aln

Qin

Amn,

1

En ZBWT, i fTHD r 5% j4THITINA 724751

aii

Ta;1

am1

a1

Am1

ail

rai + aji

a12 A1n

;2 Qin,

CLJ‘Q ajn
Am?2 Amn |
MA7ATHTH %

Q1n 1 [
Qin
ajn
Qmn | i

(2) Win(i,5) ™" = Win(i, 5),

39

am1

a2

Ta;2

am2

A1n
TrQin
Amn |
a2 A1n
a;2 Ajn,
;2 Qin,
m2 Amn
A1n
Qin
TQin + Gjn
Amn

(3) Km(i, j37) " = K (4, 45 —).



Proof. (1) DART D . Sp(i37) LD S Sp(i;r™1) ZHNF B 20D Z &, Al (1) &b S, (isr) @
ifTHZ r U 5T 2 Z it 57300, W RIT S (657 ) S(isr) = By TH D, 72, Sp(i;r™t) 1285
5 Sm(i;r) ZHNT 2 Z L1 Sp(isr ) D ifTHEZ r 592 2 2127 53, Sn(i;7)Sm(i;r~t) = B, T
H5.AEXD, S (i) = S (507 h).

(2) BXU (3) BFAIKDERE NS 537 5. O

ST, TH AD K B DITEAZIIZE > T BIZERTES & L&D, TEARERITE N S EARITH % H
5 Z it 5anin S, A ZITEAZIL$ 2 BT EBRITAT o BEITNIR T 2 HATY &2 Xy, -, X
LB L, RO LD

X Xp_1---XoX1A=B.

TOLE AHGELOMP = XpXe - Xo X, WA THY, £72 PA= B 2 HEE3. —F, Bz
XL X XTHISHIE T A EAZ R A IEEE X A 2135, E,

XXyt XL X' B=P ' PA=EA= A
MEZBHETLHERDKLDRERIZLRS.
MR8 5.2.4. (m,n)-175 A BPTREAZIZELD BIZERT 57251, KO D LD,
(1) PA =B %ili?=3 m Ka@475] P HMrAET 5.
R, HiE, W PA= B 2T WH0TH P 93272513, A% BITITHEAZLTE S (% 5.3.2).
(2) BEGREAZKTHILIZLD AILRTZLHTES,
TR L EARTHI DRGNS, W TH DM 752 KD B ZEMMTES. ZHERHTHRTWI 5.

5.3 HITHDKRDHA

n RIEFHFTH] A D175 % RD 57212, FTIXZT DML LT BA = E %#i7-31E 5174 B 2 %%
5. ZIZT, AT ARk EOITRAZRIZEI>TERXERTELEIEL LS. Thbb, A DRI
ETHY, F-AHTOBRIZELD RO LS IZEFT 5!

XpXp—1--- X0 X1A=F,

ZIT, B X 13 A% BITITERALER T HBICEBRITT o 7 BEICHInT 2 BEARTHITHS. Lizhio
T,B=X3Xp1-XoX1 EBIIEBA=E %2320 05. ZOBMNADHTHTHBI &
WERDESITRINS:

Proof. BI3FEEATHIOBETRINT WD Z L, BLUCEATHIIAHTH S Z &, (W7 ORILA¥TH
526 BIEWHTHS. DRI BOYTH CHIFEETS. ZDLE, A=FA=(CB)A=C(BA)
CE=CXDAFCIZEL. 20 A=B 1 THH, ZOMLOWFTHEH->T A = (B ) ' =
21585,

O @ |l

XC, LD BEDRVHEHTRDZIEXDOREEZ L.
B=XpXp 1 XoX1E.

ZORIF, A ZITEALZRIZE ST EIZER LB 2<AUFIHTE 2L T2 B ks L
ERARNTNWSE. B, AD ENOEREZMHRL 72T, AKOFIET E 2EHT 5 &0 ZEFHITA
BLTHD. R8RS AL EZBITAARTz (n, 2n)-178 [A|E] IZDWTDITHEALE 217\, 220 D3 HAL
15l L 725 [BE|X] 235 5 g,

[E|X] = B[A|E] = [BA|BE] = [E|B].
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SE D X RBRAMRD S BTSN, £, [E|X] XS 2IHHIFIITH D, L=hi5T [A|E]
it cd 5.
WATHI Dk D S

A% n RIEFGHE TS, ADFETHERD ZITIE, (n,2n)-175 [A|E,] 2T I 0.
[A|E,] DfEi#IMED [E,|B] 72 % L TWA7 61X, BW» AD#MfrslL 5.

HLIRAIZ, [A|E,] DFEFIMED [E,|B] £\ WO IIZR 6 WgGE, Thbb ADfEf» E, TRWEE
E A XA TR, T OMEIEIREI TR R 2 EH 6.2.2 12 & 5. T ERONIE, (LR A AT Off
FACIZBRAATINC IR D Z e D 0, Lz TREGS.

EHE 5.3.1. AJHATHNIEATIIOBTERYES.

Proof. B [ ¥ifi5le U, A:= B~1 &9 5. W@ifi5l A 2{FEALEY THEAITHNZERT 5 FIFICK
IS BREAITHZH DMK, TNETOHEMZIED ADWITH], T2bb BIZ—HT B eD0h->T
W5, LEXD BIFEARITTHIOMTRT I LN TES. O

% 5.3.2. A% (m,n)- 175 & TNIXRIZFEMETH 5:
(1) A% BIZATHAZLETE S,
(2) PA = B %379 m X175 P BWMFET 5.

Proof. (1)=(2) 13 5.2.4(1) 12 & 5. #IZ (2) ZETIIFIEIIZ L D P IZIEAITHIORMTEE 5.
IOZXIF(1) ZEHKRLTWAS. O

AIHTIX, BA=FE %#ii7=31IE5175] B DU FD—Hl%21F T, HIZ BX ADHTH b %
7z, TlX, AEE IR D HET DA = E 2§79 1E 15 D BMEoniz2 &, 20 D136 A DT
FNZH2 B DIEA 50, ROEHERONIE D & ADWITHTHY, B=D &3 eDnh5. ZOE
HUIAFFIARDEHEIZ A > TH ST 2 GElIZ 138z B &).

EH 5.3.3. ~ DD n RIEHITH A DIZONT DA=EMREVLTIEDIZADHITHTHS. T74b
b, AD = E H D 3LD.

5.4 BRI ENEFER (RE)

AEITI, BRI Z LN GENT 6 2 & EITERALZHOELBIENNIGT 52 L2 RTE 2. TlE, &R
THELAEDPSHITZLMPRIZDTH A0, TSN T EERIIRIET 2L VWS ONEZTH
%, ROGEIL, i 5.2.2 LEKIZ, FHEICE > THENDZZ N TE 5.

&8 5.4.1. (m,n)-175 A L ERITHIORIZDWT, RAKD 3.
(1) ASp(4;7r) 1Z ADiFIHZ rf5 L7475 TH 5.
(2) AW,(i,j) & ADiFl& jHE ANEZ 7175 TH 5.

(3) AKn(i,j;r) X AD i FIHD r f5% j HIEICIR /751 T %
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6 1THIDREHK

AL 1R ARERDIRIZ BT 2 EREERDME L BFRT 282 L UT, 75O L IEIEN D& H
FiL, BB IS EROBORITTLE UTARIIEREINDIEDTHS. LrLENS, 22T iﬁﬁﬂ@
SEIZFER U725 A TOEREEZBARZITINIER 5T, T IZERMED —EHIZOWTERT 54
WD D,

R NS 23y 1 RATRROMIZET 2 S RISRRZ Z e A TES (M 6.2.1). LAL,
D56V T, BEEAWTRRS N2z WG U THEMEIEE 5 Z & idn. B e WS FFR]
REREIEES I, # 1 RARROHEN EARTFIETH > 72 HICHEO h TR L D D % iR
LTH S5V,

6.1 fEHtbo—EM
EIE 6.1.1. 75 DOERALIEHE—B D IZEE 5.

Proof. SIOBUCE T 2IFMNETRT. £7, SIOHN 1 DGE, ThROBAIRT Lz OffifIic oW T
EZD. HIRZ MVD S B THKRSDIE, ZDEHRD?S LITHKRD N1 THO S A X T 0 DHARZ h
Ve OIIZRS. =005, 0ILEAZLEEZ VW SIZXZLTHAAET, 0 DL 0 HE A
WZHYABY. £/, 2 A0DGH, 2 %2 0 TTEAZLT LI LIETERY. MRS, L0V D
ML TH 270 61F, MED2.412KD 0 21T EAZH L Cx £ 00RO NED, HOHEMRIZ LD Zhid
RABELEPSTH D, PAIZ x DEifLITZ ey DATHS. BLEX D, FIRZ ML OERKLIZHE—DTH
5 M rot.

FIDED n 22 7N DN T — BN TH 2 LIRE L, FIOEH n+ 1 DIFFIZOVTEE S
ThHdILamztd. A% (m,n)A78l, a Z m RHIXZ v e U, (m,n+1)-174] [A]a] DFEFALIZ DN
TH2 5. [Blb] B&U[C|c] % [Ala) DfEifILE LES. 2D & X, (m,n)-175 B, C 13z flif455]C
Ho, LT ADENITHEN S, %M&@&iribB:C@%é.B@¢K8®ﬁ®imﬁ%§
IRV DDGELZFITHRVWEGAIIDTTEZLS.

31, BOH ]W#IW%%Ai&Di BTHD. % A, B,CH»oHjolERON (m,n—1)-175%
FNENA B C T D ZDEE, (m,n)-475] [Bb] EEHITHITH 0, 2 e IZf75 [A|a) D

BRI TH 2. B=CORRAKED I ENCIZOVWTERD LS, [C'd  [A|a] DEKHLE S, Ui
B TIRMEDIRE X D, [B|b] = [C'|c] THB. THbB, b=c®Z [Blb] = [C]c].

RIZ, BOEDINZH EMAVEENTVWEIEEEEZD. Tibb, [Blb] BXLU [Clc] 2WRDFE% L
TWAIGETH5:

HIZROZDIZGER T2 LTEZS.
(nbcﬁa%m HBERDEECHE
BT DOEEDLS, beldn+ 11THPN 1 TENUSNDEDH 0 DIIRT SV TH D,
:c%{?é.
(ii) (i) THRWES. $405, bc DI BARELWVWT NP —ADNERD &2 & ERWGE
BIZb R ERDZEERVE L TCHEEDD. ZOLE, B BLU[Clc] 1 ERDEELTWVWS.
b c)
Om—n,l CIQ .

E,
Om—n,n

Ey

Blb] =
[B|b] Om

, [Cle =
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[B|b], [Cle] i3 & BT [Ala] IZITHEAZR 2 VIBEL THRONDTHTH S, PRI [B|b] 1175
REWEMEOIRT Z L T[Olc] 2322 N TES. LzhoT, H25 m RAHEGH X 12k->T
X[B|b] = [Clc] 725 (i 5.2.4). X ZRD K 5125 ET 5:

Pn,n Qn,m—n ]

Rmfn,n Smfn,mfn

P Q
R S

X =

9

22T, EROBEATOGIIZHNS P,Q, R, S DA FIGIIOF A 2% kU, MY 2 DI
LB 5. X[BIb] AT 5RO E SR D.

r Q| E, v P PV
X[B‘b]z = /
R S || Omnn| Omni R Rb
(Cle] = X[BIb] l2 oW THi & il L & 5.
/ /
En el o= xpp = | £ PP
Om-nn | ch R Rb

EXED P=FE, R=0ppn, MFo6N5. DXl =Pb =Eb =V, ¢y =Rb = Oy b =
Om-n1 THB. 2FD, b=chHREINT.

cCHERDZ2ETHRVGEIL, bE cDEEZ2Z ANBZTWE LFABKOERZITZIX LV,

PR ED, WEROBAIIBWTS [BJb] = [C)d £%5%. Thbb, (m,n+ 1)-4751 A OREILILHE
—WEDIZEE B. O

EF 6.1.2. ADKIE BLT 5. KTEDL=Z20HIITRTEUMEEZY, T A DB (rank)
& LU rankA 2 EL.

(1) BDZENRZ P TRWTOH,
(2) B DET DAEEL,
(3) BDEED %= aELH D

ETEDDIHDS> L, —OFTHNZE VTS (1) & (2) 1FFELW. Znoh (3) LFEL VDI, 1751
BIZBWTERD%Z DU EELIIFEL RV RASTHS.

RIZ A DIEFAER B B L L, TN 5 DEMS DIHED R > Tz ThIX A DB EED &
I DR, Fz, THUTEN 1 RARBRRZB W TEEECHOMBN RS 5@ OORREVFHET D Z
CEHEEERT D, ZDXIRI NI DERVE WS ERBERLD —EMIIENR S 0.

(m, n)-F751 A IZDWTRIZH S TH 5.

rank A < min{m,n }. (6.1.1)

I Tmin 3MEZRTAETTHS. T005, FHEZERLTLEE X ITHLT, X OFTHRD
INSWHBARHAET 5L &, 2 X OF/ME (minimum) & KO min X & EHL. HKIZ X ORKE
(maximum) HEH 5N, TN%E max X & FHL.

B 6.1.3. A2THALZETEITOPBEONEZOIE, AL C OfIZ—8T 5. Lizd>T,
rank A =rankC TH 5.

Proof. A Offifft%E B LTI, TRAZRIZEY A% BIZEKTES., —J, HELD A% CIZiT
BEAZBRTELIEDS, MBEL241250 C % AITITEAZETES. LEMN>TRD & S AL
JEWTES:

TTEEARZEY TTEARZLIR

C A B.

W 229475 B 12 C Rk TH 5. O
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6.2 EIL1RARR &M
HAT 1 RN Az = b DIFDOIIL, ILRBEATH] [Alb] DFEFILDIIC & > T, P FHET 256 L

T TRWGS, BLUMPFET 2HGICB T 2ERERDEBPRELDTH>72. TNZEBROF
EE2HAVWTEVWARBET L ROMEIZRD.

8 6.2.1. A% (m,n)-415& 9 2. #1RARR Az = b IZEWTRLBED VLD,
(1) Az = b DIREHIAET % 72D DB EA5 Gk 1% rank[A]b] = rank A TH 5.
(2) Az = b DfEVIFHET 5 & &, ROTEEBOMEEILn —rank A TH 5.
(3) Az = b DFRIVUHE—DTH 572D DHEA43 5413, rank[A|b] = rank A =n TH 5.
&I, ADEFTHIOGEIZHITH] & OBfRE EH TROERERD.
EIE 6.2.2. n KIEFHITH AIZBEWTRIZFAETH 5.
(1) rank A =n, (2) ADfENIXE TH 5,
(3) (ERD n RFIRZ ML bIZDWTHFER Az = b IZME— D DR ZFFD,
(4) TR Az = 0 13ME—DDE0 2K>, (5) ARRWHTHS.

Proof. (1) 75 (4) £ CORMEMEIZBEIZEAR7ZZ LD X EDITIENLR SR, UL URPSHERD DI
HEEZ MR TIHLTH I S

(1)=(2) : rank A = n & THUX, A DRI B O EHZOMEEIEn THB. £oT, nxnflifIf75 B
BEATICER D Z2Rb, PRI B=FETbh5.

(2)=(3) : [A|b] Dtttz [E|b] £ 95, 441 K0 HERX Az = b DRk Ex = b Off
2ERIZEFELV. HEAEr =0 PM—0Offx = b Z2FDOZ L IZHSLTHD, L7z >T Az = b
DfEdH © = b ME—DTH5. (MFEH: rank A = rank B = n IZJERET 5. rank[E|b] = n D X
rank[A|b] = rank[E|b'] = n =rank A. &> T, @@ 6.2.1(3) & b HRERIIME—DDEE K D)

(3)=(4) : ()X B)IZBIFBb=0 2\ EHDBED XIS A,

4)=(1) : REL D, MROEREHRDMELIZ0OTHS. LA >T, @i 6.2.1(2) £ 0 =n —rank A.
W Z1Z rank A = n.

(2)=(5) : 5.3HTH L= THDORD L D15,

(5) (4) : THIFMEA3.1 ORALRGEITHYT 5. $hbb, =0 R Az =0 DRETH 5

ISP THD, BTz h Az =0 27723451, ZOMLICEPS AL 2HIP5Z2¢8Tz=0
%:?F’é.
UEIZE>T, IRTOFMDEEMEI RS 2. O

6.3 REXRFOHRER

(m,n)4F5] AIZBWT, Az = 0455 HFERERRFH 5V IEFRBO AR V519, JRIE O FFE
Rz z =0 2MTHD. D0, AEOFEKIED HRRIEHEET 5.

HE 6.3.1. FREOEN 1 RARRIZOWTHE6.2.1(1) ITB T BEEOEMEVRHELLTWD I L %
MDD K.

fREll: A Offifitz B &35, R Az = 0 DILKREEATH [Al0] OfEifI{kiZ [B|0O] TH D05
rank[A|0] = rank[B|0] = rank B = rank A. #f»*/Z rank[A|0] = rank A [FEK D Z> TV 5.

BOERE & OFRIZ E B 12 homogeneous DERFETH 5.
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4.6 TR AR7HEN 1 RGEROEZ AR OGEICHEA L TA LS. mE6.2.1(2) &0, fRIZH
HIEREBOMEEIL L =n —rank A TH 5. L@a@ﬁ HH D & D ITHRREATS [A|0] @ﬁ“fﬁm
[B|0] 212720, W R (4.6.1) IZB VW T ag=0&7%5. L7zh > THROERIX

T =cra;+coas + - +cpar (272U ¢, o IIMEREER)

TH5d. Thbb, BEkOESE R DFEAZED L RGO EMER D,
FEIRIED GERE Z S5 TRWHBRERADBORNIZIZIRD & 5 HEHRE D 5.

i 6.3.2. IR Az =bDffa 2z —DW-oTHEIEL LS. ZDLERHBEYILD.
(1) AR Az =0 DEREDE 2 1ZH U, a+ 2z 13X Axe =b DETH 5.
(2) AR Az =b DRy 1%, iR Az =00 H 2 2z VT y=a+2 L £XE5.

Proof. (1): 2% Az =0 DL 35¢, Ala+2)=Aa+Az=b+0=0>b. PAIZ, a+ z FHERX
Az =bDfTH 5.

(2):yx2 Az =bODfL$5. ZTIT z:y altBIS. ZDLE2ZIFT Az =00 TH 5. il
o, Az=Aly—a)=Ay—Aa=b-b= 2lF Az =0%0i7=No6THD. £/, 2 DEDS
Moy=a+2zThHO, RLIFEREZRG. O

EomEE, FXEDHEROBEAEDESEZ H 2 ThE, Ae = b DEEEDOES W IX H % a IH
WETRBE L -ERIC TR 2E>TW0W5E. ZOHEEDORHLIGEIZDOWTIE 4.6 IHIZTHIHL
TWz. 72, ARRZBLSFIHDOBEDPSIERDEISIZRA B ZLETEE7255: AREAN Az =00D
fRiE L, R A = b DEL DR P B LW, ZZT, H502UOHLWVWAHRER Az = 0 D% KD
THEE, HIZ, MohrDHETAr=bDfa % —D2OTIWRSRDIITL 3. T8¢, Az = b Df#lX
Az = 0 DK% a AANEITBEITS Z L TIRTHELNS.

U U, BEISESN 1 R GRERDIBEZH > TWEHELIZES>TIE, ZOEIBEBZHFIZAEIZHEZS.
ZZT, ROwmEESGZ LS.

& 6.3.3. a(z), B(x), y(x),(z) & BERIDOES Y U, 2 W5 a7 KM DB f(z) 1L F 20D — 5
DD R E2EZ 5.

@) a(z) (@) + L) f'(x) +v(x) f(z) = d(x), () a(z)f"(2)+ B(z)f (z) +v(z)f(z) = 0.
HRR (1) O a(z) Z—2 > THEEL LS. TDE XX 7.
(1) W AR () OEZEDOM 2(2) 1IZW U, alx) + z(x) 138D HER (1) OffCTH 5.

(2) W R (1) OEEOME y(x) 1, WA HERX () DL b2 2(x) ZHNT y(z) = a(z) + 2()
LEED.

Proof. (1) : z(z) % () DffEL T2 &,
a(@)(a(@)+2(x >>”+/3< >< (x > 2(@)) + (@) (a(@) + 2(2))
(al=) (2)d (@) + (@)a(@)) + (a(2)2"(2) + B@)/(2) + 1(@)2(x) )
5(z) + 0 = 8().
W2, a(x) + z(z) 3D HERA (D) OTH 5.

20z OO HRERE, SEEBRS HRER I TV 5.
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2):ylx)Z () D35, ZZTz(x):=ylx)—alz) 2BID. TOLE 2(z) 1 (II) DM TH 5.
farers &,

a(w) (y(2)-ala >>"+5< >< (@ > a(@)) +7(@)(y(@) - al))
= (atw) 2)y () +1(@)y(2) ) = (a(@)a’ (@) + B(a)d(2) +Y(w)a(x))
o(x) - 5( >

WA 2(x) & () W72 N0 THD. £z, 2(x) DED /DS y(x) = a(x) + z(z) TH Y, WAIEXFR
XY O

M 6.3.2 % 6.3.3DIHHMNNRTLVILTHAZLIZEHE L. ZHIERZ MLz 2/ LT Az 206X
BB EMEE, B S (2) T U TS a(x) £ (2) 4+ B(x) f(2) +~(x) f(z) %35 & 8 2 8IEH T fI M
ZIZLUTWAZEICENT S, ZOX5IZ, ML D RIEHZME SV R UITS FEZ2EL 2D,
B2 TP I EN 2 REEEE 2 IR T2 2 212k 5.
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7 IR &AL

FHIRE I, EAFH AR LUTEDSNEHLROIETHD, det A b UL IE|A] LB, T
KL S TRRBICIEHEL <, B (55 \WIIBRING) ERIZBETEDTHL S & LT, AT
FIROFEOT, B L OMABRFC B BIbNHIIOVTEANLENET 5.

FHIRADBEMTERD 52 HIEAE I T B 5. Lo T, (FAROERDML 12 i
D DN DB L EAT I, —DRERINAERGETH S HERRD S REHIET, &5 D38
BB L2 DTHS. BEDIES DA A—URHERTVDX, £TEL SR SMBL L 5.

7.1 R" EORHEBRDOERIEILAE

A= Z YU BT, R = R® % Ta(z) = Az TS (213 FUEC BT, - OG54
C
M EBEIER), 202 E det A LiE, R2IZBIZ 1UOEIN 1 OHBNIELHOWEFEH Ty TEHX

N5 L5z 2RTETHD. ThbE, THRNEIER? EOMPEBOTEBILRELTH 5.
TA(EQ) ________——/‘/

Ty

€2 /!
" Ta(er)

Y

, TA<e1>:[‘; Z]

o=fa] ]S |- Le) =L 3]
BNEA E X e, ea TROND FATIHEDZ L TH Y, TN% Ty TEHRT B L Ta(er) & Tales) T
ROND TR IZR S, 22T, MAIIBWTADHEZEZE X 7L 512, FATUARIZOWT H &
BADIHMEZEAT S, WRHOKFSIE, FEARMBOMEIEIZ & > TRY ML Ty(er) & Tales) IZEHER B
& &, T DEEEHKIFEHE] D 1272 2 D REHEI D IZ R 2 D THE T NIE L V. e, e ITDWVWTHULU Z 2 %%
ZEZ ORI KEFEE D TH B0 5, Ta(er), Tale) i2DWTEKKEEHE D 22 51X1E, 5 ThiTh
EEDHEZNIGX 5. X1 OFTILEOmEREX, FAE Taler) +Talez) ZHEMZFHFOEHKOME
RO WL ODDEEX =AKOEKEZSIK 2L THONE NG,

c+d [ ..
e :
N : 3
Ctofmmmies : b i
O b «a a+b
1: SPATVYIATE D & TH s D FERE SR R
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0= “Ta(er) & Tu(es) TESNB TATMLLOWR

c d
B ac  (c+c+db bd (b+a+Db)c
= (a+b)(c+d) <2+ 7 +2—|— >
2¢b 4+ db + bd + 2b
:ac—i-ad—i-bc—i—bd—ac+ b+ ; * c+aczad—bc.

—MED n KIEFHTTH A DIFHIREFARFIZ G2 50D, Thbb FEEM T, - R" — R" % Ty(x) = Ax
TED, Ty DRTEIERRZ det A LTEDD. ZTZT, 1 RBIZBWVWTES, 2 X568 W THE, 3 X562
BOWTHREE ZNTNRLDIEENF %2 L TWAEERTICET 27T, 4/7271:L)\L BWTIE T RTERRE
CIERZ L2 5. £ n KTERIZBWT, Kot n RiEORE2E L EIZ 22U LS. 3 Rou%E
BT 2ROV EEORERTOEHTH 572, n=3 DS det AL, A @ﬁkﬁ?ﬁmkiﬁi’bé 3D
DFIRZ MV TIE S NS EATREARDKRFIAHY U, M OERBEGHENEERE RS ITRANE2HELZ L
NTELNE Lt

ailp a2 a3
a1 G2 Q23 | = (11022033 + (12023031 + (13021032 — 12021033 — (11023032 — 413022031- (7.1-1)
a31 asz2 ass

R KRR 2 BEREERD 2 HIET 4R EDITHI A% ED S DILHE L. IEWT, nfllo~xZ b
TIRONDEE (ZNiEn — 1 XITD 2n HOEHTH EN D) ODW*@J%J: iybng DEMETHY, Tz,
R 3 RITDZEMNTAEL T4 D E RO 2 U 5 Z & BRICIN#E R b 5. £ 2T, n RotD
B DRFEN G OREME 2 W OFET B LI2& b, ZOME 2 S & ITEWRIE D M ORRE
BIZIREIREDLI LT, KD n Rohkfiz2E2 WS HENREZ SN, ZOEARKNGEIZOWTIE
1LETERZZ L &S,

T, TR RIE AR EE®RT 20 THIUE, Ty Bt 2B IR WVESEEHRDZ |E|=1Th .
%72, |AB| ZBREM Ty o Ty DRRHERERTH B H 5, THIF|A|- Bl IZ% L. D% 9 |AB| = |A|B|
LB, BIZANAHTHEEE, |A|A Y = |AA = |E|=1&0 |4 =47, I |A|£0T
BB, WA A0RSITAPAHTHS Z L HBITRIN, Lo T A ;tA7b>T WTHENES
WEHB-DODIEEL 5.

PR (7.1.1) OFLHEATAHEARDARBUZAHYS T2 Z 213 11 HiCHiHd 5.
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o &0 (ZIGENERS)

Kum%ﬁﬁﬁbﬂb F2 LR ER OB AN 25 5.

nARKDRZ MVTIRO6NS n KOGORIEDOURRG R 2 H 2 % 5 A CTHREERNLRIEH L2501
AT 7)Y OFHE ()0 OOHEBLPEICEL W 2 DONVAROEREIZLEL V-3 L <X 10.2 HTHR

L) THh5. ZHIZED, MHEPHHEZ EHROMEOURBEAREZRS. T74bb, n RIutED n X
AR, B L 725 n— 1 RITREOMHRE (n — 1 XehE) K@ S 28202 L v, Zhik
FERIZ2IE D n KATHIRIE n — 1 KITPIRDOFHEICBETE L 2 2B KL TWa. EiZ, AUy V T
Y OFEMENEREHAT 5 Z & THETE 2 n XIFFIROBEN I TV E, BlIZIZ TR TOLT
FADENED oD, FEiE, THROEBEOFHBHEFIZBWTE, THERIFEDI L2V KRTZ
LT 5.

2 AT, 3RITDEMAEL T~ DY n Koo DHF 2 & T MR\
HEIZRWES S0, A, FHEOIZB\WT 3 ADEMAI B IZEEIZAL D
LT ERUIZHDTH S, 72720, UL 2 RO FHIZH A7 A
KadDTH Y, EHMZXTIZRWD. LALEESZIDZ &I, 3 K%M
WCBWTHRAMNIZ 4Rt %2 BRD HERH L Z 2R LTWS. 4 Rop2e F‘ﬁ
XEREER S 4 DD D5, 4 RDOEMED O THWIZEEIZRDS Z &N T
E5. ZOMIZBVWTZD LI REMRE LAMAZITEES ThIEEWE
BEZTHALD.

YIBZZIZBIT 2 A DORTG L IIKMHDOZ L TH o 7-. HOFEhEZLBRLZE0DHE LT, v
RPN E A > T\WE. & IZENEIC XS L RO/ G 2SS N TH 0, 4 Kot % HfF
TRIIEREOHITHS. MED 7 4 VL% ITHT OERQTHRIZLUTALD. THUET VL LT
TRFFANZZER] (2 KITD 7 4 )V LTH R X iz 3 RGCZEM) DEA > TH 0, ROER B SR %
KLUTWSE, ZOZEho 4RTGOMRLIE, 714NV LDE DTS RS R o 72 3RGGZEM 7B D
KABERZEMTHEeHUETES. Lo T, BOMIZBIT 24D HMEIE, BV EL->TH
K75 hM, $72bb, ZOMACEEIZSHELZ LT AMEVWD T LITRD

ZNTIE, 5 ADEMEPECEEIZR DS 5 KGO ZHIZIEE S THIXIWEZA S5, £h
TR DINEE L TR, T7hbb 4 ROBEMVEEIZR D - 72kBE G EIZH-> THIRIL, 4 K

TCZE o RS WL A U, BEDHIR X -8 TE A SIS 2 2 L T k.

J

7

7-.

2 VIS XILDOAR

JESLHNZ I, F7AAE ZEN 1 RARRDOMMEOARE G2 57-0DEEE UTHEARINZDOTH >
ZTIZT, 5EIIZONAHELZESTALS. HEADOMENRME—~THEILIXADAHFETHD I L L[H

fETHH (EH 6.2.2), FIT|A] £ 0 LEMEIZARD Z L IZBITENTZBEY TH 5.

W
W

i D7z, RD 2 ZBGENL 1 RSGREADME— 2 RO 6 25X %!

(8] o)) [2]

F,AFAHEELTWERS [Al=ad—bc#0, 2FD a#0F7=Ec#A0THD. a#0DHHITD
THERBRBATH 2 RME L TA LS. a A 0D R a THIDENTE S I LITHERET S L

a bl 1 n 1 u 1 b &n
— a — a — a a
c d Yo e U2 0 d Yo — % 0 ad;bc ay2—yYic

be
a a
1 %1 12 %1 10%_w2
p— ) —
0 Ha—ULC 0 1| =858 01

|©|c~

Qe

Al a
ay2—yic
1]

e o

|
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22T, EROFBED (1,3)-Ha7 1
v aya—yic b y1|A| — (ay2 —y1c)b  yi(ad — be) — (ay2 — y1c)b

a | A a |Ala N |Ala
_yrad —y1bc — ayeb +y1cb  yrad —ayab  y1d — yab
a |Ala  Ale A
UEEY RO ETHERDMEZRT ERD LS I1T25:
y1 b a
Y2 d ¢ Y2
Tl = 7T, Tro = .

a b a b
c d c d

72, c £ 0 DGEDFARDITEAZIZL D LOMREES (KFEHENPDX). LOMORRE 7 T ALD
AAREVD. SEHDOLEIIRTERSNS:

ail a2 ais
EE 7.2.1 (77 ANVDARN). 3RIESITHE A= | az1 azx a3 | £B L. |A] #0722 SIFH 1K

azr as2 as3

ailp a2 ais €1 U1
75‘?3:'35&2 a21 ag2 A3 X9 = Y2 @%liﬂﬁgff)b,lﬁfﬁéﬁhé
asz1 as2 ass €T3 Y3
Y1 a2 ais ailr Y1 a3 ailp; a2 Yi
Y2 G22 Q23 a1 Y2 a3 a1 Qa2 Y2
Yys azz2 as3 aszyp Y3 ass asz1 as2 Y3
| | R 7 |

BB 3 A 4 JEABEIZ OV T b [ARED HIRAE D 320 (GEIE 13 BiTHRAB). 20k > 10, o
DHHRE UT, ZLUTHROARE ~STRRE OO E U THAINTEAIN. 72720, TDE
KOG D5, EEIRE RDB-DDOARE LTS E VHEIRNTHS S

7.3 WHELSFICHITZTHR

KREIDEARIZ, ZEBOWRE D FIZE W THBK R WS CEE T 27RO MR DWW THETT
%. DD 2 ZHDGEITR > TRARBH, Wb~ n ZHEB ORI £ THRE N D H D
Tho. itz a2 S OFEMIX, MEITRDOHERIZES S .

o Ny EITHIK
C? MREAEL f - R? - R ORUEHIEIZBE W TR BN S, 1 ZHEBO L EELEZS3ThHho72k5
2, 5 (a,0) 128135 1 BOREEAT KT 0ED5 L\ >, f(a,b) HBHMHEE IS 2 13RS 7
W, 2 2B OBMEHIE S 1 BBDGE LRI RFICYBEBIZ 20 5 e T — 7 —DE
HD2ROE MRS I L THRING. T OEMKIGEG (BEHE & 2 KIEXD DI L ORER) 1
BT 20, RTED SN 175 (Hessian matrix) D75 (2%~ v 175 (Hessian)

EWVWS):
62 32
Fr(@h) gy (a.b)
Hy(ab)=| 2 . |Hp(a,b)| = faul(a,b) fyy(a,b) = fuy(a,b)?
0 0
a=(a,b) Gh(aD)

DIEIZ X >THEE NG, C? D % foy = fye (CHERBE L. 28, 3B LOLE 3475 X DMHE
DATIFHETET, 2XADDEHEFH UL RZ2BERH D, T ZTlEANY 2T DOEEE?2H
2ZEABOEHIT 27T HiTEAS.
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HARONDE. ~yEITFIRE, ZOMED S HHIR (discriminant) & HFEENT WS,

e YIETTH

R RROERIZB W TIRE BELRHIIMS OEBRERTH L. DBLIVK 2R? IZBII2E

S cHENZEG L L, CLRBEBUC & 5 131 54

T:K—D, T(u,v)=(¢(u,v),¥(u,v))

NHEZoNTWEETE, Z0LE D EO2AKEM f: D - ROERES, T4b5 xy-Fil

(z =0¥m) LoEAE D il 2 = f(z,y) TEHENZKE DKM

/ /D £ (@, y) dody

BEBEWRIZ L > T K EOBIEF(T(u,0)) = f((u,v),(u,v)) BT 2R L LTRLUE,

K

M DI EBE N % RO R AR T RE R XA BT B SR 12 L > TRDO L S ITEHRE I NS:

%% %% dody  dody
Trlwvli= Gy gy | Vel =g —
Tu v

Z D Jr(u,v) 2+ I ETTH (Jacobian matrix) &I, |Jr(u,v)| 2+ 3 EFTFIX (Jacobian)
WD BRI X B HADIERY 2 5 2 & TROBEMBD AAZRF5:

//D f(@y) dxdy://K F(@(u,v), 1 (u,v))|J (u,v)| dudv.

&

BB, LOARIE D, K o & —OEGDEE (FIAIXHEREEG R E) ITBWTH KD D,

&0 BB (T ATAIR)

175)1% matrix DFREETH D 175X determinant DERFETH SH. ZD L D IZHEGEE ZHh 5 DHI
RC=a T VANRERLZDOIIIERNZREELD S, b 70 RN OHKZ S > TE
DOENTZEDTH o7z, BRINIZFHARDIES BhicE TN, ZhudE 1 RARKXDOMD AN
(2T ANVDAR) 2135 7-DICEZALINZHDTHSD. —F, matrix &\ D HFEIZITHI RO Hiw
DHFTHEENT-DOBIZ, e HR IR0 E LTHWSNE X512k o7-. £D8E, P
EHROBMEAIZH YT 2D UTHALRED SN, SHOTHDERBIZE->TWVWS. TS FED
FEREFFRETT VD 5 720, T 6 OBIRER S BRI N Z 212 & 0, 1751 - 1750172 2 3RA°
T LTz,

~

J
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8 Eft

THRDEBRANDEIFESBLUY., 22 TIHTHROERIIHEL RLZBEHIZONVWTIENS, &tk
BZDOHDBEOBEEEZ, HEVFIANEZ [ Z2ERT 5. SEAREIZE W TR THI RO E RSN E
DENDZLIEIMTHLHDOD, BHIIHTF 2R T H25EL UTEETH D, &<, HE2HHT 58
HY UCHIEM%E % H S

BEIZERT IS AG DY RN EEIR HFEREZFOREDZ VLI ITES. LR
NOREIZBWTERIE, FTHRDOEHEL ZTOMEEFARDIBIZHNONEDATH D, THLAFEDFTH
ROFEREDOFEIZBWTIE, MAADERNARRZEDL K 2 HEL T 0T TRV, EFE#ZWRT
T, SBROMERBOFHIZH F ) LEIZRNES S

8.1 EBEMDER
B 13, BRESEOBEHBDS L, H5EM4E2HIZTHDODI L2 WS, T2 TWS HIRES DR
BLRIIATTHEDLRV, AETIEIROMRIDZDIZ, n 2 AR L, £E5
X, ={1,2,---,n}
BT BEIZONTEERT S,

EZE 8.1.1. X, "6 X, HEANDER 0 : X, = X, IZBWVT, o(1), -+ ,0(n) DFICEEIN R VL E o
% X, LOEBEH#: (permutation) &\ 5.

X, FOBE# ZBNWT, XFF0(1),0(2),- ,0(n) X125 n ETOXFHEERLSTRTCIUEAT
W5, LT, ol 11 B4 TH 5.

Bl 8.1.2. RTEDDEMo: X3 = X3D>5 (1), (2) IXBEMBTH D, (3) ITEHTH.

1 o(1) = 2 1 o(1) =1 1 o(1) =3
1) {2=02)=3 , (2){2=02)=3 , (B)2—0(2)=3
315 0(3) =1 315 0(3) =2 3 0(3) = 2
(3) WEHTHRVDIX, o(1) & 0(2) BEL L, LD >To(1),0(2),03) DHIZEEP R SNENST

H5.

8.2 BROKT
o(1) =k, 0(2)=ks, -+, 0(n) =k, 258EMo: X, > X, %

1 2 n
g =
ki ke -+ k,
ERT. 2T, AAD 217H ki, ko, kg EXFEFNL,2,- - n RMTER D TH D, EIRDOKE
WBAFF E K BIDRD DNz, XRTEBLHEZEZTVWAIONERTEHZ L.

Bl 8.2.1. 0 — ; fi : YFD. o BB o Xy o Xy THBBS, Xy = {1,234} DEIEE
RATEB. 2O, 0(1) =3, 0(2) = 1, 0(3) = 4, 0(4) = 2 TH 5. MEIZABHED 575 51E, Zh

LERDEIIZENTE K\

1 2 3 4 12 3 4
( 31 4 2 ) (1) =3, ( 31 4 2 ) 2)=1,
1 2 3 4 12 3 4
(3142>(3>:4’ (3142>(4):2
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EHRORREZR N T T 572017, ROXROMESi%2iFd L5 5.

o BEHDOXLHIZ L TFOMIGDANRENTH D, HIOWMVIEIZH £ EECTEZRW. £IT, Hil%
ANBATEHEHZHTETE. ZNE-T, BTED D HEMDERENIFHIAIZ RS,

o o THNDLEWIL (0(i) =i 8B i DI &) ITHIGT 2FIFEKLTHINET S, THIIRTEDS
KEEHRDOEXLEZ R T TE20DHETH 5.

PEZDDRRDOMET 2805 &, RTCKRINIZEHRIZTRTH UGG EZRT:

1 2 3 4 2 41 3 1 3 4
g = = == .
3 2 41 21 3 4 3 41

— /AT, EROFEERZFLZZLIZE0, ROZDODER o Xy - Xy BEO 7 X3 — X3 DEFIHD
PRl izEER &

1 2 3 4 1 2 3
o= , T = .
3 2 1 4 3 2 1

CDOREEZFIZHMHALT, m>nDe &, Eho: X, > X, 13X, FOEBMTEDHLLEZDI LI
Lid. ThbbEi=nt1ln+2, ,miZOVWToli)=i TEDSNDEHo: X,, = X, THH
5 ERT.

8.3 BN

ZODE# o, T X, = X, THUT, IN6DEKEH oo X, - X, bELEHELRDE. ThE
EHE S ULOREHE L AL, or £ EL. ThbE, or:=007.

1§US.3.1.02<1 3 4>7T:<1 2 3 4)0)&%7
4 13 2 3 4 1

o(t(1))=0(2)=2, o7(2)=0(3) =
o(4) =3, or(4) =0

o1(1)
o7 (3)

3@5#5,m~—<;i 21)“(3 i)?%é.EB,J®L&ﬁT®T&tEDﬁ§Kﬁ

%ii%%#umﬁ@ﬁifg<t,é@@%%ﬁﬁ%t%%ﬂé.oiba:<i S §>=

(23‘41>@@0maa%ﬁmm&éa

21 3 4
1 2 3 4
T =
2 3 41
3
1

123 4),,
Zi’C“E/uﬁjODZEQ’E‘{ﬁbT,UT:(Q L 3 4)%%5.

2 4 9 3 6 7 8
= DY Eor =70 TH% 155 8 £ TOX
19 9 , T S 36 7 Eor=10TH5 (%H, 58 X %

o BEUO 10 ZENTNMRAL, FERVEFELRDLIL2MERE L) Z0L51Z, ZOoD&EW o, 7 DX
RIZBWT, AIUXFR—DHBEHELRNE E o7 =70 DK D LD,

5 8.3.2. 0 =
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e 3.2.5 ORZIGE L UTRML D L D:

EE 8.3.3. BHOBIZEHL THAEIKITS. Thbb, FED=20E#M o, r,v: X, = X, 2D
WTCo(tv) = (om)v DD ILD. 22T, INOGDOMEML T oro &£ EL,

KD DORERE, ARIZEHIZET 2 —BRmIIBVWTEDONDIHDTHS. I 2 TIREHRORIEE
CEEL T, RO E G X5 (—MDBHRIZONWTIE 19 Hiz A X).

12 .. _
X ") Z1EZESH (identity) & IT

¥, Iz idy, TKRT. 72, BRI X, ISP WEEIXINZEL Tid 2 #<.

EF 8.3.4. o YOt EINILW X, FOEEE#

o E?ﬁ‘lo’ _ ( 1 2 n )0))?’25—’{%%( 1 k2 k‘n > %ao)iﬁﬁﬁiﬁ(inverse) <‘_).H¥‘O€
kl kQ kn 2 )

ol THET.

WEBIE, BROKRIBVWT EFOAfE2ANEREZLICE>THEONE. DRI (o)) ' =0T
H5. Fiz, oo l=id=c"lo b TIN5
A UEBEZEOIELAERT S ZIIEEZH VS

o HAEnIZOWT, Ef o D nHDEH oco---0co & o & EL. Fhol=0c2T5.
o WEHMD nFOEHK (07" &2 o &EL. THIL o™ OFEHIZEFEL V.

o Efi o T LTol :=id KT S, ZOFHEEEALLZILIZED, BEBE m,n IZDOWTHK
HEHI oM™ oo™ = o™t D LD, 2<IZ, 07 oo™ =™ TH D (ZDOFEILMES.4.4 DFEHA
THW3).

ETRAR 7 AFBEER DG EBOBEBFE DG (B 2 WX T5 OBBE DG E) LR TH %
5, ZIZTIEIKT.

1R 8.3.5. Efio BIUHARE m ITHLTo oo™ =0m"! ZRH.
fREH]. £FT o™ =co0o™ I THEZLEZRZED. TN M >2DGEIFHESHLTHY, m=1D
BHEdH o™ —01—0—001d—aoao—aoam LYHERTHIENTES. PRIZo oo™ =
1 Log)oom !t =idoo™ L =Mt g KDBEXE/ES. O

o lo(coo™t)

:(0’

8.4 KEIE#HE ZDRT

%8.4.1 X @;B@5‘6k1,k2," ,k‘rjfy\%@ﬁ&i@ﬁb‘éj—, O‘(k‘l):kQ,O'(k‘g):k‘g,'-',O'(k‘rfl):k‘r,
]@ k—l k

k'r -k 5 = 1 T T

o(ky) 1 295 JE R P

INEEBMELT (ky, ke, k) &EL . 72, ZDOX TN 672 2K [EEH (i, j) % BE# (transposition)
EWnd.

% ¥ [EEH: (cyclic permutation) & W\,

KEEHRZEE L TELDIE, AUXFE2MESLEL FHZ2EL/-OTHS. W, BEHORROHS
MWK OBHIREN, ZITHEHFETIHADZVWEDIZE D A RRTLED D > TH, EARIIEINR
RIEZFRIRSTHEZD LD ITTNIEHRIID IR RBETHAD.

5l 8.4.2. o XOKMEEHIZTNTHEU Bz ZEKT 5.

@a$:@&m=@1@2<§22>.
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o FOBEMIZZRTEZMRALLEIZRDBEO TH 5!

52 3
(2,5,3)(4) = 4, (2,5,3)(5) =3, (2,5,3)(6) =6.

@53xn=<2 35>(U=L (2,5,3)(2) =5, (2,5,3)(3) = 2,

o (ki ko, - k)™t = (kpykpo1, -+ ko, k1). BRI (4,5) 7 = (4,1) = (i, 7).

1 - n

HE 8.4.3. 0: X5 = X5 % 0:=(3,2,4)(2,3,5) TEDD. ZOLE o % (

Lok
. E, 20 o EKEEERTH 2
A X5 DFTLERAL THRAT 5.

o(1) = (3,2,4)(2,3,5)(1) = (3,2,4)(1) = 1 2
o(3) =(3,2,4)(2,3,5)(3) = (3,2,4)(5) =5, o(4) =(3,2,4)(2,3,5)(4) = (3,2,4)(4) = 3,
o(5) = (3,2,4)(2,3,5)(5) = (3,2,4)(2) = 4.

1 2 3 4 5

UL7zD3oT, 0=
1 2 5 3 4

) = (3,5,4). WA o I FEHRTH S.

BHRRERE XD BEMREDIZHMLUTEZLZ L, ANICB T2 EANFREDO—DOTHS. Zhvk
BEHROGEICOEAL, EEOESRE X0 BRERIC OS5 EEEXS.

e 8.4.4. TEOEMIIAE VI F2HEEUARVWKRIEBORIZHEINS.

Pmﬁch:<12 3456 7)KBVT%#@$5%.iflﬂa%&gibﬁﬁétgwi5m
4162753

BOZEDLLD, $hbBEI ay, :=0™(1) BRESFHL<PERD. 5L, 1425142
CHEDIRINDG. EDLUTHRORINDGONEHHL LS. X, ITAREED ZEF] a,, 13 TNHTEKET
BIENEND. DF D oF(1) =0(1) =i BB _DOHRE k > L HBRONE. 2D E oY1) =1T
HEZENRDESITRENSG. B IZX, DETHE1BEIPp=0c"1) 2ThTNRATE L,

o'(1) =1, al(p) = O'Z(O'k_e(l)) =ok(1) = .

2F 0 ol(p) =0t(1) THY, o BBEBTH D DS ol(1),-- ,0(n) DFICEGITLRVWDZIp=1, T
KL o 1) = 1 TRIFNERS RV, WE B a, TBWTARLEE k- (IHE ETIZ 128N
52D rotz. TUT, ay (m > 1) IZHIDT I AENZIEE D BIZDOWT, a,, EKE ULl 5.

TC, LI o2V IBRULIFEZ U2 20 IFKHEW (1,4,2) OFE HLFEUTHS. RIT1,4,21
B ro 72307, BIZIE3 IO WTHBRIIBEI DML 2R TASL 3= 65— T—3— .- 2185,
ZHIEK[EE R (3,6,5,7) LRAIL@EELTWS. 20L& “O0HES A={1,4,2} & B={3,6,5,7}
DENTIFEET B0E—2B 0. ZHNEMRZA S 0. TOBHEZFLIERELLD.

ADTEE ap, = 0™ (1) 7RZ2ITGDEE D TH Y, BOITIE by, = 0™(3) BB LDEEZHVTHS. RIZA,B
D FIZEEND KDDL TNE, 2 =q; =bj HIFD. ZOLEx=0/3)&D3=07()
THd. —JH, &am (meN)IZDWT o lay) € ADEY LD, EBE o Yay) = o7 (0™(1)) =
o™ 1) =am 1 €EATHE(ZZTag:=01)=1,F3). B, q; ot Z2jEIFEZT LT
oi(a;) € ARBD. LIAW, 3=0(z) =0 I(a;) € ALmoTLEW, 2THIFAITENEWIGE L
T3ZEMWoTEZLIIKTS. LELD, A BIZEET 5Eidi\w.,

F72 X, DXFEHRHEOK L TVWARWESIE, ZTO LS BXFORBHOMLLZIERATHWL. §5&, X,
DETLN o WL DEE HTEERSDESINDLZ D005, WEOHITIX{1,4,2} & {3,6,5,7} D
TOEAEING. ZOLE 0= (1,4,2)(3,6,5,7) LARIND Z LIFT NS, O

BAgA SIFBOBHIH U THHTREZ L THS. LH L, Hhidtd £ 0 ICHIRIE T o M E S hia g
BERD RN, 22T, — OB T 2 ERER T E 2 L5 RiEhaEEL DD, I 2T E e HIZB5 T THD
7z,
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ﬁ% 8.4.5. ME%}@G:OL\VC) (kl)k27 e 7'I€7’) = (k17k7‘)(k17k7‘—1) U (klka)‘
LOMEDELE, XFH kg -k, X T ko - kpky AN Z B ROBEZEHRL TW5:

( ’

k1 k)
5

( bl

ki k- ket Koy ki Ky
(k1kg)  (kpkro1) 1,kr)

kiko - - -k, kokiks--- k. +—— ko---kr_1kik, ko - kpky.
- ki k; - - .
sz, e O s bk o AN R KT

MERAAB IV 8L LV EBIZRZEES:
% 8.4.6. FTEOEMIIHBORBIZHMEING.

123 45 6 7

#E 8.4.7. 0 =
7 (41 6 275 3

EA.

) & HHOBIZ o K.

(12 3456 7

416 2 753>_0A”@&iﬂ—@@@®&ﬂ@aaw

8.5 EHONS

E% 8.5.1. Filio A mAOEROBMTEING L X, san(o) == ()" LD, ZNE o DES
(signature 7zi3sign) £\ 5. sgn(o) = 1745 EH o Z{BEM (even permutation) LITY, sgn(o) =
—1 725 & o % FEH (odd permutation) &R, ks, [HEEM id TMMEHTH 2 LHRT 5.

EHOMAMED Z & 2/ T 4 (parity) LRI L H 5.

8 8.5.2. n>2746 W idy, WMELBUED EHIZ3ETE DT L 2Rt
fREMH: idx, = (1,2)(1,2).

ROF (FH 8.4.3 LRI UEM) 5 E 505 K512, EDO BHOBEAND S RIE—EHTIE .
(3,2,4)(2,3,5) = (3,4)(3,2)(2,5)(2,3) = (3,4)(3,5).

U7e3o T, o PNl o B O CcERYE, HIZHBUEO HMMOMTHREL L0 d L, c DR FEED
LZZEIETERN. LBLAEYS, ZOX5RZ I ST, @fts RO TR UZEOHOMEE
DMIEFIEBT T HZ RO NT VWS, ZOFEEDFEIIZITN L DPEEBPBREL 250 X, REiIC
FbhES.

& 8.5.3. X, LO&EM o, 7 12D\ T sgn(o7) = sgn(o) - sgn(7).

Proof. o S kfll, 7 DO HEMOETRIND TN, or 1Tk +(HOHEMBMOETHITS. DRI
sgn(or) = (=1)F* = (=1)*(=1)! = sgn(o) - sgn(7). O

X, FOB#EKRORTELEZ &, (HDWVIES,) £EFEE, ThZ2nRTEE (symmetric group of
degree n) £\"5. &, DILD D LMEMMDAZ T RTEDZEAZ A, (HDWVIFA,) LEE, Thin
R EE (alternating group of degree n) &\ 5. &, DILDFELBUIT N D725 S . EIDRR%Z
(; ”';/ DD RIZIET 2 &, BHOKREUL n HD LTI K B kyky - - - ky, OFRBUZ — BT

Lok
5. DA G, DILOBEIEn! =nn—1)(n—-2)---3-2- 1{HATHZ. FIZIX S, DuOMEEIE 4! = 24
fATHsd. n>21220WT, A, DELKIE S, DILDEEDE & 5 ¥R TH5. ZOHEEFEBETRT
(fiE 12.2.2).
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5l 8.5.4.

S - 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
3 1 2 3)°\1 32/ \213/"\231/"\312/"\3 21

={id, (2,3), (1,2), (1,2,3) = (1,3)(1,2), (1,3,2) =(1,2)(1,3), (1,3) }.
As ={id, (1,3)(1,2), (1,2)(1,3) }.

3 8.5.5. K& R,

(1) o, 7122V, ro=ide=T7=0"1.

fRER: (=) To=id & T 5. ZOWLIZEPS o 2EKTH L

(oo ) =ido™!

1

Tid=o0"
T=0 L
(«): FEHOEELVHSNTH 5. O
(2) B o1, 0, 2DV, (01027 Om-10m) " =0 tomo1 T ooy T
fRER: 0= 0109 Opm_10m BEF 7= (FHH) LB L, 70 =1d TH D (THIIH5.1.3(3) &
BT 25 &5). XoT, (1) &b r=0"1%2155. ]

(3) Bt o VLD HIDETE T 225, o~ & LD EIDFETEIT 5.

fREW: o BN LMD HI 0 = (p1,q1)(p2,q2) - -+ (e, qo) WHREINTVWE LT B, (2) &0, 07! =
(peyae) ™+ (p2,@2) Mo, @)™t = (pes o) -+ - (P2, @2) (p1, q1) X LD HIDFEN 5725 O
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- FeR (AFHstE 2 )

AEIORBIZHEL VWD SENHTE 7, eI 20R T 28 PHETH S, HOMERE
FXZDIAT LORBIZHERSE L LT, ZOENIHFREIZDOWTE R LS.

— I, WS OPDHEYNTB VT, TN B SDPDVEIZEWTHETH S (D HoTWD) &
X, ZINS ORI TH L L SN D, WLV TT SIZBWD < FHRUIMFRC s HR 7 &
MW - HENZRHDTHAS. ULrLHREICHEAZRWATEEH 5. HIZIE, XN2? + oy +y2 + 2w
LZJSL\’C’ﬁiﬁx EYylFHFETH L. s, o0& yZANFZDEL P2 +yr+ 22+ 2w 2720, K
DRZEIZZTZ2E0D, ZTOREHLORNLFAUEKRERT LS TH D, FKIZ 2 & w IEHFR
THO,x & 2 ITHRTRV. /2, S L WS ERSHAFRE XY ORIOADERE Bbhdis T
HED, BT UBZNIRBEDTIEARW. HIZIES Y VT v E2ZEZLDS. Yy oy THTZOD
FOMIZIIBHETORBRBAH L, 2S5 IFHNETIER Y. LALARYS =ZD20FDMOBEFKRE LT
XD HVWHAENTED, ZEDNBIINETHS. LEVoTIY U T VOFIINMTHS EE X
CYATR

ST, ZNSICHEBETAMEIIATH A 5 5. TN E AN Z TEAEMNZZEH1 N & W0
DT L Thb. FITHEPYHIZBEWTIE, H2HEPG X ONIZHRIINL T, ZTOEENEAL
LIRWANEZ, BELUOZES LEZANEZOWED Z & % WFME (symmetry) EIFATWS. filZ
WWEAIZB W TR EE EOREIE, XRTZ PLD -1 {512k > TEHEWHAANE LS. 72,
22 Fay+ 2 2w llBVTE, ROBERLPEZDLSRVWE I BERDANEZEZ2EZ T\, Uv v
TUIZBWTHETH L. il TAIZ BIZHES, BIXC IS, ClE A2 B>k
A B, CIZZENENTY Yy T VDFENIES. 2O E, ZOMENKN UiT5 X 5% A, B,C
DANEZNY ¥ 7 v OXMFMEZ R T 5. s, WFMEE AN X DRBOAEE 2 5D T
2, ANBZOHEBRIZOWTHEBT M ETH 5.

B2 BUA RIS DR X EH Z W TR T2 Z e N T&E 5. £ 2 THRKKZBIE O NP %
FIELTALD. BOIZIE=ZME ABC #Hlick 5 5. ANABC OTES % JIOTEHSA~ABE X+ THY
E-AREELBEEZEZS. HIZIEAABC % 120° B#EE5 L THM A, B, Cl3ThZTh B,C, A
CBETS. ZOBESFHZIIKEERR (A, B,O) IZHYLTWS. 72, HA A 28I R\ THRK
% X E B EMEIZTEE B,C D AN X KL, ZHIEHE (B, C) ITHMT 5.

A A C
(B,C) (A,B,0)
s 120° [a]4i5
C B B C A B

I 2 6N 2 EEIX 240° [MERIZAHYS 3 2 KEEH (A, C, B), 360° [Alz (F5 R 2 NIXTHAZ 2
CEH S RVERIEIAIZHE L), B,C DWFNH 2 EE U7 KEECHYM T2 H# (A, C) BLU (A, B)
ThHbh, RDEI6DTH 5.

{id, (B,C), (A,B), (A,B,C), (A,C,B), (A,C)}.

B, WOEE FH 21X 1200 [MEEOMOE/EL LT —120° [EENAZFZ 505, UL, 2l 240°
[\E E FERDPLE LWL S BRI Z EIFTWa. £72, 120° AHEDHZIZTAZ A DH > 1AL E TIHM %
EELUTKETSEWIEELZEZONED, ZOHE2 ke LTRS &R, HE A C D AN
IZEES, LD TINEHA LT TWE. 22T, BIEOHAG LY L BEHBO ARG L
TWbZ& (B,C)A,B,C)=(AC)IZERLEZV. EZMABICE T 2EAOBENIL LD 6 FEET
ETOLLTWA, FEE, XF A B CE2XF1L2,3ICESHINE WEBEXTWHEROELIT
G ZFEUL, HERDANEZZ I N EEZEZ 2 Z LTk, LEDOERIZED, E=ZAFEOX
Kﬁ%u3ﬁﬁ%ﬁv526%5:aﬁﬁ#oh
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[FIRRDZE L% 1,2,3,4 ZTHAICE DIEARITH L TIToTA LS. 72 ZIXHEM (1,2) XEA %
ARENZT B AN A TIER.

1 4 2 4

(1,2)

2 3 1 3

7 s, HM1 & 2DAEZ ANEZS L, M 1,2,3, 4 XIEAE TR LEZNOTHS. ZD XD
REBIZEE U CIEARONIMERZYIZET L L, Sy DD D BRDEFDIZHA EIFs5h5:

{Eh v, BN, 45K, ST F#R 2-4 % 8§12 K iz,
AR 1-3 7% Bl SCHE, 90° [A]HE ) 180° [alix, 270° [A#x }
= {id, (1,2)(3,4), (1,4)(2,3), (1,3), (2,4), (1,2,3,4), (1,3)(2,4), (1,4,3,2) }.

B I8 AT FPRERITIINFIED IR ICH 0, EHRZ AW TEA T 50 L. Zh o ONFRER,
TR 1725 n REZITHIRK SO(n) Tilid TN d Z L 2B THEREZA S . HIELS O FRME I
E57155h. Na?+ay+y? + 2w ORFRE {id, (z,y), (z,w), (z,y)(z,w) } THEZOH, Vv
Yy ORFMER {id, (1,2,3), (1,3,2) } &% 5. Z U T, SRS T RIS MG I3AE 22/ o
HETH D, R"ICHIT 2L AR OREE % 2 Z 12 WEABO 2RI, n KAH7 52K GL(n) & [F—
I, TNE— iR Ef (general linear group) & ..

IDES 7% “WEEEABVANBEZRE Z2MERICEER T2 5HEE LT, BEE TN 5 R %0
EAEAZ I N, BEH G OEITTOMICHERA (MR SIE Ry b - TRIH», HDHVWIFEBTLZ L
ML) B K OBATT (identity) EIEEXND Kt e € GNEAONTE Y, ROFEM %=
& & G % #¥ (group) &\ 5

(1) FgeGIZDODW\WTg-e=e-g=g,

(2) % geGIZHULT, REH7-9 T (inverse) g L BFET S: gl g=g-g =,

(3) B g, h, feGIZRHULT, (g-h)-f=g-(h-f)DEDILD.

Tabb, (1)Me ANEZRVEEe XD, (2) EANEZ g IZH L TENZTIZETHDOANE

g WEE->TED, (3) RECHAGLEIZE L THEAMHEMNZE N5 Z L 2 EOEHITRART
W3,

WFREECRZARBE, HAWVIEINF TR TCE MMM 2R T 2EHROESL, id 2HATE L,
GROGHEEEL THHTHD. £72, GL(n) I$HATF B, ZHALE U, (7O EZEE L T
HHETHD. BEARZIE, 028t U, RUEZEHBE LTI THS. 2O L5112, HIZEFED
W25 ZAIZmNTWA.

J
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9 EBEHOFFFICDOWVT

AHTIE, T UDICHIHI TEDBIOFEDERICFENZNI L, Thbb, Bz HOK
RS BB B BIOMEBOMAT R ROIMEHIZ L 5RW\WZ & %2R, R, &z XFF O
BABECTH B e E R, ZONEG» O HMOBANDRRIZDOVWTHEET 5. £ 2 TIRIEER L XN 55
MEAIN, ZOHGRZEL T BMAREHIZ K2 0MAE5Z 6N 5.

— 7, BEBE WS Z LT, BRORNSZNOURNSERT D HEND L. TNIEHEHMOEAND S
ROH T2 H SN UD—DFIFEDTELILIZLY, TOFMTFIZL->THERTDHD L WD HIETH
5. 22T, 25D TEBLUIFNEVEROME 27T 2 L 2FMERAL TH L. 2O HEDOFR
1, BEOMRD D ICHIGT 2 XFH2RHHT I 8T, BREOFMZES T L € XE O JETITHANE
OOENDEZLILHD. BEHEFLTIHFEEND, HLHOHENREL L VWZ D725,

BE, FEOEHBIIFEVEN R GETIHICE ST, RO I1HIAETHS. 72,92
LB TR D Z L IFEHICET AR HIEE W o 2 ERE WA, SIEARBROZ R 2 ED D ET)
TLEBHEDOHNEL VI DIFTIE AW, HATRRZDIIRO - DDOHEIZESE. —DIFBEEDEN
LD ESDEBES> TEHEHEPERDTICHEL-ODOBTH L. 5 2%, BFEZ2IGHT 285 H
S5RTH XTI DM OFZNIEARNREZ S - BERLBRDS51h6THS.

9.1 BFSOEHM
B c S, It LT, ROBAEEZ 3:

s(o) = H 700):0@)
1<i<j<n  J T

Bl 9.1.1. (1) o= (1,2)(3,4) € &, & THIZ,

5(0) = 0(2)—o(1) o(3)—0c(1) o(4)—0a() o(3)—0(2) o(4)—0(2) o4)—0
2—-1 3—1 4—-1 3—-2 4—2 4—-3

_1-2 4-2 3-2 4-1 3-1 3-4

S 2-1 3-1 4-1 3-2 4-2 4-3

3)

(2) HEFEHId € &, I2BVT, s(id) =[] I
1<i<j<nd T

s(o) MHBEEZBE®RTZZL2INNS ATV, T, s(0) LI DELPIMS W 2k A Y
HOMNTHEH, ZO-OHERLTEIZS.
8 9.1.2. s(0) =1 F7z1F s(0) = —1.

Proof. k<t &L &S, ZDEZE, s(o) DEBERDARHIEWT LHZT L —kEDBBENTWS, £z, 77
FIZBWTH, 07 (0) 2 oM k) DELSRREVLEIAD LSRN, oo™ (0) —a(c™ (k) =L —k H
BWE oo™l (k) —o(c )=k -t DS bVITNhL— AR 1LEZTENS. LED>T, 41—k
FEk—0) EEE(0— k) PHEINT1E2IE 1245, ZOXIRIEVTRTOEHDHRHIZD
WTEARDLED, i, EoRIF1EFLZF - 10VWTNHADAZIDE5. O

RIFE 853 % s(0) DEETEVHMA LB DIZHYE L TWS.

R 9.1.3. &M o, 7 € 6, ITDWVWT s(ro) = s(1)s(0).

HUENST, s(0) THO TEBOFESZER LTS L.
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Proof. RO XS IZFETE 5.

s(ro) — To(j) — To(i) _ To(j) — To(i)
7o) 1<g<n j—u <1<E<n o(j) = o(7) ) (1<z<]<n
-~ 7(0(5)) — 7(o(4)) 7(0(7) —7(@(@) |
R 1§il<_J['§n, o(j) = (@) 1§z’1<_jl‘§n, o) = o) “
o(i)<a(j) o(j)<o(i)
_ 7(0(j)) — 7(0(4)) 7(0() — 7o) | s
N 1<i1<_J[<n o(j) — (i) 1<i1<_JI'<n7 o(i) = () )
cr?i)<<7_(j)7 o (j)<a(i)

1=oHD [[kBWVT, 9

( H (6 -
? —

1<k<t<n

T Z0EFERNITONT

=AY

2T, 5o ZOHOEFEXRIIKOMEIZES: 1 o nDHIZHBE _DOHDHM i < j TRTEZEHR
RSEDT L &, k=min{o(i),o(j)} BEO L =max{o(i),o(j)} LB, Mek<lB1NS5nDF%

HEZSITARTHLS. BRIZINSG

LOfiEE GREEHT 2 Z LT, BHfloy, - 0, ITDWT s(oy---0) = s(01) -~ s(oy) 2155

WREO9.14. 1<k<t(<nkd5.

Proof. s(o) \CHNZEEHE, WS DRDOHBEIZR T LS. T, kL PR ELRVEGELROEGE KT
T, TSIk LEHRUGERZi=kDDj=LDGE, TLTZTNLUHNDGEIHMN < 21T 5. KOS

Fi<jRbdMIRTEELERL S
o i £k DGk LDEE,
o i=knDj=0DHH,

e i=kTHY jALLDGE, T

i=0ThY j+kDGH, Z

j=kTHbOiAlDEE, 2

j=LThHYi4kDGE, Z

7(k)
k) - 5(0)

DTENTNIZ -1 ZHIT 7=

s(7)s(o).

(EEE 30

BRIUFEZZZ TN,

Hifto = (k,{) € G, ILDWT s(a) = —1.

FLTWA.

DEZEk<j<nhDj#L,
DEEL<j<mn,
DEE1<i<k,

DEE1I<i<lhDi#k
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ZDEDIT s(o) ITHNDRIHEZ DU TERET D ERDELSIT45:

so)= ] 7=
1<i<j<n

_ 11 a(j) —oli) Cﬂ%:z%v

bty Jj—i
1<i<j<n,
i#k,l, j#k,L

o(j) —o(k) o(j) —o(l) o(k) —o(2) o(f) —o(i)
II“jj;* (]Ijg>(11ki> I ——

k<j<n,
J# itk

| oo k1t
B 11 i \v—k
1<i<j<n,
i#k, L, j#k,L

T2 BEESHA T

I 9.1.5. BEf% HEORIZOMHT 228 1) 2 HEOMEBOMEF XD RO TI1Z & 5720,
Proof. Eio W k{HOHM o1, 0, DREIZHRTE D LTI, LD ZDOREN S

s(0) = s(oy---op) = s(o1) -+~ s(op) = (—1)F

2195, WZIZ, o BMEBEDO EHOBIZ L ABEDOEMOBIZENMTE D LINET D L, s(o) =1 D
Ds(o)=—1,2F0 1=—-12RIN, LAL I DR, Lzht> THEBEOMEBOMEE X —
B Ths. 0

FOERBOHISEL IR EE5.

% 9.1.6. B o IZDWT sgn(o) = s(o).

0.2 XFFDBVEZ (&WHBE)

IC, B IIFH EAARFEZ2EEEEEZOND. TNEDLUHELLATALS. X, EOEH
o —DFETS. nflDXF % EERLWERIZEBEDXFIN I -1, 2RO XFINIU A 2 5%
FERBH., ZIZT,olZHRTAUEREZ LM 2EZ LS. TONLOIEHITEODLHD, L<IZH
REBEONZDITRD 2FEHED HETHE. 2O ODHERRE LWL D EERET I L AZDIAE
@H%T%%.Z:Tﬁﬁ%%ﬁa:<ii 2; ig ;)%@bfjﬁﬁaﬁgﬁwiﬁﬁéi
G2 BMHAL LS.
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(1) XF i Dd > 725G X F (i) ZUMARDEEL AT

ED o HIZENE, XF1DOHST-HMIIXTA42BEBE, XF20H>HATIIXT1 2 EE,

LS XFTOHSTGAIXFE 3 2ELWMARFERIR S, UizA > T, ZIUISUFES 1234567 % X
FH 4162753 IZWMREZ DHMETH 5. TR E 2L, XFFN - 1, ZXFH o(ly) - o(ly) 1T
WRFEZXDEETHS.

(2) FEiFIBIZH 57T % o(i) HBEICBE S ELWMAEZHEL ART.
Lo EHIZENE, FEIFHIZH 72X FZ AHBEICEE, HE25HICH > 72X F% 1 HIHICE
E L BTHEHICD o F R 3PIHIZEL 2 E2EERT S, Lo T, XN Ll lglalrlsls %
FHN U 1ol3lyl5lgly 1ZMEREEZ B8R, & <UTXXFF] 4162753 % SLFH 1234567 123~ 2 2 4
THb. 72, TOEIEIZDWT T 1234567 %:jto 2B 2471635 LB, TE SR
BADDIFERRHL <, LWTERIELFI 1y ) XTI - 1 (ZWARER D BE, DB
WIESLFA 1y - - - 1, & S lg—l(l) Ay -1 ]f’\gez.é?%ﬁzéﬁ 7’;5

FEDOZODUREZ FE2KEIIBZRN5, %@%E@@T‘f& PET B HIEIZOVWTHELTALD.
XFH123 - n IZBWT, B0 A 5*@@3@@)\2%%%@&%:% VIR U THEEDTFH kikoks - - - ky,
’Wﬁ,j‘éfgaﬁi%%zé B ZNE, XU DITF ky ZIHE TREI S, RIZXF ke 3 25HIZR 5 &
SHHIIHE .- tb\j%ﬁ{’ﬁ%?ﬁfbx}ibfb\ﬂfib\.

E3UE (1) OB TOANEZ ZMREIT 5. UFF 1234567 % 4162753 IZEZ DITIERD & S AN
BAEITAIEE V.

(1) 1234567 24 1243567 24 1423567 L4 4123567 2 4123657
29 4126357 2% 4162357 27 4162375 £ 4162735 £ 4162753,

cow, ws O i b R ANBR BB, $abb (1) KT (i, ) ISR T 5T
FIOANEEZ 2 TIRT 5. LehinT, o 1E LOBIE AL 7= EIROBIZ MR N3

(1234567

416275 3>—(3,5)(3,7)(5,7)(2,6)(3,6)(5,6)(1,4)(2,4)(3,4).

ZDEZHEDESIHTDANEZIIMEITHONE DA, WEDANFEZIIZBEWTX T E; 2 ¥HIZ
BEIZXE 572012172 72 AN Z DRIEUL, k?z+1,"' Jkn DHIZH D by KOS REOMEBUZ—EL T
W5, WRIT, ANZZDOREUIRD inv(ky, -, k,) THAO6N5S:

n—1
inv(ky, - k) i =Y (kig, e kn D35k X 0N RBOMEE)
=1

= i< JWDk >k Zhilz M (i, 5) DIEL

#2118 inv(4,1,6,2,7,5,3) =34+0+34+0+2+1=9TH YD, NPT o lX9 DDHMDFREIZHfRINT
W5, inv(ky, -, ky) IZEREIE (inversion number) &IN5,

RN (2) DALBIZBWTXFIDANEZZ L TALD. o ITX2XFHOANEEZIE, 4162753 %
123456 7T IZANBEZ 8 ETH 72, T4b b, RO KER ZHRFITW > TWL T &Itz 5 70,

(#) 4162753 M 4162735 M 4162375 M 4162357 @ 4126357

29 4193657 29 4123567 L2 1493567 23 1243567 B 1934567,

ZIT, VE Q) IHET A XFDOANBEREERATVWENS, B (1) e aie S s A
EANEBZLHEMEIRLTWAZLIZERTS. ZNoKLZDIDANEZDERDY 0 THH, D ZITRK
2155:

1 2 3 45 6 7
416 275 3

> =(3,4)(2,3)(1,2)(5,6)(4,5)(3,4)(6,7)(5,6)(6,7).
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PAEE—MOBHIZEWTEHRLL, & <12 (2) OG5k 25 Z L TREGS:

1 2

FIB 9.2.1. (LEDE "
% i ”@<k1@ o

INb.

)uu¢+n@é%®mwm,uﬁ@ﬂ@ﬁ@@ﬁaﬁ%

9.3 GEBICLZHSOTE(LYHB)

ﬁ@ﬁ%%mfﬁﬁﬁ®ﬁ%ﬁﬁi6:t%%fﬁ:ﬁ.T&b%,ﬁ@a:< L2 n)

kl k»2 kn
WXL TS5 %2RTEDD:
5(0) == (=1)mvikL k),
WEIZ A IFEH 915 B L9211 2B TVWENS, LD 5(0) Wsgn(o) IZ—HTHI LiFHnroTW»
5. LU S, Zho DR EERET EBRTICE T 2 bEELWETH 2 @i 8.5.3 D EHEE
LNBTELERTD.

B 9.3.1. (1) HEFEHIdC S, LBV, 5(d) = (—1)En) = (—1)0 = 1.

(2) H#fto = (i,§) (7272 L i< j)IZDWT5(0) Z23HL LS. ol

1 v i—1 4 i+1 -+ j—1 j j+1 - n
g = .
1 v i—1 j§ i+1 - j—1 i j+1 - n

CEIL. FXFNZ =1, ,i—1,5,i+1,--- ,j—1,4,j+1,--- ,n DEFEKEHEZ DL, j &
DAEMNZH 2 §RIEDOEIE (F— i)l i <l <jRD DT, L OIS B ¢ RIGEOEIL i
DATHY, ZOEIBRLEFERHTG—i—1)lDb. £/, 2TNSUHNDLFITDOWVWTITH AR
KTEVWDRinv(Z)=(G—-i)+(G—i—1)=2(—i)—1. Z2NFHFHTHS. DXIZ3(0) = —1.

R 9.3.2. Effiocc &, BLUHMIZH LT, 5(07) = —5(0).

1 2 ... . — -
Proof. U_<k: ) kn ),T—(i,j)&|E§< (7z72Li<j). TDEE, or DFRRIFRD KD IT
R
AAN
S T R B A N N AE A2 ST
ki - kicw ki ki oo kjo ki ki o Ky )

ZODXFINX =k, kn &Y =k, ko1, Ky ki, ki1, ki kg, o ke (S8 DEREIEO
Zinv(Y) —inv(X) 25T 5. AR E I3, EXFOEMIZH B EHT & /NS LBOEBOBRETSH -
75, inv(X) BLOTinv(Y) IZB T2 ZNETNDORNCE T 2 BHDE W k; & k; DEIZH 5T ky
(i <L<HITBVTULRENRW., SUFEH X %2 YV ICEX - E, XF k OAEIZH B ky L D/NE W
BOMBERENZTEAT 2NREBBDLERDEDITRD.

ki >k, 2723 p (772U i < p < j) DMEBIAZ TS, 5 OEMwIZHNT &, 13RI 7225 T
HEMPSMIMIEADZLITUT, by > ky Z2Wi723 p (i <p <j) DMEEE afll & U, k; > k; 72
biEz=1k <k 2ola=08B. T2k >k 2iirzdp(i<p<j) ODfEIIa+ @
THY, HAHDOZEME LTI —(a+x) £725.

(ii) k‘j IZDOWT.

kp < kj BT p (72 L0 <p<j) OMBRAEIEZ S, ELFABKDERT, k, < k; &l
Tpli<p<j) Oz LU, ki <k moldy=1k >k Zoldy=0&8L. §5&
kp <k; 2729 p (i <p<j) DEHIIb+yldTHY, DAIMAHDENE b+y THS.
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(iii) ky (72720010 << j %729 j—i— 1LADXFDWTNN) ITDNT.
ki > ke 7518 k; OB X B2, b < ke ok Dk, KO BEMNCBEIL-Z212&D
1DWRD. B,k < k0D L OIBUL, () 1I2B 2D S j—i—1—allTHB. £/, ky < kj
ROk OBENC K BZMIZRL, ke > ki 251 k; BBEIL T E OAMPSHADZ EITXD
LS. ky > k; 755 OEBUZ (i) LB T 2&m» 0 j—i—1-0HTHE. ULEDOEENS, X
FheT2BIZBFBZIE, i << JIZODWTHRMZRD, (j—i—1—-a)—(j—i—1-b) =b—a.

PLEDZALDOIRHD inv(Y) — inv(X) 1IZH 72205
inv(Y) —inv(X)=—(a+z)+ (b+y)+(b—a)=2(b—a) + (y — ).

TyDEDHED i<k DEE(y—2)=1-0)=1k>kDEE(y—2)=0-1=-1PA VT
NOGAEIZBENTE inv(Y) —inv(X) IZFHE 05, Lizh-T,

5(0'7') _ (_1)inv(Y) _ (_1)inv(Y)—inv(X) . (_1)inv(X) — (_1) . 5(0_)

O]

FEORHIE inv(X) & inv(Y) D2 EERRE T, Lz >Ts(0) BLU 3(0r) D% KD IZFE
AR INTWS. FFHICBVWTHEE LD inv(Y) —inv(X) LW ETH-72. 2O XS5, fiIHAR
BHNZEEDE RSO 5 Z ERELITIERD SN TWE. WEDGHTI, inv(X) ® inv(Y) BE, T2
DL ARREEI DS, 205 OROBR inv(Y) — inv(X), 2 F 0 R ARENPARER RO TH - 72

BRI, i 8.5.3 IZXInT HMEIFRD LS ITRINS.

& 9.3.3. & o, 7 IZDOWT 3(o7) = 3(0) - 5(7).

Proof. T = k:l ]:f) CiEL e, B 921X 7 iFinv(ky, - ky) HOBEHOKTET 5.
T

C=inv(ky, - kn), 7= (pr,q1) - (pe,qe) EE, fliEH9.3.2 % (EEHT 2 &,

5(o7) = 3(o(p1,q1) - - (Pe—1,qe-1) (Pe; qe))

I
—~

—5(alp1,q1) - (Pe-1,90-1)) (Z ZCHi%E 9.3.2 & I\ 7z)
== (—1)65(0) =35(7)-5(0) = 38(0) - 5(7).
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10 THRDEREHE

WEWEITHIADERIZAS 5. AHiTlE, 752 RO T 2 VEE TH 2 L ERIENE & BT
WTIHEARS . fTHRDOERZILANIZEZ2Z2EH D, Tho OWEIZEREPLVHEEDLVWE1D
L, 22T, A R0OFNIZET 2HEEDO WL 20, X7 MVOKTIE S N5 MK OKRFE & DR
ZOWTEHLHBEHHZR T 2. TN DRMNZTEREZM>TEL &, KOERVEBENRGOND Z &
S,

10.1 EH

THARDIL AN BRERZEZRTEHEZS. BOKHFEIZL>T, EHEZRZEZITTZTOEKRZHEFET LD
BHREETHZLES. IZE2hboT, RIZPAIDEHRZRHT 200 WA, 175X T 554
DE % LA AR, BHRINIZRDR 525N T VWA LiEmEEDORT VWIS TH S,

EFE 10.1.1. n RIEHTTH] A = [a;] 26 LT, A D1TFIRX (determinant) 2 XOXNTED, Th%
det ABHB NI |Al L EL:

det A= )" (Sgn(U)Haio(i)> =) s80(0)a15(1)820(2) *** Gno(n)-
-1

oeG, 0€G,

ETHEZ N, R MVOFITIRS N XEDF S ERFEITARLIZ T 2D0E 50, ktb
ULLIEUTWARE DL WDTIERWEA DD, UL LR s, ZORENDREILREF TR->TIEFL
W, 113EETHDIE, 20X RS REhsTthH s .

T, NHEE S, DILOREII 0! TH o7, DI n KEFHMRIE n! HOHEOME LTEHRINS. H
ZAX 2 RDF7FIRIE 2! = 2THDFTH D, 3 KI7HIRIL 3! = 6 HORH, 4 K751 4! = 24 THOFI & 7
5. 35DV A XN WGEIZOWT, (TH N2 ERICEESTITEROLDITRS.

B 10.1.2. EELZ 8T 2 BED D BI5EITIR Y, 175D (4,5)-F7D ai; & a;; L RIS 5.
(1) n=1DHE. & ={id} BLKFsgn(id) =1 &b,
det(ai1) = sgn(id)amd(l) =1-a1,1=an.
(2) n=20DHE. 6, ={id, (1,2)}, sgn(id) =1, sgn(1,2) = -1 TH 51 5,

a1l ar .
= sgn(id)ay jq(1)a2,ia2) + s8n(1, 2)a1 (1,2)(1)@2,(1,2)(2) = A11022 — A12a21.

as1 am
(3) n=3DBE. Hls54kD
&3 = {id, (2,3), (1,2), (1,2,3) = (1,3)(1,2), (1,3,2) = (1,2)(1,3), (1,3)}
ThD. LizhisT,

air aiz Q13
a1 Q22 a3 = Z Sgn(a)alo(l)a2a(2)a3o(3)
az1 azx asz| €G3
= sgn(id)ay jq(1)a2,id(2)@3,ia3) +sen(1, 2, 3)ay (1,2,3)(1)02,(1,2,3)(2)43,(1,2,3)(3)
+sgn(1,3,2)ay,(1,3,.2)(1)02,(1,3,2)(2)@3,(1,3,2)(3) + 5801, 2) a1 (1,2)(1)@2,(1,2)(2)43,(1,2)(3)
+8g1(2, 3)a1,(2,3)(1)02,(2,3)(2)3,(2,3)(3) T 580(1, 3)a1 (1,3)(1)02,(1,3)(2)43,(1,3)(3)

= 11022033 + 012023031 + 013021032 — (120210433 — 411023032 — 13022031
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AEiHB & CRETERARZTHIROFEMEIL, TR PIVIZEHT 25D EHRZ MLIZET2H DI
Tons. ROEHE, ZOWTNh—AIRINNE MAEELIZEONE I E2EKRLTWS

EE 10.1.3. (TEDOEHTIHIE ZDEEEFFIOIFFIRIZF L. 7405, det A = det A.

7R %, S EHORBEILRRE BRI B IGICBWTIE, 2hE, FIR7 ML TES NS X
FBLEED 72D TH o7z, L ZAWFINRT MVIZRET 2 HEIEHRL T, 77 MLVOMTIES 5K
FEDEREEL U TR 2 BRI L THEMbARWZ &2 EOEMIZERLTWS

EH 10.1.3 2R T ITIESFREEDR D 16 1 x5 % H5 76@%%&$ﬁ#n%am5@iﬁﬂMim
HiTire >

K 71’:-;_3575‘”'

2RBEO3IRDOITHADEHAZNE LIS HEADFEE UT, 9 EDNT (X723 Y 5 RADFE)
EIHEND FEDND S, A FPD OMORNSEIE, £ R¥DOMOFS5E2EEERS I L TREAZ

/i=)
"5,
MZ a11G22 — A12G21.
1

(=) (+)

~

3RDIGEIERPEHEN IR DD, KD IS IZRIT LS.

FoMXEL L IZROEEXEES

ailp aiz2 a3
a21 @22 Q23 | = 11022033 + 12023031 + 013021032 — (12021033 — 011023032 — (13022031
aszy azz2 ag3

B, 4 RN EOFAIRITIX, T DRk JGIEIXHE Z A,

10.2 ATr7) )T DRE

FHIARDOWE & HEOKRE L DRREZERTHI2H2D, ﬁifiﬁﬁ#wv7010®%@kom
mﬁié.@@wbétaofbiaﬁww ZDEREZFMIIBRTEZ

AT7ITY (DJ?IE (Cavalieri’s principle)

2RTDGE: Kl EOKE A, B2, VAT 2B L, I OMICHEENTWE L TE. ZDEE, L&
:Fﬁ&&',jio)_ﬁﬁ L"IZHUT, L& A, BENETNLEDREDY THIMIDEIVHIZ-HT L L&,
A & B DHBIFEFEL .
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IRTDIZE: R3S LOMIE A, BH, FA774 2 ODFM L, L DRIZEENTWE LTS, 2L, L
TR DOFEE L TR UT, L' 2 A, BEDRDLY PSR OEMILIC—-HTHLE, AL
B DAEFRIXFEL .

FERITDGEIZDVTIERD EDITHEEI NS, RPIZBWTRITDE B £ D E 1 EIT/NS Wi —1 K%
DA D Z & % ¥ (hyperplane) &\ 5.

WRTDIHBE: R EOXE A, B W, EA772 2 DOMEYEME L, L' ORIZHEEFNT WS ETE. 2Dk X,
L C P47 B OB L W2 UT, L' A, B DORLONSRLHED n — 1 KGRIz —2
TEHLE, AL BDn RooRREIZE L.

/ibﬁ%(WEZHM#) ~

WORBEIZH U TAT 7 ) TV QFEEBENLT HDEA DM, SHEDOFITIEZ D & S mFEF
REEMEFFOFE L VENEES. LHALERRI LIZ, 2B X DDA S TRV, [z 5
ZDRINMZE Z DIZ1E, M2 Bk S 2R3 2572012, T FEH n KON L OZ DFE &
Dy, WS MIERURBOERIZODWTHM U BEREL 06 TH S, RO IER 12 mHE
REDTHDZ X, MHEAFIIBVWTEMDDERIZ —EH LI &2 B0VIREIEES ICBEGEN
D EES.

IOBRZBLUTIEPY TIEAMEES 725506, 7T 7 )TV DFREERELL TVBIRNZ
—DEFTBE IS, FIAE, ZO0EFGEKD I T 7 fg:[a,b] - R TERENZKE A OWHFIL,
B [P(f(2) - g(2))dz 2 &> TESNG. Thibb, MK ADHRE, h(z) = f(z) - g(z) DI T
T TR ENZEE B OEBICELY. 22T, gyl T RERr =t (72720L ¢t € [a,b]) T
A BEYS>TALD. T5¢, ThHMOOREIIILIZA) THD. ThbH, KA BIZxfLT
AT 7)Y OFERENLL TWS. /2, @RITORBIZDOWTIE, BRI & BRI (BRI
D—EB AT 7)) OFEHZRBELTNS.

AT, SOFIZKEORBEIEMI THEAONE I L ERELEZ ETORETHo72. THT
3, BIIEDREPEA TEZONBIRIWE Z—KMTHA 5. EDOLIAMNIHEDE DD L,
AW —ET 5 (KEFFEL V) LIXESI WS 2 e a2 BHETLIHEITEHON, BMY 2RO EH» S
HERTHILITRhD. ZO—EOMMRITIER L FEEN, KEORBEOEEIAHY T Z L _R—2
HIENSED SNBED B NR—TEIE VD . LR — TR LT, REWERDWRE S THIR
ERMIT) =< VB LI T WS, JIEmICB I 2 EMD & BRSO —HE ERT 2 EHIX
T ZDEHEFIENS.

J

10.3 ZERMMKE
RDZDDWMETHERTWBI7HIRNDOMEIL, ZERMM (multilinearity) & XN 5.

8 10.3.1. —D2 D17 (HB WIS 2 r 595 &, 175X r 512725, $abb,
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air -+ Qi air - Qip
(1) |raix -+ ram| =7lan - Gl
anl - Qpp apl " Gpn
0/11 PR 7”0/1] PEEEEY aln 0/11 PR a/l‘] PEEEY a/ln
an]_ “ e Tan] DY ann an]_ DY an] DY ann

Proof. (1) IZFROAZERIZ L S:

(7658) = ) sgn(0)are() - (Mio() ** Gnomy =T Y S0(0)A10(1) ** Ano(ny = (FH).

ceG, €6,

(2) 1, EHL10.1.3 ZHWT (1) IWIRESEE LN TE 5!

ai; - apl ai; - apl
ai; -+ ray; e aip : : : D : air - ai; e aip
=|rai; - TGpj| =T|Q15; - QApj| =T
Ap1 *+* TQpj - Qpp : : : : : : anl "+ Qpj - Qnp
Ain "+ Gpp Ain  *** Qnn

O]

H& 10.3.2. (1) i fTHERS ITRTOHFBELWFFIRE S LOMIK, i iTHZHEWD § {727 ML
D& L7475 RTFFE L W

aipl v Q| |ain e aig a o ap
bit - b |t et o | =lbint+cn 0 bint+cinl-
Gn1 - Gnn Gn1 - Gnn an1 T Gnn

(2) jHIHZ RS TRTOFINEL WTHIRE S LOFIE, jHEHZE WD jFIXT MLORIE L fT

CIE:MA: JVART
a1 . b].j ce. a1n at e C].j . a1n ail . bl] + Clj . a1n
+ = :
anl e bnj . e Ann an1l . e an [ Qnn anl [ bnj +_an . e Ann

Proof. (1) 1ZX&0155:

(38) = Y sgn(0)aie) - Bio) + Cio) * ** Gnon)

oeG,
= Y (580(0)a10(1) - bio(s) *** Cno(m) +520(0)1o(1) - Cio(i) *** Anr(m))
O’GGn
= Y sgn(0)ais)  biogi) Gnat) T D, S8U0)a15(1) ** Cin(i) * * Ano(n) = (Z531).
ceGy, ce6,
(2) IZD2WTUE, i (2) RO LS (1) TRETHZ L TROND. O
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5 10.3.3.

a1+ as by + bs
c1+c di+ds

as by

a by
+
c1+eco di+ds

c1+eco di+ds

b b b b
_ ai 1 ai 1 + a2 2 + a2 2 )
C1 d1 C2 d2 C1 d1 C2 d2
b1 +b b b e
— Bz, 01 ay bt b a0 192 2w p z p it &
c1+co di+da c1 dp co do

Ef1TH A = [a1,- - ,a,] DFEZ DFIRT NIVTIESNDXEORF S EHRBEIZ/THIN (A H—ET
5ZL%ERDIZD AT, LEMEEORMNLEERZ n =2 DEEIZO2VWTELELLS. —DDRT b

as D

a .
1 ra; aq a; + as

asz

2: R MNLDAH T —fE

3 RT MILDOR

N r fETNIXHBEN r fFENb 2 IEHO 2 TH S (K2). HIZO2VWTIE, K3 Z2R K. a; +ag,bT
RO NS LTI AOCD LA AOBCDE OHEEIZFELW. ZhiX, b & ETREMTINS D
Mgzt e, TNTNOREINL IS EDDEIICI—HTEILIZLD (AT 7)) OFH). KA
% AOBC DE DRI FEATIUAE AOBE OTiifd det(aq, b) & FE47MUAE EBCD OHBEDFANIE L .
SEATIUAE EBCD 13 ag, b TESNBETNAIEE a1 HEIZEITBELZEDTHBH 5, T OMHE
X det(ag,b) THS. LLEXD, det(ar + ag,b) = det(a,b) + det(aq,b) &7 5.

10.4 ZEXFRME

ROWEIFETFE (skew-symmetry) & 2 WIERF M (antisymmetry) & IEEN 5. Z D@
DFEAH 128 ED T .

fRE 10.4.1 (BEXNFE). FIDOANEZ (X723 TOANER) 2175 L70IRF -1 fF3nsd. I7%4b
b, &z (k=1,--- ,n)ZnRIRNT MLETHELE i <jITDNT,

(]-) det[mla'” ,-’Bi_l,il?j,mi+1,"' 7mj—1)wi7wj+17”' 7:1:71] - —det[ﬁﬂl,"‘ 7mn])
(2) det t[:l?1,~-- ,a:i_l,ccj,wiﬂ,--- ,a:j_l,a:i,ccj+1,--- ,a:n] = —det t[:cl,--~ ,:l?n].

ERFEDR L EREZZ LS. 2 ANBZTH, TNOTRONSHFIEZE LOME LR U T
HB. ULh>T, HDOANEZIZ L 70RO EIX, BREOFF SV R0 ES PIZRSNT WS,
n=20DHEIF, MNEANEZLLE1HZ2E2MIERLIBEOEEEDMEAHIZLEI Lo, 50
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WZ7 B Z D rd. 3RTDHBEX, =D DO AN Z AT ANHERDER O 54 S mE? —1
EINBZLITHY L, LB THRES 12305, 4R EIZOWTHFERO Z A BRI N LS.

XT, n KR MVDf ay, -+, ay, DFIZEWZFEL WD HNIX, ZNS5TIRSNEXEIEn —1
RIGATFIZENT WS, Ko T, ZONED n Xk EIZ0THS. ZOHEEZITHADSETIHERS &
RO L. ZOWEH S, 75 RIZZHAM (alternating) TH B LIEIEND. —RIC, ZRMEIXE
SFREDR SEBHIZEL Z 2R TE 52

R 10.4.2 (AWM. i £ jIZ22WT, isl& jARELWEHIA, BEY ifTe j170% L WFHIAD
HIXZNETN0TH 5.

Proof. IEFITH AT LT, ADisE jHl%E AN Z7175% B 2 3THiE, @ 10.4.1 £ D det B =
—det ATHD. ADFIE jHIPELVERSIX, A=B PR det A= —det A0, TNEBIHT 5L
2det A=0. L7225 Tdet A=0TH 5. TIZOVWTHRBDERIRESND. O

HIZ, ZEMIPNE & BENFED S R E» NS . (THIADIEZRD B 720 DEHFEIZBENT, ZOMHEIX
MELRHAINDEZLIZRDBESS.

A 10.4.3. H 25 (D 2 \WNFT) DIEPZFIDF] (B 2 \NEAT) ITMATETARIEED S 7300, F
b, Kap (k=1,---,n) ZnRINT PLETHEE, i #jITDONWT

(]-) det[mla'” y Lj—1,Lj +T.’L'i,il3j+1,"' 7:1:71] = det[mlv'” 7mn]7
(2) det Y@y, - @j1, @) + 1T, Tjr1, Ty = det g, @)

Proof. FNZDWTCEEHHT 5. i 10.3.2(2) Z HW T Z DDA R iRT 5 &

detlxy, -, @j_1,x; +rxi Tjp1, -, Tn)
=det[z1, -, xj1, %), Tj1, 0 Tp] Hdet[@r, T, r T, T, T
=det[zy, - ,x,] +rdet[xy, - @i 1, X, Tjg1, -, Ty
(ERXDE2HI, i 5l & j AN E BT x; RBITHAD X, ZDEILAME10.4.2 £ D 0)
=det[x1, - ,zp] + 70 =det[zy, -, xp].
FTDGEIZDWTHABRDERZIT AT I, O

AR, e 10.4.3 DREMUZERZHRLZH DT
H5. FA det(ay + rag,az) = det(ay,a2) %% Eik
i, GO = DOFEATILE OEBEPEL WD & 2 &
WL, ZHhiEA T 7)) QFEMNAS HEL ZENRT
5.

PIAIRCIRS 37, BT 2 72 T B4 ARME S W72 3 (W 12.3.2).
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11 THRXDEE

FHARDIEZ KD B - DD EFEFENT 5. 2 OFEEE %2 203 2 & T, {7542, X7 hrd
HTIRONBNEOF S EURHERERT S I L Z2RHBELTHEHRADIDTIEHRWEAD . ZLT, 2D
KENZUTHEIDZAZ ILIEIZBWTHEHNT 5.

11.1 YA XN WTHIH & DR

FHRDEOFEIZBE T, ROMEEZHWT, & 31 ZD/NXWTHRDFHEIZIRE S5 Tk
EHWSZ DL\, ZOWEIX, AHOKREIPEREL GIOBETRINDE I L2 BREZHDTHS.
FERFEREIC £ 09 (EHE 12.5.1).

foRE 11.1.1.

a1 a2 -+ Qg a1 0 -+ 0
age -+ Q2p
0 ap - a _ ' as az - A
= all : : =
an2 - GOnpn
0 an2 -+ QAapn apl QAp2 - QApn

RGOS OB ERZFHIAT 5. nflD n XFIXZ b ay, - ,a, CIRONBIXEEZ D &
L, 20 n otk V(D) £ 5.
TR ARG S 2 E A,

ail 0 0
0 a2 asnp
a; = . , A = . y' A = . tl/':l:j
0 an2 Ann

ZD&E n—-1{HDOXZ MV as,---,a, TKS
Ndn-—1RXEUTFOREEEZ LS. ZTDM

X, RUIZHBIT S HE1EE =022 w05
R HBEEENICMEBEL TS, £72, ZORIFI, 0
a2 aon G2 = | 22 /
ab=1| 11, ,a,=|": TSN D R 32 /< an
an2 A, \ / ‘ A i a; = | as
LB E QTS Y, D RITZ D n— 1 RIEHH z//K/ iS4 as1
1% det[al, - ,al,) THB. Lizn>T, ®E D IE i \ Wl
JETHIRE detlal, - ,al,] BLOEE ay R25AKET
HY, DRI V(D) 1% ayy det[al, - - ,al,] 12 /4 \ N,
—3 3. £> ?
a; —fED n KFIR 27 MLOEE, MK D 1, ; ) .

WEZZTWARZ a1 ARICEFELRICRS.

A7 VT OFBIZENE, D OEKEIZE LD %(@J
%ﬁf@’fz':%‘:% | < 5 V(D) = aill det[a’27 s ,a%]
Thb.

Bl 11.1.2. E=AFH 075, NARD ORI 3T 5:

al a2

a9 * as *

. = a1 .
O . O .
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&<, |E| = 1.

11.2 Et&EH

T2 RO ER RIS, @E 111 EHTESREEHELT, 2NE THEITTE 75X
DME (& < IZa#E 10.4.3) ZHWTITHAIRZZEL L TWL, WS ODBEARN L TH D, ZDOER
WREIIITHIDITEARER LB TVEHDD, AH T —fERTOANBZ THIAAFIZELREL S Z
B IR TRBELINIOVWTOER L HFIND Z iR k.

Bl 11.2.1. (1) ROFETIE, T2 T 2 HEDOAZHWTFFIRDO Y 1 X2/NE L LTWD. #iT,
HOWBEDAEFANTY A X2/NILTHILETES.

12 16 32 3 4 8 3 4 8 3 4 8
6 13 4 |=4]|-6 13 4 |=4-5|-6 13 4|=20[0 21 20
15 10 —20 15 10 —20 3 2 —4 0 —2 —12

21 2 21 2

=203 0 =60-(-2) 0

—2 —12 1 6

=—120-(21-6 —20) = —120 - 106 = —12720.

3 2 8 4] |0 —-25 —16 4 1 9 8 0
—25 —16 4
2 35 7 |0 —15 —11 7 L0 —25 —16 4
_ = (-1) =|-15 —11 7
1980 |1 9 8 0 0 —15 —11 7 « 1 s
08 15 [0 8 1 5 0 8 1 5
—16 —25 4 1 8 5 1 8 5
=(-1)|-11 =15 7| =—(-1)%|-16 —25 4| =—|0 103 84
1 8 5 11 —-15 7 0 73 62
T 15HE 2%5HZ AN X 7-
103 84| _|103 42| (30 11| _[30 11} |17 2
73 62| 73 31| 73 31| 13 9| 13 9

=-2(17-9—-2-13) = —2(153 — 26) = —2- 127 = —254.
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31415 0 1 0 0
92 6 5 3 3 2 -2 3
58 9 7 9/=[-19 8 —23 —1
32384 [-3 2 -5 6
6 2 6 4 3 0 2 -2 2
1 0 0

2 3 2

= —(-1)%|8 —-19 23

2 -3 5

2 0 2

0 107 54 226

-1 35 17 3

~ lo 7 9 13

0o 2 2 7

57 4 51 0

=—[1 3 -8 =-|1

2 2 7 0

:|_127 52037:(_1)

EE 11.2.2 (V7 Y TIVE Y FOTFIR).

1 21 =1 2 1"
1 x9 1‘22 "
1z, x,° L

N DN CoO N -

0
-7
—31| = (—1)
—6
-7
0 0
3 7
~1 31| =-—
6 6
2 7
-1
0
= —(-1
(1) 0
0
—167 507
3 -8
—4 23
167 507|
4 23|

0 0 0 0
3 -2 3 -7
~19 —23 -1 -31
-3 -5 6 -6
0 -2 2 -7
3 2 3 7 3 2 3 7
-19 23 -1 31|  |-1 35 17 73
-3 5 6 6 0 7 9 13
0o 2 2 7 0 2 2 7
1
55 1773 107 54 226
107 54 226
=(-1|7 9 13
7 9 13
2 2 7
2 2 7
1 3 -8
—(=1)|0 —167 507
0 -4 23
167 6
4 11

—(167-11—6-4) = —(1837 — 24) = —1813.

Proof. |A| = |1A] £ b —>HOSRIZI S 2. — > HOBREFTHIOY 1 BT 3 RNETHRT. 2K

1 =z
DI 1% '
Z2
BEERTS.
1 1 1
€1 €2 TIn
:E12 1'22 {L‘n2 =
xln—l x2n—1 xnn—l

o O

To — T1

{L‘22 — T1T2

xTo

—x122"

74

Ip — I1

Tn? — T1Tn

=29 — 21 PRAFERNIIENIT S, n — 1 ROGEIZERDVE D LD EHE LT nRD

147 xx Z25[<
247 xx 251 <

n-147xz; 25[<



Tro9 — I1 r3 — I1 Ty — I

B xo(To — 21) x3(xs — 1) coo xp(mn —21)
2" 2 (g — 1) w3 (a3 —11) ... 2,2 (xn — 71)
1 1 1
) T3 In
= (z2 —21)(x3 —71) -+ - (TN — 71) .
.%'2"72 1‘3”72 xnan

= (g —z1)(x3 — 1) -+ - (T — 71) H (x; — ;) (Z 2 CRHNEDRE & W 72)

2<i<j<n
= H ($]’ — CL'Z)

11.3 @#EE OERK

AT & R @ L T, fTH AL O/ SM EHREERT L RR LU TH, M ITRMA R & WL
L2 ERTER. /2, M T 5 EORME LT, FIED n REEIZOWTAH Y 7V ) OFELMN
ONDZEEZRDTNWIZDTH-72. ZUT, TAIROFHEFIZBENTH, AT 7)Y O L EX
R S BN B MEE X 2 H WX ERNRENFERICEOND Z 2 2 /T E 72,

ITC, RIEZF< X, KD n RIGERBEREMEDEEZRERITGZATOVRVWITNES, RIZED X 574
B H B & TNE, nflDFIRT MV TRONAMEDOEREIZDOWTARS AT 7Y T OFHEN
AOONDEREZLIZEMIBRNESS. ZOZ &iF, X7 FADINZH L TENS DR S ME DK%
WIGXEREMREZZT-L 22, TP LEGEM 22T 28Kk 5. 72, KEIZGE2EAT
LT, BUHFENR I NDEEFEZDILIIARTHS. T UT, YRDZ LM 5 n RN
FRDERFEIZ 1" =1 TH DI EZX S5 5. U EZH-TEHEITHIAUIMINZ & 2 ROEHITE
ELTWS. $hbb, AR, nlOFRZ MLVTRONSHEOREZFSMNETETEDZ &
Th5.

T 11.3.1. FEE B ITRD n RIEATHREOEEE M, (R) &3 520, ROWET NTEHZT
B D : M,(R) — R ZHAUE, D IRz —8%3 5.
ai, - a, BEUb;,¢; ZZNTFNn RIIRZ ML T 5L &,
(1) ZERMME
(j) D[a17"‘ T, ,an]:rD[a1,~~ Qe 7an]7

(ii) D[ah... 7bi+ci7"' 7an] :D[ah... ,bi,"' ,an}—i—D[al,--- ,Ciy 7an]7
(2) EXFRMY : Dlay, - ,0i1,a;,ai11, - ,aj 1,085,841, 0, = —Dlai, -, a],
(3) Efft : D(E) = 1.
ZOEBOFHERETE R LD (EH 12.4.1).

2607, (R) DIEMAIZH 2 R 1%, (THIOBRANERCTH B 2 & 2 KT 5. MIRE RS LT 5 n REHTHEDOES L
M, (C) &#<.
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(ia&wﬁﬂﬁwi%)

FHIREZERET D121, KELK DT T OHENRD S, —DIFEFK10.1.112H 5 K517, B
EFHWTOEANIZERT 2 HETHS. £, BHONFSIIEF OEREAKEZHWTEERTE Y
Z, WAL E R DA DPRELRGE T, HE] & 82 W2 ROAXTEDTH L\

det A := Z (_1)inv(k1,"' 7kn)a1k1a2k2 -
(k1, kn)EPy

ZITC, P iEnflOXFEL - n DWMANFEZ (IEF]) BEDRTEELTS.

H 5 = DODFHADERIE, X7 FPVOFITESNDHEOFSNERELE VWS L DTHL. 5
i &R L IZ L EHRPIES K OEAEZ G729 M,(R) LOEBEEINAZEH D M,(R) - R D
ZLTHY, ZOXSBREM D BHE—DUNFELRNWI SIFEH 11.3.1MRIEL TWD. FIZ, F&F
T E RO S BRI B (& <IZAE 10.4.3 OVEE), B L0 11.1.1 OB Z 723
X, ATV DY DFEEAEBEL CHRTAZIENTES. T LT, ZhooME2EL TR
D% RDD LM TES.
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12 TR ME (ZEER)

10 B LV 1L HiTRRZMEDHHEZ AT TH X 5. £z, 175X %, SIEEGROERILRER E AT
XARIZEWT, 7T1IHTE I U =G RBEBUZE T 2 1HE |AB| = |A| - |B| DFEHEH AR 3.

12.1 |A| = |'A| DEERA

il 12.1.1. £0€ 6, 12U T, sgn(o!) = sgn(o).

Proof. sgn(o)sgn(o—1) = sgn(oo—1) = sgn(id) = 1 & 0 sgn(c~1) & sgn(o). DEARF—HLTWVWS. O
WRE. LOREIIHYE 8552 »obE LN TES.

HE 12.1.2. 58 1:6, -6, % [(0) =0 ' LEDNIE, ZNIZ 11 OMIETHS. Thbb, o
HEHLL 6, 2R zH#H< L &, (o) HbEERL &, 228 <.

ZIZT, LOMICEND GBS T OMEIX, RO ZODWERL HIZHH DI L L EVHI S5ND.
INSDFMIZONTIE, HDTI9HTIHL 5.

EFE 12.1.3. o EELRL 6, ZEITIX I(0) BELERSH K & &, T 285 (injective) TH D L\ 5.
E72, 0 NG, BEREHFTIX (o) &, 2hZH L &, ] 224 (surjective) THD &\

oI, I DR REMERZENENROFMFIZES TTIENTE S:
o HHIMY: K o1,00 € G5, ITDWT, 01 # 09 = [(01) # I(02),
o D5t BTG, ITH LT, TIZRATDHEL 7124 5E o € &, MFIET S,

i 12.1.2 DFEW. T OEGMHES X CRFEIIRO L S ITRIN 5.
(BEHE): METH S [(01) = I(02) = 01 = 09 ZRT. I(0y) = I(02) THUL, 07 =0, TH 5.
ZOFIOMESENIE, (o7 = (05)  ¥BB. DEV o1 = (07) = (03Y) =0y TH 3.
(ZFMH): &7 € G IR LT, o:=712BZ5. ZDo% IWIRATDHE 71275, FEE,
o)=I(r) =) "=7Th3. 0

PAEOfiEEZ HWTEM10.1.3 ZFEHHL X 5.
EH 10.1.3 (F548). ERDOESITH & Z DIETH DTHRNFEFEL V. T4D5, det ‘A = det A.

Proof. A = [a;j], '"A = [bj] EBFE, &K i,j IZDOWTbjj =aj; TH2. THRDEHEB L K sgn(o™?!) =
sgn(o) (ffifd 12.1.1) 22 5,

‘ tA’ = Z Sgn(a)bla(l)b2a(2) T an(n) = Z Sgn(a)aa(l)laa(2)2 ©Qg(n)n (1211>
ceby, oeG,
= Z Sgn(a_l)aa(l)laa(2)2 © Qo (n)n- (1212)
oSG2

Eiﬂ@nﬁﬂ@%IEC:fﬁm%fé ao’(l)laa(2)2 e ag(n)n @jﬁ’\\giﬂiﬁb\f%i c]: 5 . ij_‘g(l), e ’U(n) %
INEWIEIZHE AN R B
G(kl) = 17 G(kQ) = 27 Ty U(kn) =n.

ki ke - Kk, . 1 2 ... n
g = s g et
1 2 -~ n ki ko - ky
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ERD WRIZKi=1,--- ,niZDONVT o(k;) =i 3‘3&‘0‘071@) =k ThHd. DXV Qo (k)k; = Qig—1(i)
THYH, ROESIZHOBEZANTE S:
A5(1)100(2)2 """ Co(n)n = Qo (ky )k Qo (ka)kz " Qo (kn)kn = Clo—1(1)320-1(2) " Cno—1(n)- (12.1.3)

BB 6, > 6, 21212 520 L, R12128&5 01213 %28bE 5 &,

Al =Y sgn(o N ai,-11)890-1(2) * Go-1(n)
ceG,

= Z sen(1(0))a1,1(0)(1)32,1(0)(2) * * * An,I(o)(n)-
0'6671

o WEELL 6, 2FzE< L&, 7=1(0) bEMERL &, 22 < (fiE 12.1.2). AT, EXAD o
IZ X BHBFNERD 712 K DMANTF S A TH RV

D sgn(r)arr(1)asr(2) - nrny = |Al.
TEGn

12.2  EXIFFREDEERR

i 12.2.1. bS5 UOEHT € 6, Z—2OHY, EHELTHEL. ZoeE BH{RF: 6, > 6, %
F(o) =or LEDNE, FIZ1 W1 THB. T70bb, o NEELL 6, 2RZH L E, F(o) HHEBER
&, 2hkz#<.

Proof. #HifH 12.1.2 OZFH & FIRkIZ, BHMES L 0282 RT 5.
o BHIME: K o01,00€6,IZD0VWT, 01 # 09 = F(o1) # F(o02),
o 2HME: K peS, TR LT, FILRATRL plilhdiElfioc S, WEET 5.

(BHME): B TH 2 F(o) = F(oz) = 01 = 09 Z/RT. F(o1) = F(og) ETNIEXF DEFELD
O1T = 09T THD. ZOMBIZEDS 77 2 HIT5 &

o177t = ogrr !
01 id = ()] id

o1 = 03.

(ZHE): B e G Il LT, o=pr t 2EDD. ZDLE F(o)=F(er!) = o771 = pid =
®. O

FOMEIZENWTH = (p,q) (7272 Up#q) 2EZXD L, F: 6, —» &, 3MEEHZ GEHUZE L
AEHRAZMEHRICETERE LS. Ko T FIZLD, ME#HE FERORIZ 15 1 OG5 o0, Z
NS DRBMBEL NI LW ND. Tibb:

|
B 12.2.2. n > 212D WTEMREE A, DICOREIL % Th5.
TR DOEXNIEZZFIHL & 5
& 10.4.1 (F48). FIOANEZ (F-BITOANER) 2175 L4750 RE -1 531 5.
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Proof. p<q& U, pf7& ¢ 7O ANEZIZDOWTEET 5. (E/i175] A = [ai;] D piT & ¢ i7%2 AN
Z124785% B =[by) £ THUE, & j=1,-- ,niZDOWT

(1) i #p,q = bij = aij, (2) byj =aqj, (3) by = ap;,

P> TWb. 7= (pq) &L, F:6, — 6, 2i# 1221 THEAZEHR LT L. T4bL F(o) =07
ThDH. ZOLE,

() k#p.q = Flo)(k) =a(k), (i) F(o)(p) =o(q), (iii) F(o)(q) = a(p).

E72, sgn(F(0)) = sgn(o(p, q)) = sgn(o) - sgn((p, q)) = —sgn(o) THS. TNH 2B L

|B| = Z sgn(a)bla(l) Dpo(p) ** bao(e) ** Pro(n)
o€eG,

= > 58n(0)a10(1) * Gga(p)* polq) ** Ana(n)
geG,

= > (= sen(F(0)))a1,p)1) g F(0)a) " WpF()(p) - UnF (o) (n)
oceS,

- Z sgn(F(0))ay,re)(1) *** Op,F(0)(p) "+ Ug,F(o)(q) " On,F(o)(n)-
o€y,

TEEHIZBWT, MOWVIEZRH U7 (pBHE ¢ EHEZE ANE X 72).

o WEHEELL &, 2RZE L&, p=F(o) bEMELL 6, 2EZEH < (M 12.2.1). » X112, EOKE
DITIZH D o 1T X BEEANIRD p IZ X BN EES LI TH R

- Z SgR(P)A1p(1)  * * App(p) * ** Ggp(q) " * Anp(n) = —|Al-
ISC
FDOANZEZIZDOWTIE, EH 10.1.3 ZHWTITDOANZE ZITRE S ENXBZITRINS. O

12.3 ZERBFHEEERNHTELNSEINGILEE

THIAROREDT (B 11.3.1) DA Z R R B ENC, 2 EMRVES X OCERFFRE» SEhr 50 < D
POWEIZDOWTHRTE I S.

n RIEHTHEEOESEE M,(R) L ELDTH o7z, RKEBICRETIHEHR F : M,(R) — R (2
DWCE U 5. F OMBIKLRFIETHATH S, FIZ, & X € M,(R) IZ, FIRT bV &R 72HRKR
X =[xy, , 2| EHATEIS. TOLEFIE HRZ MVOMERATZEB F(xy,- ,2,) &5
BMEIENTED. GHRFIZBT2LEMPES LOCENEZ LD THERTE Z S

o ZEMWM: Ki=1,-- ,nIZDOVT,

(i) F(x17... ””‘x,... ’xn):""F(wl,... ’xi,... ,wn)’

(11) F(ml)"'ayi+zi)"'7xn):F(m17"'ayiv'”amn)+F(wla"')Ziv"'amn)'
o EXHFME: K< jITDONT,

F(mla"' 7wi717mjami+17”' 7mj717wi7mj+1a”’ ,mn) — 7F(m17"' amn)'
ROFRIFHSNE ZEZX 5D, ZZTREANLGEHE2 52 THL.
i 12.3.1. F 22 HPPR S, ROME LM77

ZERMH (iii) Qm X}WM .a )ZE:Wﬂmfnimm’%y

79



Proof. FMIDOMEE 0BT 2IRNETRT. £ =1 ODHHIFZEHRHEOME (i) (2 o 7. FOFEE
WU DEEITERDPHILT 2 EHEL, FIDMEEA L +1 DGEIZDOVWTRE .

/+1
F (ala"' 7zrkbk7"' aa'n>

k=1
y4
== F <a17 Tty (Zrk‘bk‘> + r@—‘rlbf—i-la e 7a’n>
k=1
J4
=F (a’l: T 7zrkbk7 e 7an> + F (a’la T 7r£+1b5+17 T ,Cl,n) (%%%}iﬁénl\i (H))
) =
= Z TkF(al, s ,bk, s ,an) + T‘g+1F (al, s ,b4+1, cee ,an) (U‘%%m(ﬁODﬁiit g’%fﬁ%ﬂé'[@ (1))
k=1
/+1
= TkF((I]_, 7bk‘7 7an)
k=1

ROFHEZ, 1 10.4.2 DFEH L FKOFIEIC L D BONS DA, GEHIFEKL X 5.
fRE 12.3.2 (RMRWME). FOENFMEEGE72T L &, a;=a; (72720 i <j)%RoiF
F(ala'” s @y vt Ay 7a'n) =0.

ERFRMEZ FHWTHDANEZ ZMAEIPTS &, THZEIEZRALULEOZEIZTOED +£1 5 TH
5. ZDEEDFADRSIX, ANBAICHIGT 2BBRON ST 5. Thbb:

fRE 12.3.3. FHRENMEZT/-9 L &, TREDEH o € &, 1T LT

F(m(f(l)a"' ’ma(n)) = Sgn(U)F(mla"' 7mn)'

Proof. o % H#DORUZ /3R U 7z B2 D HHOMEEL ¢ 2B T 2 INEIC K DEEAT 5. o HEDY H# o = (4, 7)
DG, F(To1ys s To)) = sgn(o) F(zy, -+ x,) BENFMEZOHDTH 5.

CEDOHMOMTH T ZEREDEM T € 6, IZDWVT F(z 1), Tr(n)) = sg0(T)F (21, -+, zn) DK
DIDEMREL, 0:=7-(1,5) (72 Li<j &I B)ITDVT F(250), » Tom)) = sg(0)F(z1,- -+, 2n)
M ONDZ % RES. iFIHE jHHOBRAFIZHERELUTCERT 5L

FTmau»v"vmawn)=:FTmTqu1w""wvaaxwv""wfuaxjw"'v$va4xnﬂ

_F( T(l)’ (])7 ""UT(i)7"' 7337'(%))
= ( (1)7 T(Z)J e, X (j)v e 7m7'(n)) (%iﬁ*ﬂ"[@%ﬁﬁb\f:)
= —sgn(r )F(a:l, @) =sgn(o)F(xy, - xy,). (MR DARE &2 N 72)

O]

12.4 THRXOFH DT (FEER)

n RIETATH A = [a;] DIINT bVFETRE A=lar, - ,a,] £T 5. TNSDEFINRT ML % Bl
R NVOMNIHRT 5 HiEEEZEZ LS. I T, EX 1 DHAFIRT MLizb

1 0 0
0 1 0
e1 = |0, e:= 0], ., e,:=]: e R"
: 0
10] 0] 1]
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EHZTEL. ZDEE, Ki=1,--- ,nlZBWVT

ai; ai; 0 0
ag; 0 ag; 0 n
ai=|a3i| =0 +[0|+...+ =ay;ey + -+ apien = Z Ak, i€k, (1241)
. . . 0 el
Qnj | 0 i L 0 i L Oni |

Thd. LOREEHCTROERZRZES. €M 1131 IEROEHDORHLIGE (F(E) =1 D5E)
Thb.

T 12.4.1. G4% F : M,(R) — R 235I~_ 2 bLOMIZE U T BN & ERFREZ 72972 5 13,
F(A)=detA-F(E)Th5.

Proof. % A€ M,(R)IZDWCT F(A)=|A| F(E) L7252 % RT5. £ T, A=lay] =[a1, - ,a,]
EB<. RN124.1012 &K 50, B X OMIE 12.3.1 TRULZEHRPM (i) 2 &5 U TEHLRDBS
BB 5 &,

n n n
F(A) = F(al,CLQ,‘ T 7an) = F< Z Af11€ky 5 Z Akp2€koy " Z Cbknnek,n)

k1=1 ko=1 kn=1
n n n
= E akllF(ekl» E Ay2€kys " E aknnekn)
ki1=1 ko=1 kn=1
n n n
= E ak]_l E akng(ekl ’ ek27 ) E aknnekn)
ki=1 ko=1 kn=1

n n n n
== Z a1 Z Qo2 |~ Z Ak, _1n—1 Z aknnF(eklaekQa e 7ekn) e
k1=1 ko=1 kn—1=1 kn=1
n n n n
= Dt || DL ka1 | Y @hnF(€h €hysee e sen,) | |
k1=1 \ko=1 kn—1=1 kn=1

n n n n
== Z Z Z Z ak11ak22"‘aknfln—laknnF(ekpekg)'" 7ekn)

k1=1ko=1 kn—1=1ky,=1

= Z Afy10k2 " * ak‘nnF(ek17ek27 U 7ek‘n)'
1<k k2, ,kn<n
WERFONTZRAOKIEIZE VT, ek, €k, -+, e, DFIZHWIZFELEDA—DTHHNK, fliE 12.3.2
£ Flep,en - en,) =0 THBNS, TO LS AT L THDR. —77, 5T & 2V AIEIC
BL"C, €L, €Lys 5 Ly, ﬂib‘jm%%@%%ﬁiﬁ”“& ML TH D, &< kl,kg, tee ,kin KE%Eci@\/‘

LitinT,o= (1 2 77 ") aElchs. corE HE1233L0
ki ko - Kk
Af11Aky2 "+ aknnF(ekl y€koy " aekn) = Ag(1)180(2)2 " " * aa(n)nF(ea(l)a €s(2)s " 7ea(kn))
= Ug(1)100(2)2 " " Qo(n)n SEN(0) F' (€1, €2, -, €5)
= 8g0(0)Ag(1)105(2)2 " * * Ao (nyn I (E).
PAEX D,
F(A) = > (sgn(0)an(1)1o(2)2 G (E))
ceG,
= ( > s80(0)ap(1)1002)2 - "ao(n)n> F(E)=|'Al- F(E) = |A| - F(E).
0'6671
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EB, L@:ﬁﬁ 6:%5%3)]1[*]@3& ZG’GGn Sgn(a)aa(l)lag(zp e ag(n)n 73§ ‘ tA| 5:%‘ L/lz\: t &iﬁ (12.1.1)
2L 5. O

12.5 f#pRE11.1.1 OEEEA
ROEMIZE TS r=1D5EMNmE11.1.1 1ML T 5.
EIE 12.5.1. A% r RIESITH], X % s RIEFITFHI & THIZ,

Proof. —HDEFERZRE, ThZ2EETLZ L THMADERSBONDS. ZZTIFAMOEREZRZ
. BOIZ, X DRHLATH] Es DEGHEIZDOWTERD. £ZT,Y = ‘: g =la;] LEID. Y &
n=r+sREATHTHS. THRDEZRICINIE S
V=Y se0(0)a1,1)020(2)  ** Gro(r) Grt1o(r+1) ** * Cna(n) (12.5.1)
e
THD. I, BHIEN S K
SEN(0)A15(1)020(2) " Cro(r)Ir+10(r4+1) * * Ono(n) (12.5.2)

ZDOWT, ZOMEN 0 TRWZODBERMEEZRFT L LS. £7, 0, BAICEET L, 1<i<rmD
r+1<j<n%oifa;=0TH5d. oT{o(l), - ,0(r)} DFIZr KO KRELH (i) B—DOTHDH
ME, ajp) = 0P A ZDEH o 1ZBIT 2R (12.5.2) DMHIZ0 THD. LA > T, R (12.5.1) DIRFNIZ S
3% o0&, OB HHIL,

{0'(1)7'” 7U(T)} :{17”' 7T}
72T DAEZEZNL LW, £, EOKXMEETE-T o llBWTIX

{o(r+1),---,0n)}={r+1,--- ,n}

Lo TWa., ZITYDEHPICEHTSL, Blo(i) #iBRdi=r+1,--- nBHNIXY O
(1,0 (1))-R % B IZBWTHAKD TIEBRWD S 0,5 =0 THS. DX DX (12.5.2) DA 0 & 72 577
WDIZIE, Ki=r+1,--- ,niZ2WTo(i) =i LRDBBENDHD, LD oT o lZRDOFIZRSNS:

a:( Lol ”) P2 U ko ke W LT OBUC & 2 IEF.
kv - ke r+1 -+ n

INE oD, DiueALELZ it sawn. BLEXD, KX (12.5.1) DMANZB T % o 238 < #ifH %
S, EOAEZEZNITI VI &N 5,

A O,

x E =|Y[= Z Sgn(U)alau)aQa(z) © Qro(r)Ar+lr+1 0 Ann

0'667'

= > sgn(0)a10(1)020(2) ** Grary - L1 = |A].
ceS,
T, SEIEX PO s REATHOBEIZONTEZ LS. slD s RFIRZ MLV X =
[@1, - @] ZHEhEERIEL T LK F: M,(R) - R %

A O,

F(ibl,"-,$s) = x X

EED LS. T5 L THAROLEMGEN L BXFEDL S, F OZEGIEME L BAFEZ2ES 28N TE 5.
7, CNETOHEMED F(E) = Y| = |A| ThB. LEhioTEM124.1 &0 F(X) =|X| F(E) =
1X| - |A]. BAEIZ X bR BERMRE NI O
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Bl 12.5.2. Ay, A, ZIEATHIE T L (K% DY A ZFRZ > TWTHREDZR),
A1 A2

A, K Ay kK
:|A1’. . :...:|A1|.|A2|...|An|_

O . O .

12.6 |AB| = |A| - |B| D8R

_‘F&c:, (m,n)—ﬁﬁﬂ A BJ:U‘ (n,f)—ﬁﬁ'] B = [bl,--- ,bg] K;(:JL/VC, AB = [Abl,-“ ,Abg] THhb (&U
35.1). ZOHRFEIZFR ULV SROERZRE .

EIE 12.6.1. HOITHIRITFHROBIZEFEL V. T722b5, n RIEFTH A, X IZDWT |[AX] = |A|-]X].

Proof. n KIEJATHI X = [x1, -+ 2| O BKREERIKE TEEHRE : M, (R) > R%Z F(xy, -+, @) 1=
AX| LEDB. ZDL

F(mla"' amn) = |A[$1, 7mn” = |A$1,"‘ aAmn|

THHEIHNO, FIILEGIENEE B2 72 3. B, ENEIXHS N TH O, ZEGEEEDRD X
DIZHER T E 5

F(x1,--- ,bij+c¢i, - ,xn) = |Azy, -+ ,A(b; + ¢i), -+, Axy| = |Axq, -+ , Ab; + Acy, - -+, Ay,
- ’Awla"' 7Abi7"' 7Awn’+|Awla ,AC,;,"' 7Axn’
:F(m17... 7bi7"' ’wn)_‘_F(wl’... 702-7... 7mn)_

F(:Bl,"' y T4y - ’mn) - |A:B17'” ,A(T$i)7"' 7Amn| - |AZI31,"' 7T(A',L'i)a”' 7A$n’

:T‘Awh'” 7Awi?"' 7Aa:n’:TF(w17"' y Ljyt 7wn)-

@ ZITER 1241 £ F(X) = |X|- F(E) = |X| - |AE| = |X| - |A] = |A] - |X| TH%. M EIC&D
IAX| = |A] - |X| AR E N, O

RIZTIETEIZARRZZETHENEDZHE D —EHLTEI .
Rl 12.6.2. AP AWATHIRSIX|A| A0 Th b, &< |A7 = |47

Proof. 1 = |E| = |[AA7Y = |A] - |[A7Y 25 |A] # 0 %135, %7-, ZOML% |A] TEBZ LT
A7 = A" 2155, O

LomEDOY TA| # 020X ARAHTHS] bELELV. TOMEMIIRETHA LS (EH
13.2.3).
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13 REFEEAEIIXILORR

11 HIZ B 270 ROMEOHBEIZEWTIE, 31 X[ D NS WTHRDFEICIRE X85 Tik%
MOBUHWZOTH -7z, ZOFEEBRN LGN SBRR72HONRATEEATH 5. RETIE, &
KR 28 U T, 2 RIE BT 0BT DA

A= b] ZowT, Al 1 [ d _b]
c d

ad —bc | —c a

Dbz 525, TLUT, ZOWTHORRIS, ZNE Tl 281 CTE2EMH 5.3.3 0 E 1N 5.

13.1 REATFEH

EFE 13.1.1. n RIEHITH A = [a;] DEATEHE jHIZHLD BROWTZFRD D 5745 n— 1 RIESAT
1% Ay <. Thbb,

A% B 4B

A= (075 B aij IR 0 77 @éﬁ% Aij:
f C D
C w D

1 2 3
Bl 13.1.2. A=|4 5 6| &9HIL, Am:(j g),AQQZG S) Ths.
78 9

FIRT MVIZE DA ERE A= a1, ,a,] ETHUE, 1241 LHEEKRIZLT, & a; 1ZRDESZ
EiT 5.
alj

azj
a; = | . | =aye1 +azjes + -+ apjeén.

U723 o T, filii 12.3.1 TR U475 RO L BRI (2) 12X D, A IEROFNZAHETE 5:

|A| = a1, - ,aj_1,a1je1 +agjes + -+ anjen, @iy, , |

:alj |a17"' y €1, 7an|+a2j |(l]_,"' , €2, 7an‘+"'+anj‘a17"' y€ny e 7an" (1311)
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iz, XN 1311 1IN S  FHOEAHET 5 &

ai 0 S Qip a;1 goo Il 0o Ain
. . . . . a/].]. .« .. O ... a/]_n
ailan oo 1w | mag(-D)TH P D (TR LAY )
anl ... 0 ... ann anl ... O DR ann
I @ o0 oo0 @
0 a/].]. .« .. DY aln
—ay(—1)N =) (AR LA X )
0 app -+ - apn
1 ‘ ail o Qi
o 0 o
=ag(-DTE AL | =) Al
- 2
0 J

MEED, X1311IEROD LS ITHFEEZFIN5:
Al = a1 (=1) "] Ay| + agi(=1)*T|Agg| + - - + ani (—1)"H[Apy| = Zaz 1)1 A

LFOREHIZENS (—1)71|A;] & A D(4,5)-RETF (cofactor) L IFY, ZOREAXDZ &% j 5B
% REAFEH (cofactor expansion) & \5.

1 13.1.3. j HOMRDVIZ i T L THRBEROER 2170, ROERZ2RYE.
Al = an (=) A | + ain(=1)?A| + - + am(=1)"""|Ai| = Zal 1) Agl.

EXZz i 7B 2R TFREFAE WD,

Bz 0 3% K BN 75 RDIEZ KD DB R FRAIZENTH 5. FIAIXamE11.1.1 15K
DEFIZ1HHICBET 2 RAFREMZ, HOF 5 1THIZET 2 REFERZEKRT 5.

Bl 13.1.4. XD k RIEFFHNZDONWT,
t -1
¢ a0
O .+ 4

apg ap - a2 ltHag—

= t* +ap 1t agt + ao.

Proof. k\ZET AIRANEIZ X > THEHT 2. k =2 DBEIEROFHETHEID SN 5:

t -1

=t(t+ai)—ag-(—1) =>4+ at + ao.
ag t+ar

85



YA XN, -1 DL EIZERADNKITELRELT, Y1 XDk DGAEDERZRZES. 1FIHICELT
FEAZRNTFRERT S &, 8 1 HBIZRWEOREDVETTE 5:

(Fe30) = t B +(—1)F g

a -+ QAp—2 t—i—ak_l t -1

= t(t* a2 Fast 4 ar) + (1) g - (—1D)F = (5530).

7E, F2HEHOTHROMEIE, FRE L THI11.1.2 2EHT 2 Z 2 THN 5. O

13.2 REAFITH

EFHTH A DHATFIOR SRR E GA 5 FiEEEALD. C=A"1 0ol dCA=F %2#ilzd4. »Z
IZC %R MVAEIL A ZFIRT FIVAEIT LR 2729 Z L1273 5.

Ci cia; cjaz --- Ci1ap
C2 c2a; C2a2 -+ Ca2Qap

. a; az --- Qap } = . . . . = FE.
c, c,a| Ccp,as --- CpQy

ERAY. o1

1 j=1D&E,
cjai:
0 jAIDLE.
EREWETITARY ML e  RETEREZHVCEL S,
1751 A = [a;j] D § 51 ZRMDFIRZ DIV bITE S A 72175 BIZDWT, j 5T 2 RIN TR %
1—}%_6i, %‘Z:L ,nIZDOWNWT Bij :Aij 135575)6,

J

bl
all .« .. bl .« .. aln
aip b e ai | o= (D) Avj] + (=1)F T bg| Ags| + -+ (1) by, | Ayl
anl “ .. bn .« .. ann

ZDAEBIIRD —DDRY R

(—1)1H7] Ay by
—1)2+7| A, b
a; = ( )"m BEO b= |
(_1)n+j’Anj| bn

DHNEERDZENTES. AEEZITHOBE U TRHT DI AZRET 2HERDHY, 2I TR
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a; 2iRiEL T

J
/]
all .. bl .. aln
b1
. . o . . ' 2 ' ) b2
a0 b o oam | = (DAY (D)2 Agy| o (—1)7] Ay |
bn
anl RS bn “ e ann
~ tab (13.2.1)

2192, XIZbe LTADES a; #HlD ., ERDEDIL = ODBEZRE i 5l& j HIDFELWT
FIDZ 0L, i=jDBEEIX|A THDE. Thbb,

A j=ink
tG { | i=ioes, (13.2.2)

aja; =
0 jAiDkE.

FIT, IR M tay, tas, -, ta, B LT BITHE AL L& S:

ta (DM HAN] (1) THAg] oo (1) A
A= fay| | (D)"P A (F1)PPAgn| e (21)E AR
t&n (_1)1+H|A1n’ (_1)2+n’A2n’ (_1)n+n‘Ann’

ZIT, A= [a};] LRAFRT UL af; = (—1)71|Ay| TH D (REZW > 7272 DIRAF i, ] DALEAA
NEHL->TWAZLITEREYE L), T5LR (13.22) & AA = |A|E 215 5:

- tay Al
AA: . [a17a27”' 7an] - . = ‘A‘E
‘an, Al
BE 13.2.1. [TIZETARRTFEIICN LTS L AEOHREITS 2 LT, AA = |A|E &34,

EFE 13.2.2. n KIEHTH A = [ay] ICH LT, KHTEHLZ A = [af;] (72720 af; == (=1)77"|Ajil)
% A DRAFTTF (adjugate matrix) £\ 5.

R AD (i,))-RERT% (1,)) ®H & T 351750, $7bb A DEEHEITHIDZ L% cofactor matrix ¥ 5. 2
NEERT D TREFATH] 272508, FBEED HR T adjugate matrix D Z & 2 REAF175 & LD AVEH] &
RoTED, AEFED I/ - 7.

INETOHEMIELY, AA=AA=|A|ETH 3. L <IZ|A] #0DBAEIE, ROFFTHIDAREGS:

EIE 13.2.3. EATHIAIZDWT, |A| 051X AFAETHD A1 WA‘C%ZD
Proof. ’A‘A#A@Jﬁﬁﬁuw% ik ZHEPRD 5 ND:
L iactoae- E, AL LA AA A|lE =E.
4] A A= D = g
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Bl 13.2.4. 2 KIEFTHNZDOWT, FI7H DO RN (EBE 13.2.3) Z@EHAL THA LS. A=
i,

a1 a12] v _a_

a21 Q22

aj; = (=)' Ap| = ag, @ty = (—1)2 Ay | = —ayo,
a;l = (_1)1+2|A12| = —a21, CLEQ = (—1)2+2|A22| =al,
. as —a
ThHodro, A= 2 P HIT |A] = anjag — aag 0D EE,
—a21  an
A1 — Rayes 1 azz —aiz
|A| a11a22 — 12021 | —as1 ail

i 12.6.2 L 13.2.3 2 AOE TROFAMENEZE 5. & <IT, & |A] £ 0 1, T 6.2.2 DFH%MF
LRMETH 5.

% 13.2.5. EAFHIAIZDWT, |A| #0 <= AW TH 5.
2O UTEMS.3.3 ZRT 72D DHEfAEE S 7=,

T 5.3.3 (F58). 2D n KIES{TH A, DIZDWT DA =E MK TIED X ADNTHTH 3.
Thbb, AD =E K0 3D,

Proof. DA=FE7%5IX|D|-|A|=|E|=1&0,|A|#£0Thd. PAITEM13.23 LD AFHHETHY,
WfiH A= DFEHET S, 2O E D=DE=D(AA ) = (DAA ' =FA ' =A"1 &b D=A"!
Thd. O
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-~ FeE (BERRRITD1751) ~

AHICHEA %2 5- A 72 5.3.3 XA RRKITCDMRED N TUNKD L2720, ROtDEF#KIE 22 fiT
HZB5PZ, ZZTIEZOFMIZIEZ LS. L2 LADS, Ko r iR E» 54552 E5 25 2 & T, ik
BRGLZEMIZ BT B EH 5.3.3 DXFIZHHRIZBEITHI L NTELIDR, 22 THNALTHL. HR
fH D5 % £ D175 A, B 2R CED 5:

[0 0 0 0 | (00100 0 0 |

100 0 00100 O
A=|0 10 0 ., B=|00010 0

001 0 00001 0

TEPRAE D 53 % £ DT FI OO L, —MRITIXE F S22\, ()7 &, OB %15 2 12 ISR
DEDOMEZZDBERDH DV, ZNIE—RITIFPCRE T ICBAEE S RVWrSTHS. UL, EO
A BDXSIZ, IFLEAETRTOEDN 0 DGEIL, SRS OEIIARBOMEZEZSNED X
EDBIEMTED. BABXUAB 23ETNIERD L5127k 5:

1000 0 00O
0100 0100
BA=|0 01 0 =FE, AB=|0 010
0 001 0 001

UM oTBA=EEPSEWo>TAB=F 2 IZBE S\,

BIROMF T D LD Z & BEROHFRTH O L2 WEHHDE L, TZODEAIZEWT,
NEZNIZEEFNLBREOMEABSN BT 5] LVHOWMEERBEESICETIRLZE &, ZOKTFN
BREGDLHELEFE UL BRLFUTERLTWS. FELU I, BREAIZODVWTIX19.6HZ, EDOE
BEATHNZ W IS B8 B2 D\ T 26.1.5 % R X

J

13.3 5 X IO DEEEA

EIE 13.3.1 (7 7 ANVDRRA). n RESITH A= [ar, - ,a,] (727ZU& a; lEn RIIRT V) IZEWT,
ADHW (T bH |A] #0) 2o, B 1 XRARRN Az =bDME—ff z = [z, ,2,] 1X, x = A71b
THhd (mEH43.1). TOLE, KD z; 1FROATHEZ L6ND:

. |a'17'” 7a’j—17b7aj+17'” ?a'n|

T, = j=1---,n).
_ ~ 1 ~ .
Proof. A DRNT1T75%2 AL T5. 1323 L0 A7 = |71]A ThHEMNO,
I t&,l tdlb
To 1~ 1 ‘a2 1 |agb
=A'b=—Ab= — b= —
Al Al Al
Ty ta, ta,b
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U723 T, & x; 13,

a].]. “ . bl “ . a/].n
1, 1
m]:mtajb:m ail bZ S Qi
anl o« . b'fl o« .. ann
BHEOERIFR 13.2.112 X 5. O

RNFATFI R BEZITEH I TANDRRERT I LIFTES. [THRNOHREZED D702, R
W52 W2 WilREHZ 52X TH 2 5:

77 ANVDRADHIEEH.  A=[a1, - ,a, LEITIE

x1
b=Ax=lai,---,a,] | | | =x1a1+ -+ zpay

Tn

Th5. ?‘j‘ﬁ”ﬁ ‘(11,"' ,aj_l,b,aj+1,~-- ,an\ }:\_,"fih 13.1.1 &IEH%K bf@ﬁ'ﬁﬂ‘é t,

|a,17... 7aj_17b7aj+17... ’an|
=lai, - ,aj-1,2101 + -+ TpQp, Gjp1, -, Gy
:x1|a1’ 7a1’... ’an|++x‘]|a1’ ’a’j’... ’an|++xn|a17 ’aTL?... ’an“

22T, RO i HIZHN 175N, i = j OBEERE i 4L j AR BT a;, THENS, TDfHE
F0THD. £/ j HIT2;|A| THB. LAEXD,

lay, -+ ,a;_1,b,aj41, - ,a,] = x;|Al

INERBIELUTkDZEAEES. O
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14 HKAEBMIDER

BEORELIZESPEHND DX 19 K DEZETH D, THUEIOFEIFESZHVTIZER I T Y
72, WEDNZ, TNE T > TEZNFILENT 1 RARANDIECTHROFHFE R ERLER %2 FhET5
BETHY, T XIS IZEAMSEMUETBRE R R o7, LTS, TNMBIZZERIHNEIZDWN
THLEEGZHAVTIZERZERTZ 22D, HD5WIETE»E L., UL, ZOSBIZE#T I,
S8, & 0 EHERBES SRR BIN SR T, EHRPHEEZ PRBERICERRNI 2228025720, H5
WIEEEIIZ B W TEFEIC B E TR WIS 2 1ITIEH 2 D55 & 5 2 1R BN & v A % &
WCHERT DI Li127572A5. LAL, TNTREEZL OFE 2 REIZEXDESLZ LIZR->TLED.

BERBEFZICBWTEAEZHWEREANTREEZ G0, TOHEEZHVS EHBEIZRRPT VW &
IZDED. AT BOEIINZE DA I N TIER L, TN INEFETH D LT BT
BWTC, BFEN 2 v AR MO IR BZb B EAIC L2 RFIL P E LRV, AEEZOVGIZE%
BE DECIIESLEGREHWZER 2T, T2 CARE 198iTlE, £I21.5B X0 1.6 TR
REESLEBEHIZEHTAMEROFKBEL LT, 2NS6D L0 EERMENGIZOWTIHRIITS. 2720, #F
REZEDIRIZEIN B IR DAZILD LT 2 2, TNUANDES, Bl 2 I XEIESPILEL Y, MES
W EETHALR EDIR NI OWTIXESRD AN LS EEEZSRINZ .

14.1 H£E50E2EBERK
AEBRIE, ZDODEED—HERTBIZHHEL 2R TH 5.

EFE 14.1.1. ZDOD0ELEABPEZONTEY, ADWHRLTE BIZET L&, AlXBOEYE
& (subset) THEH LWV, ACBHHWEBDALKT.

I, AHBIFADHNEETHD. ACBTHHLE TAIBIZEEND] LbdRZZLHH 5.
ZORBUZ, AWNBDORITHBI L (DFED AeB) LI NIENEH LD ZIER L.

Bl 14.1.2. (1) {VAT, AA A} C{ VAT, ADA, A1} THS.
2) NCQCRCCTH5. ZNoDRB0OEKEIE 1.5 HESRE &,

B) A={1} (—RDADEA) L, X ={1, A} (HRE1 LEGAD_ DD LRIER) T
WX, Ac X & AcC X HHITED LD,

— 17, Bt ADES BOWDEATRVEIE, ADTRTOLH BIZETEbIITRZVWI ., OF
D BIZBESRWADTWEET DI 2E KT S, 20L& A¢ BEEL.

Bl 14.1.3. £EAH A=1{2,9,11,30} IZHEE B ={2,9, 15, 26, 30, 37} DEHEL TIXARW. iz 5
NNeABLV11¢BTHY, ADTRTDILABIZETE2DITTIERVWNSTHS.

RCED DB ZER IR TOEEDWDESLRD:
EE 14.1.4. WA RITHEEFHRVELEEZEES (empty set) & LU, Thz ) L EL.
B 14.1.5. EE X ITHLT, ZEA0IX X DEHOEETH 5.

Proof. BHIETRT. 008 X OFHEETHRVWEREL LS. ZOLEHLELGOERIZEID, X ITE
XRWVWODITaDPMFHET D, 2IZachTHY, TN IR TEZEETRVWIEIZFETD. ©2IZ0IX
X ODWMAEETH 5. O

TODEHBABPELVWEI, ARZEERT ST BEEBRT A LN -HTEHL WS THE. Z
N, ADTIEXBDIXETEHEDHYD, F2BDILIZADITKTEDH LI LIZIENR SRV, TRbE, RO
URVASE

H#£45 A, BIZOWT, A=B < ACBH»D>BCA. (14.1.1)

91



Bl 14.1.6. FHEA={ VAT, AA A} LHEAEB={VAZ, A1, A1 77 P IFFEL V. EE, G
ROEHFE 1411 ICEINFTACBBELTBC APED D, LA oTK (141.1) KD A=BTH5
BEBIZAAHADRZ DA TWVWEIDIITEHBRWILIZERLED. A B EZODECHREGEEZT-VOD
THIE, BIZIEAA 1, AL 772 TRVERED { VAT, A4 71, A0 72} tFFIEL.

Bl 14.1.7. AELARTOFERICBEWTE, R (14.1.1) DEAE TACB»> BCc A— A= B] 2R
D S BITAEDIHNT W,

(1) #I1.7.3 5 KU OROBERI BT, R2 55 R2 OB THEEOES X & f x::<m12ﬁ
Yy CT Yy

BHEWTRELEL R 5 RZLHROELRY DT B 2R L. #l1.731I2BVWTY C X
BERART, ZOBDHFEMRIBVWTX CY ZRLTWVWS.

(2) M 4.3.1 OFHATIE, AR Az = b DMRIKROES X L —/mD» 0 5%EAY = {Bb} B—37
52 LEBRTVE. £7,a 2 iBAOME (DFEVac X) & TNIE, ald BIZ—HTEHZ L (D
FVacY)ZRUZ ZNIEXCY ZRTILITHYELTWS. RIZBbWHREADRETHS Z
CERMER LU ZHIEY Cc X 2T 2 itfiin o,

(3) —ME DAL 1 R AFERDMIE (4.6 TH) I2HB 1T 2 —IADRRIZDOVWTHRKD Z & 217 -7z, fifk
A Ax = b DEEIKDES X & ag+ cra; + cpas + csa3 TRINBERT NMVEAEDESY H—
W52, XCYBLUOY CXDliA2MRTAEILIZL>TRLTWS.

/J:V)r?}*o (BEPFELVEEESI WD T &) ~

CODEENHTHLIEEI VD ZEPRDTERATHAD L, E2O0L LI, L eHHR
WERULPATERWI LIZGDL. B, R (1411) BRI TEI 250855 LSRR, &
W TACBH»P D BCA= A=B] OHMIZL TRV, THIFARYIZIELWEERLES S H. iz
I, BNBADOTIZHAK L L 20ARA>TVWEEL, FWRBIZH 1L 20ARA-TWVWEE
LS. ZOZ00RIIENESTVBIZEHDOST HLTWELEFEZADDEA I M. THELE
ZATVWBEAIE—HTE] L3NV EIATEDZIITNEE, TOMAZA (14.1.1) ZHVW S DU
kﬁm#&m.ﬁ&&a,miﬁﬂ4u) AT 57200 %E LTWAn56THS. TiE, £
PoTALBR—HTAHIL2EIFIZTLODES DD,

DL, EBEP-HTEHZ e 2FHATIOREMIHEELVWOTH S, TZTEERTIE, X
(14.1.1) 2 REE UTED, AMEEABLEIFATWS. &0 R G T, A (14.1.1) BEEIE
LWIEDERETHDIEFZATEIVWEAS.

14.2 &£5DXFLA

BZIZES T, AU eaz2HELL B E, REL DI TEODLERHDZZ LIZKD
. FiT-ES AZBETAIIH-D, ATHEHEDETRTHNEET B HIEEMERRER L WV, AD
FoTWwaMEIZE > THET A HiEZ2NANREEREE WD, HIZIX, ELHEADERL LT, RO i@
DIRAR DD 5

o AEMER: IEVUEMAKRD L CIENHER, IE/VEAR, E+ iR, IE=+HEiki b XE 28U CES
mEE WS,

e NEBNESR: SHEAVFAUHOHLEL, TRXTOHEMPEFRIEL AT L & 5L HKRY % ESEE
AL

XD IEREICIE, 22 TRMPHEIEDOAZEZ TS
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FEDEDTIZOWTE ZDZ LIS TIE7A <, FMERZElE & NAMZRER DM G A6 1 5.
TN, RO D DATHITAKERLE NN P S5 b ARGITHGENR O Z L LS.

e HLWHIR A ZED D,
o MR AMETHLDORRDELAEEZ 5.

Z 2T, BADIMER R Fl & WA ZRFHRIZDOWTHIZZE T B S L 72\, T 5251F 2 4
TRZ &5, BEHET 254, N <, P 20 Z el >TnD. £/, BEZED
SHFIMATHWS NS XYY DFl 5 & LT, KETIE “|” 2ZHWS. XHBIZ X > T, KEIY DElEIc
apy ©” EHWSAGELD 5.

£, AMERELIEDH 22T TAHA LS.

Bl 14.2.1. ROBFNINTNEHIER 223 HETH 5.
(1) VAT, ZDh, A1 DI DODEENSRIERE { VAT, Ak, ALH } LEL.

(2) 5P UDEI a, (272U neN)DREZONTWVWEEE, a1,a2,a3,... ETXTEDEZELHEDZ
L&
{an|neN}

L&Y
(3) IEDMEBRARDESRIZIRD LI ITERIND:
{2, 4, 6,8, 10,12, --- }, H»BWVWE {2n|neN}

7272 U, BHIDELIEIR, 12 BIREOFNTEEA L NREND L WS RGERE I EIPNTE ST,
Bk AREKGLE 52 5. RO B LZE T2 0O THNIX, BOFTLEDIFIVEE L.

(4) B f R-R% flx) =2? TEDD. ZOLE EHFER DILE fFITARALULE f(x) DHEIPHZ
KRIFEEERD LS 1TEL:

(2% |zeR}, HBWE {f(z)|zecR}
ZOEEIF O LEOEBEEROESGIZ KT 5.

M ED &S ITHMERFEIEIC TRk 2 B fE A D D, T DOFLEDOANE RS L O 24— 3
THZLEL W, MOTED S T, ED (4) 2RI [HEEHEDOGELE LTEDOSNDIES] &
5. BHROBIZOVWTIFERK 19.1.1 2 H X.

— 757, WA ZZRZEIIRD XS T RICHHT A Z e RN TE 5:

EE 14.2.2 (NEAWEE). Do UOEA X VBEISNTHY, BIZ, X IZ@T 5 te =512l 5%
- P(x) BEZ6NTVWEETE8. ZDOLE XDIEDIH Px) BT 5D h% 2 TEDER,
TRbLH X IZB\WT P(x) ML T 2 #ifH %

{zeX|P(x)}
LELD,
Bl 14.2.3. ROEAEDORL G IFVWThENEANTH 5.
(1) #& {2 eN|z =2m 2T m e NWFET 5 ) BEOMBAKOELETH S,

Bp ofilix 3.2 HEBRE XK.
OWBRFLE TIE, &fF [P(x) Do r e X) 2WDT Qx) LELZLIZED, ZOHE% {z|Qx)} £FT.
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(2) (m,n)-4F51 A B ECmKFIRZ ML b Iz LTHES {2 € R? | Az = b} 18 1 X588 Az = b
DRSNS 1 2 EAETH S,

(B) RZDEFHEA{zeR? |z = (v,y) LBEL L, 2>00Dy>0} 2B L1RRBE VS,
(4) B {reR|z#c} BEEGVIZFLWV. FMic #£ 2 2T s e RBP—DELVNLTHS.

T 14.24. 0, b ZFHELT D, a A EP DOV AT OEBMETRTEDZEA% 0,0 L EHE, ThEHK
BEIPSR. a KORELI PO RMOFEHEZ TN TRDEEG%Z (a,b) L FE, TNEZHRRBEEIFR. £
7z, a A E O KGO EBEERDES % [a,b), a KD KRE VU TOEBLEEKDOES%E (a,b] EFEZ, TN 5
ZXRAXE IR B, a L EOFEBEAERE [a,0), a £ D RKREVWEHREE (a,00) EFE, a LNDE
B, B0 a RGOEB2HRE ZTNEN (—00,a], (—00,a) L FEL.

EFH 1424 ITHNZEEIIR = (—00,00) ZMATZEHDZHH L TREEIER. —R&EE {a} = [a,d]
CZEEA D =[2,1] QLAEAD 1A NOBIIFIEL 2\) X TH S,

W& 14.2.5. EF 1424 THAEZZNETNDOXEIZDOWT, INZ2EEONEN LKL TEYE.
fREH (HPE): [a,b] :={z €R|la<z<b}, (a,b):={xeR|la<z<b}, [a,00)={zER|z>a}.

FIE (55 — D OK D)

EF 14.24 1%, RKE]2 SRXTHELLED [ THLEDOMNENEFZ S, — T, &ff la,bel
Moa<z<b=zell 2T ROFAELEIDI L UTKHEZERT DIRELHD (NE
MK EDOESR). ZNODERNP T DI LTS TIEARL, EIICIZEROE KD NEL %
295, GEL S 3T OAZ ZIRE &

14.3 HEMHOREHDH

EADEKFIIMERN 2D DPNEINRE OISR THNI$T2 Z &, 22TI3MER e HNERE
ENDEEND B
Bl 14.3.1. 4 X THL T, X Oz W7D (a,b,¢,d) 7= b2ARDRTHELSEZ X1 2L, X DI
B LT B 2REAGHEARDRTESE My(X) TRT. ZOLE ROTEXVTNE My(Z) %
7.

a b

(1) B F:R* — My(R) % F(a,b,c,d) = ( d) CEDTEL. My(Z)={F(z)|zcZ}.

C

(2) EDx® F(x) 2 BARRIZER D #mR UKl Ma(Z) = { (a b)

c d
(3) Mo(2) ={ (Z Z)

abe,d€Z } Ma(Z) = { (Z Z) € My(R)
(4) Mz(Z) = { A € My(R)

A= (a Z) H712F a,b,c,d € ZLHFIET S }

(a,b,c,d) € Z* }

a,b,c,d € Z }

C

(1) PHMERIFRIET (4) ANARIETSH 5. ZORBOREE LT (2) % (3) ®iEs LIELIZHWS
ND. ZNSEINER LT B HNEKE T 3RS I BRSNS,
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EHDRBDIMER D NAR D % BEIZHE L 20D THNIE, LoFIzsIFs (2)% (3) D& 5%
RKALZROBRNI L EHRL, G5 “|” OLEMICHENGEEDO L2 RTEEESVHOETEHV o NTVN
WXARAR, XERRAFZ DT oNTOIEAMER E ThIX LW, 22T, 2 RTHEEVETH S LI,
reEX EWVI XD, ERTHEGV —DOXF 2z DANORLIGHEEZET. £/, RATFITohnTW
BENE, @, HBNE 22, f(z), 2 272K DT, STLEDE DVEBOXE (72135 5) 2HWTRE
NTWBEIZLZIET. b, AT oNTZxl, HBEIGHRIZLE>TRAINZMETHEEART I L
MNTE 330,

UL LRA S, Sl I NZEADERT 5 L AP RO THNIL, # 1431128155 (2) H5
WiE (3) D & 5 4KEL 2RO THBEENRGRIZ TR, Z<DOXET IO LS LRdEPHW S T W
L. RKEEINIZHEL B,

BE 14.3.2. ROEEDEIEIIAMMEN PN ENE R L.
(1) {weZla@@®%), (2 {(ny) eR2|a®+y2 =1}, (3) {(asinz) xR},

fREH: (1) & (2) PANENRLTH D, (3) PIMEWKRTLTHS. 7272, (2) 1ZHl14.3.1 TS & Z A
DOHEOFEE B ARES. b, (1) ITEFBEEOES, (2) T R? EOFSE2FLET2¥E1DOMA
LOREEROES, (3) X f(z) :=sing TEDONDIEMf R-RDI I 7 LOREEROEAEZRT.

HREXR 2L 1%, WEMEHR 2 IMER R IZE & E T AT S W
B8 14.3.3. XTCHZONAES X OIMENREL 25X K.

(1) X={zeR|22-1=0}.
fREH: 22 —1=0%W7-38idr=18L0r=-1THhb. PXIZX={1, -1}

0
(2) X=4 zcR>| |0
0

o = O
[

2
1| =
0

S O =
S O W

0

fREH: Z DN 1 HREROMBEIZ44THTERZZBEO TH Y, TOMREKROELIT,

0 1 0 0
4 0 -3 -2
X = 0| 4+c1| 0| +co 1 +c3 0 c1,c2,c3 € R
) 0 0 -1
\ 0 0 0 1 )

14.4 MEEEHBED
ZIZTRNTEEER, AETIE, BEOITL —HOMEZMEHTIBIZOAH VNSNS,
EFE 14.4.1. X 22k EEGL T35, X OWMHES A BIZBELUT, RO REEVH-ICEREINS:

o AZEENZILE BIZEEND 2 XL D7-HE68% AL BOMNES (£FEaHEE) LV, Z
% AUB &EL. I%bb, AUB:={xc X |zcAFE/dreB}. AUB% A %7213 B]

Laeds.

e AL BOWMAIZEEND LETARTEDIEAZ AL BORBIHIE VW, ZThi ANB 2 EL.
Thbb, ANB:={zeX|zecA»DzeB} ANB% [AH»DB] L.

SO Z AT BT ay, DREIE, n e NIZH LT an EREZWNBIEEEL f N>R ZAVSZIET, fIZRERAEERAL
(R TR c
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EF 14.4.2. —ODFM e c Ao zxeBl & lzeBhDaxcAl ZAMETHS. £/, [z A F

7ZidzeBl & TxeBE/zldorec Al HAMETHS. ZOHFEZHELT, ANB=BNA, AUB=BUA
MENPND.

TN, BEE O EE I OVWTONEG L BB ZED LS. WE, BE A, Ay, A3 V5260 T
WbEE INSOROHEEGL LT, ROZODDEEVEZSND:

(A1 U Ag) UAs, AU (Ag U A3).

LU S EOZDIZESGL LTI HZeho, MBETIEFEINZKE LT A UAUA3 &EL. F
72, ZOEREGIXRDESIZRTZLHTE 5:

AJUAUA3={z€ X |i=123D0FTNNIBWVTrec A HEKHIID}
FEEAIZOWTIE
ANAsNAs={ze X |%i=123TBVWCrec A VHEHID}
b, INSEFELT, BBEOEA BT 2HMESB LOHBRS 2RO LI IZED .
EF 14.4.3. n ZHARBE U, 2REE X O nHOWMAES A1, Ay AT LT
e AjU---UA,:={zxeX|i=1, nO0TOPIIBEWVTzc A B D).

e AiN---NA, ={zeX|&Ki=1-- ,niZO20Tze i}

ETERDEMEGB LB 2 ThEN A, (AL RETBIL D5,

i=1 i=1

14.5 HEWMEHEB (LWUAHD)

NAWZZREEDHBRZEA LI LITE D, ZHREICEAZREEORIANAERICR o772, LU, 22
WZIERERZLE LRDBBATVWDZERHISNT VWS, ZHUXRDMNIZBITERTH, T vEILD
WL PEHENT WS,

/ T W ']Z}l/@iéfi

\
EXENEBTRTORAEZEDEELLU LT3 (DE0 UREAOESTHS). Hiilf

P(X) % “X ¢ X7 LiEsh, BEY 2RTEHT 5
Y={XeU|X¢X}

OLE LAY HBRY OLERETHAIM. Y Y BLXOY Y OVTUHLDHLT 51
TTHS. EHLHMBELVOPREL &S,

() YeYy &RET s e, ERICEINEY 35 P(X) 2T HEEDEX D TH-120 5, T0
TLTHDY HEEEMZ2HZT. RO Y Y DKL TE. LELINIEY e Y IEL
I FIET S,

(2) Z2Z T, Y¢Y LIRETS. DF0 YV I3&M P(X) 2#i7zLTH Y, P(X) Zifi7z$HEEG2IK
DEZONRY THo7M5, Y €Y THhS. LPLINEY ¢Y LWHIKEITFET 5.

IHOLT, WTNhOBELFENELTLES
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PP B 238D 5 WIZEEIE, —ROFERIZE LR THMBEERIEHIENEDTH L L4 D
AW LUTWBZ 7255, LU, Iy OFHIZ L5 &, BEORMIZE D4 HOIXRWESH
HBENWDZDEADI ). T, TOTIERVWETE2DOTHNL, EDO XS BFEEZHRT 20725
TEF O (FHCEEG) 2 KT 2 2 L3R D7ZA 5. BIIETIE, iM% [ 27200 DF
MrEoNTHD, HIFENZ @ﬁkﬁbfTﬁ#é%%ﬁtm:thoné.$ﬁ?d,:@ﬁm
DWW THEBSH 8 Z L TH 2

ﬁ@%@ﬁ?%#@@&mw%@d?é@?%mﬁg%%%%FE%Jkﬁ@#ﬁ%?%%%ﬁ%%
7255, ZD7-HOORHI Lo - MEwIE1—2 )y REMFTHSD. 2—2 YUy RRMFTIE, W20
DA EFHEE U CHEMIZEZ K OEMEENT Wz, ZHEFEBIZUTEERIZBWTS, £A4I12H
TEHENK OO AZRD, TNODAH L HEHAIZE L Wil B KO =Bk C o 2 4
REZ AT OMELZEL Z % [ 2EDZDTHD. 25 UG TREMT2EEHRZA
BHE S & T332,

BMOANEL UTHZRHTARENE WO R, £ 5 5 AREESMEANDMEEIZ & > THimd
DHENBZEeNELNBWN. ULRLUENS, BIETIX ZFCB L IEIEN 5 NERDL S OMFEHEDEE %
3T, AV SN T WA, ZFC OFEll 2 EH < RBIER WD, ZOAHRIZEWTITELSGEEROES

URTET, Lz THHNOEMIZBII2 Y $EHTE AWV (FELVWEBIEATG RO T LE2R

). WKUTIvRIVDNAT Ky 7R3 SNEDTHS.

EZAT, BOWAMRAZEALUZHRIZIBEWT, IIP I v vVOHHIIAEURWIZLTS, TN T
Ty OME LT DOFEEMIIZELRNEWSRIEEH L2 DA 50, U, P EimiER R
ONoTULESZROIE, TOFFEEHERT 5 & D4 &k DHEHERAEADENE DY S &2 HEERIX
BOEB, T UEALERET 2720128, ZFCIZBWTFENELNS Z L 3BV (ZNEEFET
%étmﬁ):t%ﬁ%b;ﬁtvéﬁ%%@ﬁ&ﬁtéﬂk(:@ﬁ&ﬁtw&»h-7u¢5At@
XN 3). VRV L - TETTLTBITEmENREREZT —TIVICEoTEZONTED, HIZ X
X, BRBG 2 GO RFE R VWR 2/ HRIZBWTH, %@A@ﬁ®W$T§%®ﬂ%Eﬁ%£%Té
RN (F—FLOE2RRLMEE) LS DTH S, MRFUEIRIEINDG Z L iFk LT
WEWSI T =TI DEEIZEBITREZLEZID. ZOBMRIIBFEFRONEIZE EFES5TELLDAMN
Bk %2 R h ) MRa Riafr e BERI T I il o7z

EZAT, HEEMKIZE > THFEZEL L WS Ty )LD WH & FEED LI/ E AN DTS T
Wb, FIZIE TZOXIEEES>TWS] WO IFIEL WD, ZNEHRESTWADN. ELWETH
X, TOXHBE O FESTWAEROFETHY, fiE->T0deThE fiE-TWD] ZEEfEVNE
L\izt?ﬁbb\:tcztb RIFOFEEED. 2O UHESHEOMAZELXILES A LIRS M
WOMEE H 5. s PICMATCEREFPERMmE Vo T2k 2 R ERZWA -2 OHMEIL<iw L 5N,
%@E%@5%ﬁ§m&%®8bfymziﬁ4F#//J&%/@T%@ﬁ?%%ﬂﬁ%ﬁ%ﬂé.

E‘t(‘:ﬂa’t XN, BEEREZICBVWTHBILERINS.
BZATHUT, AEAETIORENICEEE B I RIMEGHRE S .
By zyAu=7 VL 7 VORAHR (ZF) ITERAMH (Axiom of Choice) ZIMATZAMRD I L.

A= AR (A= B)= (B = —A) Vol A, BIZEARHHEAZRALTHETHS. 25\ o zamidE
¢
¢
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~ K DB (RO L)

AHMEGRIIB T L2EEWMSDOMBERERL IZMATH S S50, TNIEHEBIF 2 HELL <
THRIIRDBZILTHA S, fwzrRITBRTUE S &, EEARICHER - 28 FHE L X0V, Filzx
Fa—20y REAZIZEIT 5 THEE] 1220 TE, AFIZ X > TEMROMEEN N DOMREX NS
DATH->T, BMZTDEDNERINDDIF TRV, THEEBKIZ, EERIZBVWTHERIE
BIRDIFRAHMTH OV EGHITIERVWDTH 5.

LU EIRB L, SEERLADPEFZTHVWSIELESO L EHDD, AHNELERDOXRICB I 55
BTHEIZDONEINLE VI RLIZIWVWRENSLE LR, ZORUIEWT, K, RO X
ZBEIZTBIRETDTHS. —2iF, FHEERRPEZERSKRC, 2—2 V) v NEMR" 2 HE
MIZEN D EEZEAROANHEZMAGDODEDL I L THRIRTELZ N0 >TEY, ThHhHE
BTHDEI L (BALUTHEETHI L) 2R RIMIZLVWEWVWS 2L THS. 5 =2, Hxd
IR T 2EEGIZDODVWTOERTH D, TN DODVWTIFEBRAT L SHAH 2B XX TEITIX
FWw, BERABLIIRKENMIERE, AEHRTERIZL>TEEZE5EXTIVEWS NHIZFHEYS L,
SHEAEE, NERLREERIZE > TEE X OMAEAZERL TLIVEWVWSI REIZHY TS, Zh
S5DNEDE NS T, FEMNBELIZENDRRPESTH 0000 % FL2 PERT 2 B0EIT%R
WDTH 5.

SHAEIZOWTEIADALFHLLED &, ZTNIXRD XS Iz REN5:

~

SHAE: X 284, P o CHET2REAL TIUL, BAE A= {2 € X | P(z) } BFAET 5.

SHADD DTSN [X 2 EGLTNIE~] LRoTWVWEHTHS. £E2KU 2HEE5TH
LZLRELTED X IZHHATRLE Iy VOB HIZE > TFENVELLZenS, Lzd>TU X
BETERW, EELREEZRT IO BREAIFFEELRVEWSFGRIZES. TNXVFELVEFIZD
WCTIEAHMEATROEMFICFES S .
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15 #RZEME

MR B W T EEE R R ETH 5. AHULI - REMEE %5 U 2 HHIE, 2.4
HTRRZEDICHEDEBRBIZWHLWHLR SR THEHMMNTED LW &, U TR 22220 % [F I
Wi LB Z EMNTELRUIH 5. HIZIE, RUIZBWTRINZMEEVEBMO R TELSIIEVWTERIN,
ZTNSDFHIZHDONZFHIESIZEAEHELE VWS DTHNIE, TN 5 ZFAIRHIZFEHTE % & 5 il
AEEZTEL L FHMNET S (M 6.3.2 £ 6.3.3 DFELMEEEWEZZ ). 2o &5 8FTIE, WA
ME2EHL THRNZARBIEEZEALTWS.

15.1 R MNILZEBDOAE
RMIZBIIBHEAN T —fEOMBEDRNTRICEZE L BbNn o 2Ed 5 Z & T, Fix ks
MDEHRZGD:

& 15.1.1. EEV ICHLUTHI + 207 —fF - OFEEVEDSNTE D, IS5IZRHILIL0 e VA
HEZoNTW3ET5. 2o DEEVPRIZEAREZRT MVEBONH 2723 L &, MOH (V,0,+, )
% 22 [ (linear space) 7213~ Y MILZE[E (vector space) & T3

- N7 MVZEBO R ~

a,bceV,r,scR&95.

I. £55a,beVIZHLTHa+beVREE->TED, XROWE %2727
(1) a+b=b+a, (2) (a+b)+c=a+(b+¢c), (3) a+0=0+a=a.

II. H#tacVELISreRIZNFUTAANT—fEr-ac VIEAEE->TEY, ROWE %=
(4) r-(s-a)=(rs)-a, (5) (r+s)-a=(r-a)+(s-a), (6)r-(a+b)=(r-a)+(r-b),
(7) 1-a=a, (8) 0-a=0.

J
FOMEZEZTODIEV OBTELIIBRY MLEER. 72, SLEROTLEZRIEL TR K
LR,

ERZMUVRV O THEIe2EHAL, TNz 0y & ELZEH L. BHITIEAN T —fEoEER
FAXEABKLUTr-a%ratEFE, HIZWMOH (V,0,+,) 2 V LIKELT 5.

R MVZEBO RN (1) 05 (8) ZE B ITHERL L 722\ & PR DR REE DB IZ KBS T S0 & v
ZIE, TD XS I3, iR S, P ERIC B 1 2 EEIE R (I2H 1) 2 & FARRICHERD S
LIZWH I NS 7o THSL. UL, R OEFEM LS 2EEZE DRG] LBIRICHP2ER 2 E
EITHDLTIZEWRLT, EOLS RN REERE G X T
Bl 15.1.2. X7 MVEBOARIZB T HME (1) 26 (8) I, i 2.4.1 1281 5ME (1), (3), (2), (11),
(15), (14), (10), (9) (TAHY T 234, M 2.4.1 2> SRKHBRED

(1) RMIZBIBHEE0:=(0,---,0) 2B AT I LIZED, 15 HTED R IZB T BHIE A H

T —fHERT MVEBO RN Z W72, Lo TR IFBEMTH 5.

(2) (m,n)-{FHIREDRTEEE M, ,(R) EL . 22 THERARZ K 51T My, 0 (R) ITIEFIE AT T —
EREBZINTVS. BT Oy ZBREART ILIZED, My n(R) KB T BHE AN T — 1
IZRZ MVEBOAHEZ L, Uhi> T My, (R) 3B ZETH 5.

EAIER" & My (R) (B0 M, (R) ZF—HL Tz, 72, FHROEBEIZBWT n RIES
T EEROELE M,(R) L EWT W, 2D, M,(R) = M, ,(R) TH 5.

UL ST, ZBRIERY MVERTH S, LBl ld, X7 VAR BER &6k E IR 2 572 38R (0L 72 AR50
BOZ iy FFLVWERIT 2 figEoa7 L2/ L).
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15.2 #RFZERE DA

M ZEM DFI 2 W DODZEITFT LS. ELODFIE R DI ESL UTEAEKKIZRRTESLHDTH
5. ZOHD—BALIZ DWW TIEREI CTHIZFEL KRR 3B,

Bl 15.2.1. W= {(z,y) e R? |z —y=0} &T3EX, W IZEMy =2 LORBEKERT. WIZBI5
M AH T —fEoERE%2, REICBIZHEAN T —EOHBIZE->TED LS. 5L, 0 RZBWIZ
HEENBZE, BLOWDETLES LOFRW DD AN T —fERHEW D6 b I 2RO LS
ICHER T E 5

Proof. 0—0=0X0Y (z,y) = (0,0) &&M [z —y =0] %729, ®ZIZ0= (0,00 e WTH5B. RKIZ
a=(ay,a) € W, b—(bl,bz)e ,TEREIREL, a+brac W ZRZ5. a+b= (a1 +b1,as+bo)
BDWIZEEND Z L 2RI, (z,y) = (a1 +b1, a0+ be) DM To—y =0] 2T L2VWAIEL
W.oa,beW &0, (x,y) = (a1,a2) BEU (z,y) = (b1,b2) (CDOWTEM T2 —y=0] DKL TH. OF
Dar—as=0,b—by=0TH>B. DZIT (a1 +b1) —(az+b2) = (a1 —az)+ (b —b2) =0+0=0. U7
Mo, (z,y) = (a1+br,ag+be) 13 To—y=0] ZH/zl,a+be W TH5. £7zra = (ra1,raz)
DWIZEEND ZLZ2RTITE, (2,y) = (rag,rax) D&M Tz —y=0] 23T 2 0L, Z
N (ray) — (raz) =r(ag —az) =r0=0 L EHIZHN5S. O

WIZBFBMEAN T —fEMRT MVERONMZGZTZ 21 RYVIZBITHHEERZSI THLHI &
MOHSNTHD, Lo T W IIKIEZERTH 5.

I—27)w REMR? & n KOMEEEIZRFDOZEMDZ L Thotz. ZIhoMEMEINSZEME LT,
SREPRAR D E Al 2 KD ZEf 2 B 2 & 5.

B 15.2.2. MERRMEDEEDM (21,20, 23, ) BEDRTHESGE RY L EL. Zhd, MERITHE < FEHF
EEROLTEALIEZEAONS. R DBELFEKIZLUT, RVCHERDELSITHE AN T —fEDVED 5
n5:

L4 (15]_,562,563,"‘) + (yl)y27y37"') = (l‘l +?/17332+y2,553 +y3)"')7
o r(x1,x9,x3, ) = (rxy, rre, rEs, ).

Thbb, REMILIZME AN T —fE2l->TW5., TS5 DHEIFNRZ MVEMOANE %22, RY
ERZ MVERIE D, 1B, B (v1, 12,23, ) & (Tp)neny LT 2L EHD. TOREEZHNVT ED
HEZZETIRO K ST 5:

(xn)nEN + (yn)nEN = (CCn + yn)n€N7 r(-fl:n)nEN - (Txn)neN-
RIZHIHADR T2 EZLD.
& 15.2.3. XF 2 BLOFABK m, E ag,a1,... a0, ZHNT

m
= Zaixi < = amz™ 4 a1+t agx® + arz + a0> (15.2.1)

LRINDADZ & 2FRE B L T5%ER (polynomial) £\ 5. ZZTIRHEAMZ20 =1 2ED
5. EORIZBWT a; #0 %2723 i DHTRRKDEDE n £ T5HLE, f DR (degree) & n L ED,
INhzidSdegf TKRY. £/, 2D L &, f ZnR% AN (polynomial of degree n) £\5.

ZHERADRBA N AT THB L E, TNERRUTOZBEREITED. m>n DL &, n REATFOLIA
RE MU TDOLZERTEDHS. £/, ZODZHER 2024+ 32 - 1B L 02® + 222 + 32 — 1 Z[E—HH
U, ShSDSHRFHELWEE X LS5, —BINTERNE, n KA FOLHRIZTRT Y a2
B TREDL VWS ZLTHS.

BEOOLHADVHRUBEERTEF LW L2 EMHICERT 20RBINCEBTH D (102 =YD I T LEFK).
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Bl 15.2.4. FEEHEBRHEL T2LHALKROELAZ R[z] L EFEE, INZ2REFEHZELRE VD, /2, %
DHTn KA TFDOLIHALARDO R TEHRES % Rz, L EL. HIZIER[2]y = {ax® +br+cla,b,c € R}
Thb. ST RE|ICBEVTHIEAR T —fFERDEIIIZEDD L, TNSIFHOLEHAICR5:

(Zam’) <be> = Z (a; + by)x (Zaz ) = Z rai)a:i.

=0 1=0 =0

IS DEFENN T MVERBO A ZH729 2 LIXBEGITHE»D o, U7zdi > T Rz] IFFE 2R TH
5. B, Rz) IZBITBFEILLE, TARTORK e V0L BLHRADI L THD. ThzBe dnt
WX, EAREENRALTE 0ILE% L 2 EHEHEEKRT 5. £72, n KA TFTOLZHAIZBWTHI® A A
TR L, n RUTOZHEANEONDE Z &0 6, Rz, BIRELZERTH 5.

ZHATE, AN RN ARIT G E, 2 2EMETHRBEARTIERH 5. MiElE, ~20%
HRA p(r) =YL gair’ & qx) =31 b BELWI L%, £i=0,--- ,niZlDO\WTa;=b THDLE
DEGTHS. BE, p(x) = q(z) PP RDERBDOIL TN UTERV DI L% p=qDEFR
ETBNGTHD. 28, BEOERIZEVWTIEH SN UOEREEZES L TENPRIZR SR, BEIC
F, TS ZODVEGERKAITRETH L0, MIERBOYLHEEZZRIIDH > TEIZD D BHEIF L.
ROAEIEZ DRP L 78 5.

& 15.2.5. n + 1AL EOLE &L R OMDRE [ 2EHEET 2220 n KEVFOZIHARK
p(x) =31 gairt, g(z) =30 bia? IZDOWT, RIZFAETH 5.

(1) H2ellZ20VWTp(z) =q(z), (2) £i=0,...,nIZD2WVWTa; =

Proof. (2)=(1) IZHS 2D R (1)=(2) 2. p(z) = q(z) & BB p(x) —q(x) = S 1 o(a; — b;)a" 120
CEZRSEHEBTHS. TEn+ 1 EDLEZELI NS, n+ L EORLRDE ), typr1 €1
MBI EMNTE, INSDOH%E p(r) — q(z) ITRATE I L TROAXERS.

t1"(an — by) + 1" Han_1 —bp_1) +---+ti(ar — b)) +1- (ag — bo) =0
2™ (an — bn) +t2" Han—1 — bp—1) + - +ta(ar — b1) + 1+ (ap — bo) =0
: (15.2.2)
tn™(an — bp) + tn" Han_1 — by_1) + - +tn(ay —b1) +1- (ap — bo) =0
tni1™(an — bp) Ftag1" Nan_1 —bp1) + - +tari(ar —b1) +1-(ag —bg) =0.

CHND & (ai — b) KHDBEBE RS £ 5 n+ LRESTH A 2 RTED 2

i " t 1 R 7]
to o1 B
A=
ta" ot ety 1
[t ™™ tnpr 1]

T5LR15.221F, 2= tay,—bn, - ,a0—bo) P Az =0 DETH B L EZFRLTWVWE. U7 VTIE
Y ROAR (EH11.2.2) £V Al = £[[iojepnar (t — 1) THY, &t RRRBBDA|A] £0. PRI
ARFAETH D R Az = 0 ORI —ffx = 0DATHS. L5 Ta;—b;=0(i=0,---,n). O
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PRELELNCS 2R 2 ey N

ZODXFH 023 4+ 2202 +3x +1 £ 322 + 1+ 3z + (= 1)2? [ S DT RR B FEHTH 5D, S
ﬁhﬁbu:mg%%ﬁﬁtbf%bwt%zfm 2T, BRAICE Z 5N =D DTN
ZIHAL LTHELNWZ & #EHEZTHLS. LTFTI %Eﬁt&n?«%ﬁtbf—uwQQ
I oI —MkL 72

apz™ 4+ arz™ + - + apa™™ (ZZTm,n;, e NU{0}, a; € R)

T%‘%é%%ﬁﬁﬁﬁ’]@ﬁ?ﬂ%%i DL SITETBLEHNEERDETHESE POIR) L L&D, &
B, BIEADR EH —a2b 1X +(—a)s" DR THEZ L L, TZTIHBIEHIZLDZRRIIZEZ R VL
ER-E

ST, BT w = apz™ + arz™ + - - + apa"™™ € Pol(R) (X LT, BH (af,a¥,ay, ) %

= “XFHwiZBWT, 2 DRXEDBS & 5 E n il 2 HORBT-H OB
=“Ki=0,---,mDIB, m; =n %723 i IZET B q; 725 DAY

LEDNIE, G Q : Pol(R) — RY (Q(w) = (a¥,a¥,ay¥,---)) BMEF5N 5. ZIZ T, ZDXF4
v,w € PI(R) KA LKXTHEZ L%, QUv) = Q(w) KDL DI L LEDD. ZD [ZDDFF]
BHEUATHS] &0 BFRIE Pol(R) EOFMERFRZ L, £ DRGES R[z] := Pol(R)/~ DIt %%
A I (FEBRPEESICOVWTH L X235 HE R &), HlZIX, 20X FFlv=2+1&

w=1+zFEEPol(R) Dyt LTIFELD, ZIHAR[Z] Dt LTFFEL W (T7205 [v] = [v)]).
&ﬁm&bﬁjMﬁmweRm%iuwz%bféaFmﬁwaw%ﬁ[][]%% v=w
CLENTHEEL TS, LTS ZIHAL LTHELWV] (DIEHERER) & ZTWS [3XFF)

MNELUAXTHB] ZEIZIENR SN, )

ZIHAZ B E ARG O, ROK S R—BADPE A 5N 5.

Bl 15.2.6. R LOXH I ZE&HB L § 5 EBUEEGBABRKO L TESEZ C(I) L&EL. C(I)ITBWVWT,
MEANT G EREL XD, Bl h 2EHET DLW Z&iF, EEEO&ILE h IZRALUME
BEDDILIMAE SN, FIT, RDOLD ICHBEEZERT 5.
o fLgeC()ITHLUTHEB (f+9): I > REZRDEIITEDS:
FHa e IIZOWT, (f+g)(z) = f(z) + g(z).
e fEC)BLVr e RIZHUTHEE (rf): I - RERDLDIZED B:
ZxelIZDOWT, (rf)(z) :=rf(z).
fHgXrf NEHOEEERE 2228 (ThDE f+g,rf € CI) DIAFHIIRTRADHRIZHES 536,

CI) BT BETIF 0 Ili% & 2 ERERTH 5. Lf*iéht&%ﬁ&&b»%ﬁ@ﬂ@%ﬁt
ZLREBIHEID SN, LERST, C() RSBEETH 5.

1524 2B 2L HAZ XM I 2 EHF L L T2 L AT BB VTIE, ZHAIZWT S
BB TH IO Rz)CC(I) b5, TOLE 1524128 2MEANT—fEDEHKRL, #15.2.6
BB ENIE KT S,

B 15.2.7. (1) Bk ZEBFI OPNEBE 2 W TED STz, ZHUTHELS 5 HIET, PUR
B E L 5 2EMEER/RIBE T2 OVTHERMEVED SND. HlZIEXR? DTz, DA
x e RZIZIRT B2 &id, o, & = QIR 0ICERT 2 2 L D SN D, PURBERMPE £ 2

SONRANIZ & 23D EFE BT IUL, BREFOHETRES I THS.
2y = (an,bn) & & = (a,b) DHEEIZE R TIADEHIZEY \/(an —a)? + (b, — b)? LEIRTE S,
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B X (BlZIE X %2 R2DEAEES L TZ L) Z2EHIK L T2 EBUDEGEB RO 2 HE
ZC(X) eFHFE, C(X) BH115.2.6 LHBRIC L TR & 72 5.

(2) ik, BB D 729 B[ 2 AP 25 & A7e S 7212, B MG RE O AT HIFR S 5 B EIE R, &
D —fRIZ, BE X 2EBBRE T2EREFBRARO L THESEZ RY 30U, #115.2.6 & FERIZH
CANT—fEEEDDHI L TR I EM 5.

BE, ZOFNCBEWT X =N & 3554801522128 28570 RY OICIZEAZ 141
ORIEDH D, TN SIKE— DR L ART N TES, EB BHEROEIT (21,10, ) I
x(n) = 2, R58Hx : N - RIZHIGL, #IZBEBKy : N —» RIEFEES v, .= y(n) (Tbb
(y(1),y(2), ) ITHIET . ZOHIGIE, TNENDOHNE AT —EOEFEIZEL THEAEMT
H5HB. N EZERRE TBEBEBIOENL, £(1),2(2), - LELD, HEWVIE 2y, 29, & FE
KMEWD EPREE EOENLPRVDTHS.

Bl 15.2.8 (FE). C(X) ITIZRD IS IZLTHEEDD LN TES,
e C(X) IR UTHEE fg ZRTEDD: Fx e XIZTDWT, (fg)(x) := f(x)f(g).

DL E, C(X)IZBI A, 1 € RICMEZISEHEH 1 2HAce T2 ThdE24.11280
BI2BI5 (1) 26 (18) TATOWERZ T, $74bb, OX) 3%l d. 7, ZHADM
REOLHRAITRD 2805, Rlz] 5% iBE R 5. Rlz], BEOBITIER SR\, il S, n REIH
RS LOMIZ 2n ROZIHAL 20, ZHIER[z], CEENRVASTH 5.

15.3 A K EORTERE (RR)

INETOFHEMIBWT, [FHNIHNDED B L OAH T —(5DRE, #7 1R GFERTHEN S B0
WINEFEHTHH L LTV UL, OB EREBIRE N EMHE 2B E Z 1280 o 72, RIZ
HEETNE, WFEIZESTAA=VUDRERTVE WS ZLIZRELEAES. 22T, 15iENnD
B e AHBIZR 720, H5VIFHEERBADD L Vo RIEEZ LS.

IR B 7Y 2 BB IRE U 7256, (TPEE 28 D B UIT> TH RS ICEN S DIFEHBIZ RS 1, 17
ﬁﬁo)m%ﬁf%zf%é. F - BRI DE N 1 R ARRADME HHBTH S, —H, [THOEIE
FHERDD5E1E, RIE 0 ITFIHEZ OB T HADOMEITERER L 5. EERBE R T 538 1
/kﬁﬁﬁwﬁ%%ﬁ?%%ﬁ(M%. ZDEIITERS JOFME, EERBUZHB LU ZBHED AU 2 RITIE,
INoAMAHETHU TWBS 2 WS HEIELH 5.

L7223 C, PHRHE T £ 2 REMEE K S 25 2 50, 75O A5 7 — OB, #AT 1
RARKZEHNDHBHBIZ K D25 Z 2T, K BT 5ERBOMANREZ 5N S 5. MAIEERE N
52 505 RS 13K (field) & IFIEN S, 2 ORI E R IFABFZOEME 2 BI040,

Bl 15.3.1. (1) FEH2ARR B IETHFHEELK Q, HEH2KR CIEENTNRTH 5.

(2) BBAKZ X, Y 5 LO# 0 EAEEIZ 25 LIRS RV ZKTIRA. BEERS LT3
TN BT, 1THIEHREZ D LT R H NI HEN T L 70 5. UL, BEURBOEN 1 K5
PRI, ST\ EERCR BRI HED = 2 755 5. = UAEEEOH] D BECH U T\ 2 2
LTW5,

(3) MBS RIXATIER., MY S LOMMPEIEBIZ R 2 LIZRS 206 TH S, flziX V2
BEU1 - V2 I3 EIETH 2 (3 15.3.2), TOM V2 + (1 —V2) =1 FEHKTH 5.

BZZTWINIED THEAH S —fEOHEBEICELUTEENTH S ZDIEMEERIT, L2~ TI 2 12E»%5
2\,

OMmE 24.1 TIRBATOHEIZ 1 TREZEL EZ2HVWTWS.

WK PNuRBTHY, DO K »oB 2R W-ES0RMERICEL TR S K 220D,
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HE 15.3.2. V2 PEHHTH L Z L E2RDIATL - V2 RWEHTH D Z & 2RE.

FREB: RIZ 1 — V2 BB TRVETEZNEEEKRTH Y, V2 IZFHEKEE S Lo &5
V2=1-(1-+V2) THRESE. LEPoTV2I3EHEEEY, 20X V2P EHBTHE I LIIKT
%. O

I K IZBd 28R T, RTED DRIPERME N R LT 5.

EE 15.3.3. K 2k 35 £EVIIRHUTH +, BEU K OLIZETE2 AN T £ OFEBEVED S
NTHO, TOIRHZZIL0e VAREZONT WS LTS, ZN5DEHFEIRDSEME (R MIVZEROA
M) 23 RT3 & &, WOH (V,0,+,) 2K K EOARY MUZERE F 72 134322/ & 18
I &Ta,beVIZHLTHa+beVRELZ->TED, ROWE 27
(1) a+b=b+a, (2) (a+b)+c=a+((b+c), (3) a+0=0+a=a.
II. &tacVBELIUre KITHULTART—fEr.ac VIAEE-TED, ROWE %723
4) r-(s-a)=(rs)-a, () (r+s)-a=(r-a)+(s-a), (6)r-(a+b)=(-a)+(r-b),
(7) 1-a=a, (8) 0-a=0.
AETEEL THHPEMIEIR EOREZERITHS. LU, A LTRUNADEDZRHALTS, £
K DGEIZEEDFBRIGEONDE Z L ZHDOFMIZEOTE S0, i, K U TEZERERHALZIZ

SMEBDIBE LD LHGVRREBIZARIEMONRHS. ZO/RIZDODVWTEDF LW LIXEAEMEOIEHT
BR3.

Bl 15.3.4. K 22 35%5. K2 UTRZ&FZTCWEGE L EBIZRDEK D LD

(1) K Oii% n AR 7ZH (21, 2) BURPSREEAEEZ K" 255, Zhid K LofEZERT
»H5.

(2) K Dz d % (mn)A30R2KR0RTHEEE My, (K) &L, 203 K LORIPZERT
H5.
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- SEIE (UK BB 2 R

PURIEBR SR T 2K K B&13, AROEE E L TOMEBE2MEEMICBIT52ME AN T —1%E
AT Z L TRIBZERNIC 22 5. Bl Z X FERIELR R IZEERD 1 D Lo WiBEfTHh 5. R, —
DDIKK,LPE5EZ6NTEY, KCLPKRONDEEEZEZLD. ZOLEIRKREIWEALIE, /MW
KK EOBERMEARTILETES. HIRIERCCTHEILH 5 CIlER _EOKILLEM & 42
L. ZOZIIERTHZBELT, CRRZ EHIGDT oI ehobnhd. —HT, QCRIZD
WTR % Q EOIBZER L A7z &, Z ORIEZEMOMWE %2 N2 DIXES TR (R, X
L7 B). —f, KANERO B 2 D DKRDRNZ B 23 FME (TbbRE) 2R 25 Mm% A (F
07 ) £V,

BEBRCoEHEEBWEZ S, EROMBUZARN 22 = —1 22302 H72I12MZ, 502
VUHIEHBE A D LD K S BZEM A LT 5 22 TC %2185, 22 = —1 2 THIEZOFEL (2h
Za,bl L&), 20— H2BBHEMELTibEE Z0LEE—Hlk —i &FEMND. Z
IT—DODRMNENG. HEAVEBEAL LT 2BOSEE A 2EE, O AP BB
WO ZBATSEEBZ2EHEVZL T, Z2EEFEADIFIBEEBD —i ITHYT 5. Lo T,
TODBEFEHETRRONT WS E IR U & 5 & B AL mE R FHERIEZE (B BEH) BB Enidd
Thd. LU, EIZIZZO LS RIEEILELRL, 25E A B 217 U THOBRICEIR 2 255
THRMBEERV, ZHIEREERZ & TIER VA,

KB L OREOBER A F N2 I, WHAEE 250 A% W7z 5 XA DD ANDIEF
EEFH B - 7=, HREROME I A 724K %2F 2 T, ROXNHME L HRERXOBRE Mo 5 Z & T,
FRONRDIFIEMED A INZDTH 5. £z, ETRREZBREEDIBE RN 2 1F, 22 = —1

K@@ﬁ@iﬁfﬁ‘l‘i’ﬁ:ﬁbffﬁﬁt’ééz’bfb\6.
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16 WA WA RRFERD 22

B15.2.141281F 5 Wy _q) & R? OBIRY, #1524 12513 % Rz, & Rlz] DBIRDO L D1z, Kb k&
AR O ES L U TERI NP EMOBIN N DB FZEZ6NE. Z0s 2T &L
U TR 22 M7 2 & % 195 .

ARENZ THRAZEE DL < DY ZFENT 5. 5, MR OMFMATIRL 5 Z L DTE S0
KPVDICEETHIPEMIND Z L t,%lo.

16.1 T
FEZER V O EE W BRI F'aﬁt&ét&b@;ﬂtlﬁ%%zcko WIZBF5MEAT T —EDE
BN M VEBOAH AT 213, BIZVICB T AHENZES THAZ L HEBLIZEONS.

ZAZ, W DNRIEZEM & 72 B 72 0121d, W N TOHBRRPHO W IZEEND I L (DI % W DY
HTHALTWR 2V, BEAUOBELADNEL NI L0015, 25 L THLAIIRDEHRIZES:

EFE 16.1.1. FLEMEV = (V,0y,+, ) OESEES W BXROME (1) 256 (i) 2 TN THizd & &,
W = (W,0y,+, ) & 7=k Fﬁaaé

(i)oy e W, (ii)a,beW =a+beW, (i)acW,recR=raecW.

ZDEEW %V OFRE2ZM (linear subspace) £72 382N MLEREE WS, AETIEK, Zh
5 & ERZEME & BEFR TR R B4L

fl 16.1.2. BPPAER VI LT, VARV OMAEMTH L. £V OFETOAD» S L L5HEE {0}
LV OHAERTHE. 2o —DOWREBMOI &%, V OBRAREIZERE WS,

EAEMORIIAT OB TRRS. ZOHNIT, WA 5 72D DEM ()~ (iii) 2 & < HET 3
72012, R2 DI EE DR THA IR S Wl & 5. & (1)~ (iil) OWThh—DTH i
72 IR NEIB A EENIZ R 0BV e s, FEMFIETWL S THiFICHETES. 22T, =

DODHEDSH DI TEDD, O D —2&iHEIBVWESHH, 2F 0, HE —HTHHEMIZk
S5WIEZZTIREZD.

Bl 16.1.3. (1) & (1) & (ii) 2wz (iil) 27z X 204
Wi={(z,y) ER? |z >02D2y>0} LFTHEXW X (i) & (ii) 27z L, (i) 27z 20,

Proof. (z,y) = (0,0) 2’&f: Tz > 02Dy > 0] 23T en50= (0,00 WThH5. %
72, w = (z1,1), v = (z2,92) &L, w,v € W ERKETIUL, x1,y1,72,92 > 0 THH, DZIT
T1+22>0,y1+y2 >0THB. U5 T, (2,y) = (x1+ 22,91 +y2) 1 F5&MF T2 > 02Dy >0
iz, EoTCw+v=(x1+wz,y1 +y2) €EW. DX D WL (ii) 28729, W A (iii) 27z
BNWZ & aRTITI, (i) 2 S RWKEHAlE -2 IThiE L. flAiXae=(1,0),r=-1&7
NiXaeW, reRTHD. LNULERMS ra=—1(1,0) = (—1,0) TH Y, (z,y) = (—1,0) &5
x> 07Dy >0] 273 LVDZ rag¢ W. O

(2) &A1) & (iil) 2723 (i) 27z & 2
W={(z,y) eR*|z=0F7iFy=0} FHEWIF (i) & (iii) 27z L, (ii) 2z T 2.
Proof. (z,y) = (0,0) W& 2 =0F7Ey=0] 23 Ien50=(0,00e WTH5. %

7z, w= (a,b) € W, r € RERETNIX, a,b DI EDRLLHEVTNR—FHIZ0THS. DX
Zra, b DWTNN—HIZ0THY, (z,y) = (ro,rb) 1354 T2 =0F72Fy=0] Z2Hi=73. L

V2Tl 2 RZERIEAN S Z 5NTH D, DAITMENGEE LTWABMNIT & > THRAERM OEERIT RS,
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=RoTrw = (ro,ry) € W THD. WA (ii) 27z VW e 2RE5. #lZIX, a = (1,0),
b=(0,1) 29 NEa,be W THhb. a+b=(1,00+(0,1)=(1,1) TH Y, (z,y) = (1,1) &M
(2 =0F7%Fy=0] 2T VDPa+bg W. O

(3) Z&ff (i) & (i) Z2¥E723 2% (i) &7z X AWl
mnrsmfr—o%xﬁﬁé’tf()“H6m5@z,:@¢5@Wuﬁﬁb@ma%itm
EZATHD. UL, EFBIZIZROHINEZ 55!

W &2 A LTI, WIKERM (i) & (1i) 2729 (i) Z2Hi7z I 20,

Proof. HHELGRTEEEHVEAD R, LB RLEET, LA TW L () 2z 20,
(ii) 27232 LIERD &S ICHHETRINS. B UIKIC (i) 2z 20w e dhiE, Thi
w,wEW THIIZEHOOT w+v ¢ W LR2HDVHDL NI ZLTHE. ZOFIIBNT, &
IZweWThHO, LEVP>TWEHLEZEL. ZhEW RL2EEFRVWEATH-Z I LIIK
T2, LLEXD WL (i) 27z S RIER SRV, FAREOmEZAWT, WA (i) 2232 2%
REND. O

- £ 0 AL (HifEA W7 5 i)

$116.1.3 (3) IZBEWTHEESDERM (i) 2232 L DOFBAE LT [(*) fifa%m 7z S e\l
&, WHARBFEGRABRRSNTVWTHELY] L WIMBEOFIZ/HHHTZ LAZ V. WEOHIT
i, BiRE % a,be WDSRSZ LW X (i) BRETH B L WHIEXHTHS. LrLars, 2
DFRELDF A %2 H HINIZZRD BB > TEROTHIUL, THIEREZEMLUTWBIZEL .
FHI (F) DD SNBD X AIMTH, BHODEETIHRYT 5 Z L AFAH LI TWS.

EZAT, B I N \ViEm D b 2 L 2 E AN, KEIOFEZ U DI EERN B
BRI VNN, iR o, KHlZ KT 27-ODOFIHZFHALZ2H D TVWTH, DL HRF
NE % B 6D B RPBEITIZFEL R WAREERH 2015 TH D, DF ) KHIOFELHIZBE VT,
Z DMK FIEZ IR T 2DATIEATITH Y, BRI ZET 5 B8R H 5.

T, FHN () IERDOE ST UTHAI NG, Z 2 CIE=MEOHIAZE T T L.

~

B 16.1.4. F 2143535, AEDSEMEPIZOWT [FR6I1E Pl XL T 5.

Proof. TFROIEP] ZRT7-DICFZIRNELLD. §5L [FEZIEP] THEHEIENRREDON
5. b FEPOIBABIEEWTNL—ANKILTEILIIRDE. LIANF MBS
ZMTH TP AT, ULizdioT, 5~ HDEMETH S P BRIz RhiEm s, Bk
D PREINT. O

Proof. HEIEIZ X O RT. ARIZ TFRSIEP) DD R 0WETE, ZHIEF B0 DIZH
PhboT PRABLTHEIIE2EKRTS. EXIZFPHIL, SN FWMAETHEZLIIKT
5. 2T TFRSIEP] IO, O

Proof. TF 751X Pl LRMERSE@E [(PTRWVW) ROHIE (F TRV IKD2VWTHERZ LS. 20
MEIERVPELVVWREDZETHS. DI, beOfm@E [FRold Pl PETHS. O

AP AN BEIZ B AGA A T, WHREIZ K 2 5w x5 O [FEMEDFED & 12 DI 725 5 H.
FIWT, &R TA 2 ZFOEE TATRW] IZBWT, AR UARTES 5 —HIdkiid 5
EEZBNG (TNEBHRRLV D) AERIIH S,

A2 L 72 B 72D DEAE (i) & (1) IERDEDIZEF L DB I LNTES.
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8 16.1.5. €% 16.1.1 121 D5 (ii) & (iii) BTN T 5 Z & & ROZMEDVRLT B Z &I H
HETH5:

(iv) rscR a,beW = ra+sbeW.

Pmof (i) & (iii) ZMKE LT (iv) ZRED. r,s € R, a,b € W &30, (iii) £V ra,sbe W TH 5.

2 (i) Z2EAL ra+sbe W 2135, 37205 (iv) DD LD, £72, (iv) IZBWVWTr=5=1%21
ofF#i'JlJm B (1) ITHHE L, s = 0748556708 (1il) IZHY 5. T740bb5 (iv) 261 (i) 22 (ii) TH
5. O

DABE, 85y 2EMTdd 5 Z & 2 MR 2 BRIESM: (i) & (iil) DR D IZEM (iv) ZHVWES. ZHiT &
DEEANZ DI 2B TH S S, £z, &k (iv) 2 5 FEICROMEBE P NS,

W 16.1.6. W ZHBEM V OWHZEME T, Fv, e W BLTr e RIZOVWT Y rv; e W.

Proof. FIDMEEL £ \ZBT 2IRMNIETRT. £ =1 DGEIXEBFZER OMEE (iil) (272 5 72\, FIDFEEL
MULDEEHRNT S EREL, IOMEED L +1 DGEERTD. v e W, meR(z_l L1 L,
u = Zfﬂ riv; &I NI, u = (Zle Tiv;) + TV EET D, FNEDRE & D Zl (v EW TH
D, WHE (1) &V repve e WTHD., KoT, HE (1) &9 (E 1 TiV;) + repvep €W, TRRDD
ueW Thb. O

17 i TR S EIFIEN &2 E AT S, ZNE2HAVWT, LOMETRRTWSE W OMEEIL TW
TS TCHETWS ] NS,

16.2 R" DR ZefHE
R™ ¥4 ZERIDAMER R R & NARRRIZDOWTIRL 5.

Bl 16.2.1. R2 IZEWTHWI AR THRVWARY M a,b € R 2B L (72720 a,b # 0), W =
{ria+mrab|ry,rs ER}ZE->TR? EOFEHM 0B L P a, b 2G50 FHPEES. 2O W IZR DS
EETH 5.

Proof. ¥ 25M L 72572 DM (1) B LY (iv) D723 Nd Z & 2HERTIE L V.

(i): ri=ro=089522T0=ria+mrb EREL. PRIZ0eW THA.

(iv): ¢,y € W TN 21, 20,y1,90 € REHAWVT = 210 + 22b, y = y1a + b £ EITB. &
r,s € RIZDWVWT

re + sy = r(x1a + r2b) + s(y1a + y2b) = (rz1 + sy1)a + (rea + sy2)b

ThHd. THhbOb, ret+syldr =ra1+sy, ro=rro+sys 23528 Tria+mbeEtEd PIIT
re+syeW ThHas. O

#116.2.1 DFFHHIZB VT, a,b BT TRV I EIFAVWSNTWARY. a,b W ETTH 561, W
IR D EZBELEMICRDS. — Iz, RS OEo2EM e, Fazi@s Ems ;Uﬁ,ﬁéﬁé‘ﬁﬁ, H
M7 8R4 22 (R & {0}) OPUFEIZIR 5N 5. ZONHOFMIE ot Raf&z2@BL ThINns (4
22.4.2).

O — I, P ER YV BE T ug, - u, e VIZODWTW =30 ru | r1,...,rp ER}}IEIV D
ﬁﬁﬁj\“ﬂﬁﬁtné (M 18.1.2). T DHINER ZEFDIMERZF R TH 5 DIZH LT, NWEHNERIZRTEX
5N5. T 15.2.1 O—BALIZAY L T\ 543,

BRI BT B 0 TRW DD wva bAFEFTTHB LI, ra=b%ilidERr DIFETHILEED S,
BRI15.2.1 1, (1,2)-1751 A = [1,-1] DEBEICHET 5. 25, #i 15.2.1 TRATRZ FLVTERLTWED, 22 TIRAINR
JIMEEBEREER TS

108



& 16.2.2. (m,n)- 178l A TR LT, RTEDHND Wa ld R* DIHZEME 7525
Wpap={xecR"|Ax=0}.

Proof. ¥R 7ML 72 57-0D&M (1) BLU (iv) Bz ENd Z & 2R THIX I V.

(i) z=0€R” 3N, x IF5M Az =0 2729, PZIZ0e W, TH 5.

(iv): a,be Wa, r,s e RETBH. ZDLE, Wy DEHEDNPS Aa =0, Ab=0DPEHID. ZDLk
& A(ra+ sb) = r(Aa) + s(Ab) =10+ s0 = 0D A, x = ra + sb 35 Ax = 0 2{ii7= 9. DRI
ra+sbeWyThH5. O

D Wy FFRIEENL 1 RGN Ae = 0 D RROZERIZ =T 5. £I T, Wy iZ/iEX Az =0
DFRZEE & FEEN 5.

B 16.2.3. A4 B D Wy =W B2HNXILIDESZH 5. HIZIX, A, B BIIZAWIEHTH72 51,
FNENDMREM W, Wp 13— =0 DAH 57520 {0} 5.

e DA EIRZRF L LS. IR MLl e R* Y Ax =0 217z 320D Z 2, A DRLT
Ex bDIFHEUTOREN0IZREENIZLTHS. INE R LORT MVONEEHAZZ S Z
CIZED, WA DILTHEIZLIE, ADBITLERTEINI MV THDI L LAMHIZRE T LRGN 5.
ZDHEENS, R" DLEDOEAZEMMN W D TRINSE Z EDRBINS. HlAIX #1621 1280
T, X7 Mla,beHITEXRTERI Mlce R &2 —DH5 &4, c Dy 2B (1,3)-1751% A

ETE, W =Wy &2 2P FRING. FELVEHIZNEEROHI TR LS.

4|

#E 16.2.4. XD R2 DERDEM W IZOWT, W =Wy 5475 A 2R K.
(1) W ={0}. fR&H: Afializ oiZcd L. fIXIEA=FE 28 &,

(2) W=R2 fREH: A= 0g9, A=01 RELTHIEL .

(3) W={ry|reR}, == Ly= Z

] L0 LT B (W RESRO & y 205 EM EORekERT).

—b

a

fREH: 2z =

] Xy ICERTERI MNVTHD. 2z DD EREIZIR S5 (1,2)-475] A =

[—b a] ZOWT, W =Wa £%55. W =Ws&5TEdIl, W WiBEE W C W %%
Zz9.
(W CWa): z €W ZBFCINE, E8r 2HVCa=ry £BI3. ZOLE,

Ax = A(ry) =rAy =r [—b a} [a

b] =r(—ba + ab) =r0 = 0.

WAIZxzeWy, THS.

I

(WaCW):x= € W ZBEFIZENUE, Az = 023K D> TWB. T7abE, —bri+azs =0

1)
ThHod y#0PXa#0FBFbA0THD. a£0DLEEFEHRr =2 12OV T =ra TH
D, INekDRXEEDLET ary = bry = b(ra) =rba. a #0WAML%Z o THY, 2o = rb 215

5. ULEXD o= - TZ =ry. PRIZxe W THL. bA0DHHI, r=2BWTH
xT9 r
FROGHHEZTNIE e W 2155, O

MZDEI % e BENDZNE S DLW RIBEE MR L 2T IER S50, REICEE L 2T, a & b AR IREIEN B R
JRlVaxbh, ZOFO—DIZHYTS.
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16.3 ERDZEREDHk < 21

B DI THRDON DLW ZEZEOHIZ R L &S,

Bl 16.3.1. #i15.2.2 TH R 72522 RY OMAEAE T, ROWER 2 w7z 58I 2% F £ § 5:
Tpnio = Tpil + Tn. (n € N) (16.3.1)

ZDEE, FIERY OMAZEMTHS.

Proof. (i): $XTOHEMN 02258410 =(0,0,0,---) I&i#i{bX (16.3.1) Z%i729. ®RIZ0€ F.

(iv): mseREU, Bl x = (zn)neny BEF Y = (Yn)neny PVHER (16.3.1) Zhi 72T LINET 5. ¢
E?b%, Tn+2 = Tpt1 +x, EBJ:U‘\ynH = Yn+1 +yn ﬁ‘ﬁ%ﬁbfb\é Z@Zﬁ%%z’b%ﬁ’brf%, SFEWLL/VC
MzesrZeT

TTp42 + SYnt2 = (Txn—i—l + Syn—H) + (Tajn + Syn)
213%. TNEEI rx + sy = (ren + syn)neny PAER (16.3.1) 2729 2 21T 5720, BRI
re+ sy € F. O
Wb 16.3.1 272 SO T, #WIHD 0 2D 2 HN 1 72 5851
a1:0, a2=1, a3:1, a4:2, a5:3, a6:5, a7:8, a9:13, a10:21,---

%7 4 17 v FHZ (Fibonacci sequence) &\ 5.
#E 16.3.2. HARBE > 2, BLOEEDER ag, a1, , a1 ZEET 5. B2 RY O HEST,
ROWALAR 2 W72 B 2ike W £ 5.

Ttk = Qk—1Tntk—1 + Qk—2Tptk—2 + -+ + A1 Tpt1 + ATy (n €N). (16.3.2)
ZoLE, W HRRYNDEHAEMTHSZ L ERYE.

LoD Z & ZIFHEER LI, T iz T8I0 Z & 2 BEEIBRHRIIE WS,

I, W & N8R 22 [ OBl 2 2517 5 .

Bl 16.3.3. (1) R LOBXM I 2 &KL 35 C-MEABP2EORTELSE C°() £EL . EHEH

BO X C™-BIBTH D, £/ CCHRBBOHP AN T —f5IIHT Co-BE 5. 5 5A C®-
BRI T H . L EX D O°(1) 1341 15.2.6 TH 272 O(I) D ERTH 5.

(2) C®(I) DFEDHT, ROMH HRRE W T y = y(2) 2% W T2
y (@) =y (@) + yO (@), (16.3.3)

mn

2T, y"(z) = dd?y(a;) FyDnBEEBOZLTHY, yO(2) =y(x) 2T5. Z0eE W
12 C®(I) DD ZEMTH 5.

Proof. (1): EHBEE 0 DWHEHVO 0 L2220 5, 00K 16.3.3 2723 Z LIZHSNLTH
5. DZIZ0eW.

(iv): f,g € W & TAUEEE £, g 1EFR (16.3.3) 2ii7= 9. T42b5, fO(z) = fD(2) + fO(a),
g (z) =gV (@) +¢O(z) THB. Hrs cRIZHLT, Z2OZR2ETNThrff, sfELTHE L
5Z&T

rf®(@) + 59 (@) = (rf (@) + 59D (@) + (17O (@) + 59 (@)
(rf(2) + s9(2))® = (rf () + s9(2) D + () + s9(2))

2135, THIEFEE rf(z) + sg(z) P HEKX (16.3.3) 223 Z LIz o5, WA
rf+sgeW. 0
BETHLWHTEIEBDOI L & OB L VS
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#8 16.3.4. HAK L > 2, BLXOEMHDOERK ag, as, -+, a1 ZEET . ROMD HBER 279
By=yx) 22 W E3T2. WHC®I) DENERTH S I L ERE.

y(k) (x) = ak_ly(k_l)(x) + ak_gy(k_g) (x)+---+ aly(l)(m) + aoy(o) (). (16.3.4)
FHFER (16.3.4) X FEBURB OB EM D FRERX L XN 5.

X (16.3.3) DML % n BT 5 Z & Tyt (2) =yt (2) +y ) (2) 2E 5. Z 2@ (16.3.1)
EOFLMENMZ LS. FHRIZ LT, o HRERA (16.3.4) 225

Yy () = a1y (2) + a0y (2) + -+ ary Y (@) 4 agy™ (z)

AESN, ZHIFHER (16.3.2) LML TWVWE. oA LTHIZBTWE WS EIF Tkl
R[] W 5081 D — f TEL D ik & SR HE 43 iR R D — MR A D vk S AR B D FERL AT B W THfiAT L
THEONDZEPRIZHEINETHAS.

Bl 16.3.5 (FsE). (1) Rlz] DHFT, ZHA p(z) =2 -1 TEHOYNZELEDOL2EKEEDHEEE (p) &
HL.T5L (p) TRz DEBRZEMTHS. ZOiEmB VT p BWREHIRLIEHN r — 1 ThHh I HE
17 < EEDZIER p(x) 122 WTRBRDERAIK D 2D,

(2) R EOKMI Dt #—2EELTHEL, I, [ 2EH/RBE T 286K F: I >RT, f(t)=0
BT EDRRNORIEEETL EBID. ZOLE TLIECU) DEHZEMERS.

EOHNZBENT, R[z] DIt L (p) DILOFEEIS LHY (p) DTICEEND Vbbb, £z, C()
DILE I DILOBB E- L IZEENDS. 2O &S5 BRAZRESIZA T 7 (ideal) & X, BiGm & P
ENBZRBDBFIZBVWTALFARSN TV S.
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17 #RIPHEE RPN

MM DEZRN O EBIZENPNEZEREE, §hbHERT MLORIE AN T —fEOWEIZDOWT
WUEDS. AHITRRZZE1X, EDS ZTIEIARZ MVORERZBOKRT I LIZRES. L2L, Zh
EHLLHEE RA2DTIH L, #EORS MVOBOBEBREE UTIRZA S Z LT, b sz~ %
AHDPAFEINDEIDTHS. ZHNIZE->T, IEWRIASEEME2EIOND EDITRS. 18,
N7 MVT=b DGR E RS 5 2 TEAIZRERD DWW DAMEHAL 1 R GFER O E H U kIC & Bk
WIREI NS, IS H UL O EZE Lo D EE U725 X TARIEIZERATE 5 Wiz,

17.1 #RKES
/':E% 17.1.1. ?ﬁ%%%‘%ﬁeﬁ \%4 0)773 U, U, , Uy € 14 Bi(f&l,ag, e, Qp € R %ﬁﬁb\fcﬁ

a1u) + aguz + -+ App = Z a;;
i=1
oy, u, o, uy 12K DHEAES (linear combination) 25 WE 1 REGE WS . ZTD & &, LOfR
eIz B T 5% a; (i=1,---,n) & u; DR (coefficient) LT, 7z, EXT MILEFEH G TR
TR qiu; =0 PHALT B L &, ZOERE uy, - u, I & BMHBERED 5V LREAKE VS,

TR HE S DIREER LRI

v Uy, u, DRERSETENPNDS LIE, v DIFHRD uy, -, u, DBFRITABINT VWS LEFE X
XLV, BE3DUHULSBARNIEX, v DEREFDITIE, uy, -+, u, DER B S ICHN S HR5K
ai, - ,ap DEZZ P> TVWNETDEWVWDI I THD. b, ZZTWD [ER] 21X, oW TRE
MIEEBRIZB I 2D L 2 EKT 5.

Bl 17.1.2. R" DERDORZ bUIE, RO nflADN 7 FIVOREFEGTELS LN TE 5:

[1] 0] 0]
0 1 0
e = 0 , €y = 0 , , €ep=|:
: 0
0] 0] 1]
[ ] [aq ] (a4 ] [0 ] [0 ]
as as 0 as 0
FEE, & a3l eRIZOWT |a3| = [0+ |0+ | 1| =ape1+ -+ ane, =) i ae; T
. . . . 0
| G | Lan | 0 | 0 Lan |

H5 (FiE, AEOHHRER 1241 CBWTEIZT>TW5). EDey, - e, & R? DEENRY ML E7-
FEART ML WS,

RITZ Mo uy, -, u, DIFEFEETETLIELELD. v DIFERE w, - ,u, 2HDERITETT
LB, wy, - uy DR TEDIFTWPIAEZRE DD HE0H Lvie\w., FlZIERD & S RN BE Z 5
na.

(1) wy, - upy DWTNHLDHERD, IFHDORZ ML72E ORERICHIET E 254,
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BIZ X, u, DIEWD wy, - Uy DRI ND L Z, v DERIT ur, - Uy DEHRZ T2 SHE
TCCTEBLZEDRBIN, u, EAREL RS, EE v u,- - ,u, DEAEEGTEITTE D, HIZ
Uy DUt Uy DEREREETET BRSO, vidur, -, up 1 DIEFEESTET 5.

v=3" aiug, u, = S0 huy L EITBESIE,

n—1
v = ZamZ = (Z azuz> +apuy, = (Z azuz> +an (Z b; uz> = Z (@i + apbi)u;. (17.1.1)
i=1

(2) MIEREEITHND B a; DO HEDWL D00 DGE

ZOLE a; =01l T 2 u; iEAEL RS, IR, a= 153,0) € R ZFEHENY MVIZHE
35&, a=>5e +3ey+0e3 =5e;+3ea DR e3 EAETHB. UL X, Rl o MLz
B2 oT2F72F e3 DWARBIZRT-DOTHO, REDJIDRT MLESREL &5 LB, es
WMBEIIZRBEZeEHAD. LI, RRDTRTORY MLESMEL &5 2B ZIE, e, er,e3 DVT
NEMBHTHDZENIND. ZOFEENS, (2) DVET u, BPAEE WD Z & id, PRV O
W BIH u, ZHWVTIZ ug, - Uy DAL THIRTEDL I L LA EIRETHSB. K
WZZDEKRT u, BPARBEIZRDGE, u, 1FEIZVDILETHEDS uy, -, up_1 725 DRI E
TEITS. T4b5, ZOHMDOKFHIONTIE (1) ITREIND.

FER. YT, (D)X (2) WA T S EBFHTE 5. EBE, X (17.1.1) OHLIE, u, DRED 0 & 70 5 KRIEAS
GrihinEs.

N7 MV wy, - uy ODFIZAREREDDH B DN E W IRINE BN R SETRT 2D
MMM R 5 S 2B AT 5.

17.2 R
DIF, Bio a3 &8 VIiddEfMchd LT 5.

EFE 17.2.1. X7 MVOMuy, -, u, € V AR (linearly independent) TH % & 1%
al,- - ,Qp €R7 a1u1+a2uQ+...+anun:0 — a1 :CLQZ"-:an:O

D OILD T 2N ML TRWAR T ML O Z iR 4ER (linearly dependent) TH 5 &\ 5.
Thbb, A VnTNh—2F 0 ThRVWE S BERDMar, - ,a, ZFWVT, aqu; +--+a,u, =0
EREBHZLTHS.

MR DOEZRICE N, A0 TINn—2130 TRVWE S BREKRDMa,-- ,a, DI L %EH
BATRWHE WS . EHDOMay, - ,a, PEAHTRWI &1, (a1, ,a,) #0THDILIZHFELWL. £
72, HHATZRWEHOM a1, ,a, ZHREE TH2HFEREZBHETRVE VWS, HiIZIho 0B EMS
e UT, HHAZREHOM, B X CHHRAEEZREZEDSD. XZ7 MVOM uy, -, u, DML TH 5
X, TNSIZ X BHEBEBRPHHREDIZROoNEZ L THS. 72, ur, - ,u, WREHLETH S L
&, HHTRWHIERRPEET S L TH 5.

Bl 17.2.2. (1) R® DFE#ENRZ LD er, -, e, RPN TH 5.
ai 0

Proof. a1e1+ -+ +apne, =0 3NEX | | =] | PRay=-=a,=0Th5b. O

an 0

ORI (IR0ER) 13 1 RIS (1RRERE) & BIRENS.
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(2) mRFINRZ Mg, uy, PREHNLTH B Z 2 &, m RITRY MV tug, - - fu, DRSNS T
f)é Zr 6i|ﬁ”l§fy)5 %B%\*E, ik] Z?:l a;u; = Om71 tiﬁ] Z?:l (473 tui = Ol,m &iEL\KF@Bﬂ’EEﬁE
UL7ZBRIZH D, DRI, 2NS5DRY MVOKIZET 28 HERIIASETH 5.

(3) wt, -y OHIZEARS MR BHIIE, ZNS IR TH . BIZIE u, = 0 DEA, HIHT
BVIEOM 0, 0,1 BB T 2B Oug + -+ Oun_y + lu, = 0 BURGT 2. E72,
wi, - un OPICEEND 2 H AR TH 5. BIZIE u = us DB, HHTHEVIEOM
1,—1,0,...,0 ZEREE T BMIBBIR Tug + (— Duy + Ouz -+ O, = 0 BIRILT 5.

Bl 17.2.3. ZIHAKRR[2] BT 2 3205022, 2, LIFAPHNITH S, 22T, 1 LIZEARBEMRAL
TH1eRIMEEZIMDEHEHL T 5.

Proof. as,a1,a9 € R, agz®+a1x+apl =0 EAHEL, as = a1 =ag=0%2RTD. ez’ +a1x+apl =0
DOMHAIZE Y %2 ZDF EMRAL THEN 1 RABRAZHES 2L Tar =a1 = ap =0 ZR_E 27 (f#
15.2.5), ZZ TN K BEEHERB AL & 5. av2? a1z +aol = 0 DELZEMA T 5 L 2002 +a; = 0
THY, TNEZHIZWMDTHIELT 200 =0%215%. D2F0, WhRLIHEMRALTE 20y IZEZHSE
AR (Fe3l) & 012 &2 B EREEE (F3L) IFFE LW, WRIZay =0TH5. TN% 2a9z+a; =012
RALTa=0%2K5%. Zhoz2b DR ez’ +az4+al=0I1IZRATEI L Tay=0%255%. O

B 17.24. n+ 1M 2", 2" 1.+ 2,1 € Rlz] DB MILTH 5 2 & 2IFINEEZ OV TRE.

ROMEILATHO B THELE L 2 BAE M & AR (EEM) oBBREzEXTWS. Thbb,
wl, Uy DFIIAEREDRHDZ L uy, -, u, DIEKBEIXRAETHS. T2, TNSDOEE
EELD, wq, -, u, OFIZARERE DRV L & uy, -, uy, OFIEHNIMEIXFETH 5.

W8 17.2.5. nfldDORZ MLVOM Uy, - ,u, € VIZOWTRD (1) & (2) ZFEETH 5.
(2> UL, o, Uy D SLEDRLLEHE—DDRY NLAD n — 1 HOEEEESTEIT S,

Proof. (1)=(2): uy,--- ,u, PEHETH 2 L THUL, BIHTHRVWER DM aq, -+ ,a, ZFHAVT ajur +
AU, =02 TED. ZDEEay, - ,a, DOIBWVT N DL 0 TIERW. HlXiXa, A0 LT

EED LS. Z0LE, BEHIZELY au, = —ajuy — - — apuy, 2155, a, A0 PZZDML%E a, T
HX u, = <—g—i) up -+ (—a:il) Uy 1. PR uy 1, ug, - uy ) DREREETEIT S, a; £0

(i=1,---,n—1) THILEELHEKIZLUT, u; PO n — 1 EOHEAETEHE TS Z LARINS.
(2)=(1): up D uy, - ,up_ 1 DIEFREATHEITDEGEZEALD. Z0LE, HHFEHDMay, -, an—
ZHWTCu, =aiur + -+ ap_1Un_1 EETL. ZhEBIEHLT aiu] + -+ apn_1Up—1 + (—1)un =0
2195, APTRWVIEERPE S NTZD R, uy, - uy, I RIETH 5. u, DA DR ML HMELD
n— LEDOIEHEETE T 255G OVTHRMKOERIZELD uy, -, u, OFEHEEEZRFS. O

Bl 17.2.6. (1) R2D 0 THRWHIRY bbu, v BERERIETH 5 L 1%, —FHd'd 5 —HOMEAEES TE
2L WVWHSZ e THEINS, ZNEEBMr£02HAVTu=rvEITEIZ L, ThbDE u, v HE
HAEEAE—ER LI H B2 ERT 5.

(2) —H, RZDFIRT My u,v BWEHELTH 5 2 1E, w,v DFE A Z @D —ER EICRNZ e, DF
D u,v TROND AL HMZ R DI L 2 EKT 5. ZHIETH A = [u,v] PAHTH S
ZEIZIEN RS\, ZOHEEE 0 RIZ—BAL LU 7255 OGHIEME 17.3.6 TH X 5.

(B) RZD3DDRY ML uy = H uy = H us = ||| AR TH S, T AUEPIZIE, u =
2up + fup EEFBZENSAND. FIE, R D+ LEORY MVOMIZRTHIEMAEIC LS

(frEH 17.3.5).
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BB 17.2.7. X7 MVOM Uy, - u, € VIZDWTRERYE.

(1) nfADRZ MV ORuy, -+, wy BRMEHNIIR SIE, 2 255 —DED Rz n— 1D uy, - -, up_q

LRI TH 5.

R aqui+ - Fap—1Un—1 =02FTHL, a, =0BLZETaju+ - +an_1Up_1+a,u, =0
2195, u, -, u, OFIEMHNIMEE D= - =41 =a, =0THY, FilZa1 = =a,_1 =0.
V;Di.C: Ui, - ,Up—1 5i%§<ﬁ25§ﬁff)%} ]

(2) n—1MHDOXZ bVOM uy, - uy 1 PERIRERR O, £ 2ITH 722X T MV u, ZINZ 72 n
DR MIVOK wy, - Up_1,u, DREHETH 5.

FREH: (2) 1 (1) DRHBITIED 72 5 7\, O

17.3 IR IRILMEDOHIE
R™ D7 b LVOMOBIPMSINEDHEIEE G R 5.

i 17.3.1. nfHD mRFIRZ PV Dlay, -, an PPN THLEZ L &, (m,n)- 175 A = [a1,- -, ay)
(B B AP 1 X SRER Ax = 0 D ME— 275D Z LIXFAETH 5.

Proof. a1, ,a, RIS THE LT 5. n KIIRT Mvx = (ry,-- ,ry) DY Az = 0 272978
51F,

™
T1a1+"'+rnan:[a1,"',an] E :szo-
Tn
ai, -, a, ODFEHSIMELD 1= =7, =0TH5. 2FDx=0THH, RN Az = 0 DEITH

7 DIZR 5.

RIZ, FREN Az = 0 XY HHBIE U 2Rz vwWeiE@dT 5. 20 Eria+---+rpa, =07%256(1F
x=Yry, - ,r) IZDOVWTC Az =r1a1+ - +7rpa,=087%5. DED Az =0TdhH, ZOHFEAX
HHZELU DR 20w e =0%21F5. $hbbr=---=7r,=0Tdbb. AEED ay, -, a, T4
NI TH 5. O

WE D E N 1 RGERDEEE TR T L A B &, SEMRIEOHIE 1 Tldz <, SRt
BTHIGEIZEDRT MVLHBMIDRT MVDOMREAEES TETE0E 005, T2 ROMmEZEL T
HTA LS.

i 17.3.2. (m,n)-175 A = (a1, ,a,] ZITEALRIZED B=[by,-- ,b,| ICERTED LT 5.
1<ny,ng, - ,n<nBEPi=1,-- ,nIZHFLTRIKD LD,

(1) Zf;:l TkQp, =0 <= Zf;:l ribp, = 0.

(2) a; = Zi:l TEQn, EEITDH < b; = Zi:l ribn, EEHT B,

Proof. (1): A5 WL DDA EFEI WA A = [an,, - ,an,] ZF ANIX, A% BIZITEAZLE
TEBZZENS, A B = by, by, CITHRARERTES. £72, [A|0] % [B'0] KHEAZRTE
5. WRIZmE441 £ Az =0DfRE B'e =0 DffIZ—HLTEY, = r, - ,rp) IT2VT
S Tk, =0 <=z & Az = 0 Dt «= x 1% B'x = 0 Dt < S\, riby, = 0.
(2): @i = S k@, ETNIE, i rhan, + (~Da; = 0 THB. L+ 1HDORZ ML
Ay Qpyy @i 1ZDWT (1) AL, S5 by, + (—1)bi = 0 2185, $72bb, by = b 4bn,
WEFEBRICREINS. O
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Eo (1) M an,, ..., an, DHEICHNL (2 WVFEWEE) THDZ L Ll by, ..., by, BHEEHAT (H
LZWIEAREREE) TH B Z & DFRfEMEZIBRTWS. XZ7 ML O LR ﬁé)ﬁfi)é ey, R 17.2.5 12
L0, WITNRDORT MLHPMUDO R MLVOREAEATEIT S, EOMEZIGHL T, EOXZ MLHMil
DRT ML OFEAEE TEIT D NFARTHAL S

BIRE 17.3.3. RDFIXRT MV Dl aq,. .., a5 PN TH 2008 5 DHE L, SIERIEDLEILED
RZ MUVHPMUDO R ML OIEAE S TE T 2 0E X L.

1 0 -1 0 -2
0 1 0 1
ai=| —1|,a2=| 0 |,a3= 1 |(,aa=1]11|,a5= 1
2 1 -1 0 -3
1 1 0 0 —1

WA 52 5NFHIRT ML ENAREFH] A = [ay,--- ,as] DERIUEE B = [br,- -, bs] & THIZ,

10 -1 0 -2 10 -1 0 =2
0 1 10 1 01 10 1
A=1] -1 0 11 1 — B=]00 01 -1
21 -1 0 -3 00 00 O
11 00 -1 00 00 O

by, - by DB TH 2 Z LIFHAZ RNEHS P TH O (FEREEN I rank A =3 #£5 &0 /i
B Az =02 HIHTARWHEZE DI Lo 00 5), AT a, - ,a; BB TH L. 1751 B D
B4 % RAE by = —by + by, bs = —2b; + by — by EEIT B DD, LzA>Tag=—a; + as,
as=—-2a1+a;—as TH5.

FR1: BOBESERNIE by =2b; +by+b; EEFITLIENHN5. D0, ORI MLV THEITLZEDIF
bs, bs IZHRZ £\ DI TIRA. BT by, bs 2HD EIF7=01E, 2RO XKD 2 G55 by, by, by HIEHEN
JRMNIVTHBIZ DS, by, by, by EEMIITH B Z &, LV by, bs ¥ by, by, by DIEAELSTEIT D Z L NE
BLIZADBDRTHS. BIRIE, $ by, by, by BEIEHITH D, ZHLSD by, bs % by, by, bs DRIGEES TET
ZEETELN, TNERTDIIMEERT MIVOK by, by, by IZH LU TIFD KO ERFNEZTHAS. LOFELL
FE I RET OB S 2B L THHAI N 5.

ER2: HONUD ay, as WREHSLTH LI Do TED, TS E2AWTHORY ML EBIEAETEL
=WEEI, Fl 2 OB AT ay, a5 %8I U217 [ay, as, aq, az, a3) [ZDWTHBROEFIREZ T A IX L.
FER3: TR PIZDWTHBRDOIEZ Z 2 25 EIFRE L TR PILVOMBEIZEBRL, fonzBEA 2B
R L TR MVIZERIE L V.

(m,n)-175] AT X583 1 AKX Az = 0 DEPME—fEZ RO E 5 2, i 6.2.1 12X 1751
DEBEFHWTHETE S, ZOZEMIE rank[A|0] =rank A =n THD. BEDOERD?S APV hiRD
7591TdH A5 & rank[A|0] =rank A TH D, L7223 > TEMfrank A = n ¥ Az = 0 DD MH—TH 5 7=
OOFRMESRETHS. EL O REHES:

% 17.3.4. R D nfHD m KXFIRT7 MVvDf ay, -, a, PEREHIITH S Z & & ranklay, -+ ,a,] =n
ThHhbHZ LIRBEFRTHS.

B 17.3.5. m < niZOWVWT, R D nfHDFIRZ ML uy, -, u, IFRERIETH 5.

Proof. (m,n)-4151 A = [uy,--- ,u,] DEBIL A DITOBm AR TH S (X 6.1.1). ®ZITrank A <
m<nTh, &< (ZrankA#n. R17.34 XD uy, - ,u, IREREETH 5. O

EHFINCEND R MIVORIZBWTIZRBK D LD, 26 D&M 2EH 6221220 Mx5Z &
MWTE5.
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EIE 17.3.6. n RIEHITH] AT DOWTRIZFAMETH 5.
(1) ARTHTHS, (2) ADEIIBMITHS, (3) ADETERMIBIITH S,
Proof. (1)&(2): £ 6.22 BLXUME 17312 0ELIIFEONS:
AR — Az =0RMH—HzdD — ADEIIRILMAIL.
()e(3): WERLEZ (1) & (2) OFEEMES KAl = 1Al K Eo5n5:

A = |A|#£0 < |"A| #0 — AT
— A DRINIFIAL <= A OEATIXAEIAL.

117



18 HIE

171 HCRA L EREHE B VHZ 5. ZOBAO (1) 1ZBIRD b WA & L THILI T Z §ific
Bx7. AICHEAEHRD (2) THUEZ L LBRT 3, N2 MLORIC £ 2 ERICOVWTRAS. 2
NI, V OIEEO D wr, -y OMIGEATEIT 255 p 2 ERILT 2HATH 5. T HIHI
VR G OARBETH D, IROBIZEII B B HEIR, 21— 2 ) v RERIC BT B 0
&> A E R T

18.1 R MNILDEIERKT % ERD 22/

EzontzRZ MVOMu, -, u, 12V DIEEDO TR TELZNE I T LT, £7
Up, Uy WCRTEDBRT MVOHIFHZR TR EZ2EALLD.

EF 18.1.1. RZ MV Uy, -+, up € VIZBWT, uy, -, u, ZHbDOREFEETEIT D LS5 R2Z b
EINTEDLV OEWAEEE (ur, - ,uy) EEFL. THROE, (uy, - ,uy) = { >0 aiwlar, - ,a, €
R} TH5. ROMBEIZLD, ZHIEV OEFDZEMERD. (uy, - un) 1, g, up ITK > TERS
N2l LTINS,

8 18.1.2. X7 MVOMl uy, - ,u, € VIZBWT, (ug, - ,u,) &V OWMHZEMTH 5.
Proof. 722 & 725 720 D&M (1) B L (iv) ZHERTIEL . 01 ug, -, u, 725 DFEHES T
FHIFBDZ0€ (U, ,u,) THD. R, 2,y € (ug, - ,u,) ETUTx =30 aui, y =Y 0 b,

LETL. Z0EE, BrseRIZHLULTra+sy=> 1 (ra; +sb)u; PArx+syduy, - ,u, 25
DIEFEETHEIT S, KoTre+sy € (ug, - ,u,) TH5S. O

Kig, BRERO (1) TRAZZ %, &0 BRI S WA 7= EETH 5.
i 18.1.3. V 2P ML 5. Kv,...,v € VB flwy, ..., w, € V OREFEES TEIT 2251,
v,..., v DREFEG TEIT 28T wy, ..., w, DEAESGTEITS. Thbb,

V1,...,Uyp S <’UJ]_,"' 7wn> - <’U]_,"' 7”3) C <'UJ1,"' awn>-

Proof. W = (w1, -+ ,wy,) B WXV OHAZEMTH D, i 16.1.6 £ O W ITFREAEFIT DOV T
FALTWS. IRELD vy,...,v, € W THENS, vy,...,v DIREAEETEITELIEIW IZEENS.
WA (v, ,v0) C{wy, - ,wy). O

LOFHITE, vr, ..., v OB TEN L ZIHNB R w, ..., w, ORBHATE N
BN B S ERMOBIRIZ OV TR AN o7, 205 OEMOBIRIATI OFEE 28 L TES 1
% (251 EHEHX).

8 18.14. vy,...,v, eR" &L, (v, ,u) =R" TH5 L9 5. £/2, A% (m,n)-175l&T5. Z
DEE Ki=1,-,kIZDOVWT Av;, =0V ID2R 6, A=0 5 LERYE.

FREH. ADEFIRT PUVNRERY ML THBZea2REEIN. AD jFIHIE Ade; THD. ZIT,
ej ER" = (v, ,vp) £V e 1w, - vy OIS TETS. DX e; =30 rv; EEED. D

AT Aej =A (Zf:l ’I"Z‘Ui) = Zle A(TZ"UZ‘) = Zle TZ'A’U,L' = Zi’c:l ’I"iO =0.

18.2 EEDEZHEAI

RTED DI L 1, BIPZER V DRt G TR T & SITBAR R BEITR LR FILOM
DZETH5.

EF 18.2.1. X7 VDM wy, - u, DX (ug, - ,uy) =V 27T EE  up, - ,un 1V ZERT S
EWVWS. F VEAEKT S KD BRI uy, - u, 2 V OEIK (basis) 2 WIEEE WS
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Bl 18.2.2. (1) R" ODFHENRZ b Difl ey, - e, ER* ZAEKL, OMIPMILTH S (B 17.1.2 B
FOH117.2.2). DXIZR® DIEJETH 5.

(2) (i,7)-BA3 1 TENBSNDRAS DT RTOD (m,n)A751% B LFEFIX (72201 < i <m,
1<j<n), mnfADIFHOME; i=1,...,m,j=1,....n) FEHI2D M, ,(R) & ERT
5. DRIZINSIE My ,(R) DHRIETH 5.

(3) Rlz]p (2B 2 n+ 1D 2™, 21 - 2, VIE R[], 2R L, ORI TH 5 (H17.2.2(3)).
Wz Iz Rlz], DEKTH 5.

(4) MR E LT, HIHAZM {0} I 0HDORT MVOMMP SR EFEEEZEDLT 5.

-2y NEF R IZIZERE, T72bbE% DRI MVOMEZRTIHERIGZ 65N TV, ZhiZ
X UT OB EMIZBENTIE, X7 MVOMNEZED D 7ZOIZHEVRHAVSNS. V OFKTvIlD
W, RIEIZ &5 v DFEEERRICENI B E v OMEFREARTOTHS. LLIZR D TE
FEHERLIE e, - -+ | e, DIREAEEIZ & o TEWBICEN S Z4R5UL, £ DALE 2 R T IERED KRR —
BLTWE. R" DEHEDEEIZBEWT, TORRVPELZNWTESAMEZRLTWZLD1Z, HEIZKL?
MRS G DB BRBUZHN 2 HE DM E LN, MEEAGPRIMNEE UREL > TVWERETHAD.
ZDZEIERDOMENRIEL T NS,

R 18.2.3. Uy, - ,up, € VM TH B L L, v e VHINSDEHEETE T2 2T, *
O)%bﬁ‘i—fﬁo UD7a\. -3—73:39‘6, v = E?:l a;w; = Z?:l bzuz 7£Bﬂj’fai = bl (2 = 1, cee ,n) Thb.

PT’OOf. Z?:l a;u; = Z?:l bzuz %@Iﬁj_% t?ﬁ%%ﬁgﬁ% Z?Zl(ai — b,)ul =0 %'f%l‘% Ui, ,Up @%ﬁﬂé
gﬂﬁ‘l\iib al—blz---:an—bn:(). Oib ai:bi (’izl,"' ,n) ‘/C})E) O

R™ OJERE, D% D EHERKIZ LA MEFRE, —WOBERIZIE2ZNDEVEBRRTHI 5. R” DJE
DI ZNENERT DI LT, RIEZEKRT 528527 MVEIBTUHERT 2D TlERWV. £
ZH, ~MROMPEMRMIENTRERLSMENEEL D LIFROLVEIVWZ L. £/, RMIZEWVWTIE
JEREHNAY AR 7RG T (S RINT) X B DIZH LT, ROBNZH B & 5 1K LR DL DHL D /5 13 R
WZhb. EVHZ DY MIEERICE W TIZEEENC 7R (TR0 LEE) 2L RICED S Z 2T
5. FLTC, INETLIIARIREEEAZE5 252 1%, EEI2H 0 x5 Z LIS T 5. FLEDHL
DHLZ DHTERIZE T BT MVOAERBROZLZE ]2 720 DEMIEAZEOZ IS W TEHEE & EH %
HW, O %1% 25 Hi TR B,

DL BHE,PS, HEICKERREHAVEZERETOHE, FUDITEAREEEZZEZTVWEINE
ST2RENDHD. UM, ABIZBT2Z<OMELIDLIRELTHEREZ LITHRE7Z55.

1

Bl 1824 A= || (1) D R A 1731 £ DN ML DM ug = |

[z = (1) T

f)é R2 U)EE%?\@’\7 ]‘}I/’U &iﬂj%@’\& }‘}l/ €1, € @%ﬁﬁ?%é\fﬁ)b‘, if: €1, €2 ﬂi ui, uz @?ﬁ;ﬁﬂ%ﬁ%
HETEITSE. E e1=ui —uz, ea =us THB. ZTDZ LIX, v up,us DIEAESETETSZ L 2H
K35 (M 18.1.3). T80 H up,ux lER?2 24 L, L7z >TR2OEIETH 5.

WEDOHID—f3bE UTEM 18.2.6 BME5N 5. DXOMEILTH 18.2.6 DIHHIZBWTHEL VD
DI TEHROVD, SHROMAERICB W TENPHNS.

fifE 18.2.5. X7 MV DfHluy, -+ ,u, € VAKEHNITHE L L, T 5120 e V EFTHULRDELD LD
(1) v D3 ug, - u, DIIEAELGTRER VAR SIE, X7 VO uy, - up, v B TH 5.

2) RZ PO ur, - up, v FFIRERSIE, v 1F u, - uy, DFIEAEATRES.
(2)
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Proof. (2) 1% (1) DXHMED Z (1) DAREX L. S Z R T 72 OITIEEBR Y | aiuitaniv =0
ERELELD. ZDLE ay = 0 TRITFNIERSRW. RS, U a1 # 0RSIEBIHIZELD
v=>", a;‘flui D, TN v g, u, DFEREE TRERVWILIIRT S, DRI ap =0

ch) 0, Z?:laiui =0 72?%‘% U, ,Up 0)?@%@3‘@4: D ap = " = Qp 201%5 O]

EE 18.2.6. R*IZB B nfdDRZ MVDM uy, -+ ,u, IZBWT, ZNOBEEHNLTH D Z & & R
DRETHZZLIIFAMETH 5.

Proof. FIRZ FVIZH U TRED. TRT FIVOBEIFHELZ & > THARZ PILOBEIZRE S il
WV FIRT MLy, u, DEEHSLITH DL, TURR 2EKT 52 L 2HHEIZLORT. K
g, uy, DREAEE TETRWVWRZ Mo e R* DB THUE, n+ 1D u, - ,u,, v €R?
IZHERE 18.2.5(1) K AWML & 72 5. LALZDOZ IEMBE 1735 FET 5. DRI, K v e R I
uy, -, u, DFIEAEE TEITRIER S5 . O

T 18.2.7. i 18.2.5 Z WA \WEH 18.2.6 DJIFIHHZ 5 X X.

fREH: B b e R P uy, - ,u, DFEHEETREDLILEZRTED. uy, -, u, FEIEHID X, &
H17.3.6 KD IEFITH A = [uyg, -+ ,u, EAHTHSD. Uzdi> THEN 1 RGFEN Az = b 130HE—fiF
x=A1bEFD. Ao ="x, - 2, ERAERRTNE, 290y +-- + 10U, =bTHS.
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KD BB (I 5 7 LR \

JEREB O D 2 2B U TRy = L 077 7 WO —FEThH 2 Z L AL LS. y=1
DTZ77 EOfFry =1 %2579 (z,y) LEVWHA SNE. 22T, 2288 vy c%aa‘a
ZOBRUIE, BREBIZED aX? + Y2 RBBIZERTE 5. T OFEMII 5 Oxf k% v
2R ERDERHEZBL THMBREINDEZDTH LD, TZTlEHERZ T 2ERS L

Ry
Y

=
%‘H
[\

=A , 727U A=

1
V2 ] (18.2.1)
.

S

\ 1 1 _ 1
X &, ER, x—fX f fX+ Y wx

1 1 1 1., 1,
e (ﬁX_\/iY) (5 37) =33
L7zh3o T, X (18.2.1) DBIRD FTay =1 & 1X? - Y2 = 1 ZFAMTH D, T DZMEH7-T 5
DHEA (X,Y)-FHIZE W TR E i <.

(X,Y)-FH LEDERAD (z,y)-FHIZBEWT EDALEIZHIRT 50ME L& 5. Zhid (X,Y) =
(a,b) DEE, (v,y) % a,b EBHAVTREFE S RENEVIHVTH D, TOEXIE, AD T [z
RS THD I L5, Tz IR ((a,b) & § R & R 7 2 KT ERIZE LWV, BIZIE,
(X,Y) =(1,0),(0,1) &5 (18.2.1) IZRA T UL

GRS e

L7zhio T, (X, Y)-EEIZ 513 BFEHAR Y [ LI, Y
(2, y)-FHIZH T DEHER Y ML % T [AlEE 72 ’
7Fw<w,f>< J,f)t&6 FHE D~ 2
PV o3 (X,Y)-FHEIZE T SERENZ b (1,0)
THY, TN (z,y)-FHICB T2 EERS N L 7
(1,0) % T RS H 7227 MUZEL W, (2,y)-F v
H12 515 v DU (& %) o, A S,

PLEDFERIZE Y, By = 2 D7 F 7130
MIX? — 1Y = 1108, Z i, S
222 — L2 = 1 RPN T HERIE2 50
WZHEL W 2R o7,

I
| B—— |
|
_
Shg -
[\)
| I |

N J

18.3 EEDIZELA

ABRME DR T S ILVOMTHERI NSIPLERIZE T HEEOHEL HE2MET L K 5. ROMEDIEHT
ZHIR A 2 BE DR RIE R R SN TN 5.

fRE 18.3.1. V IETHRWARYZ VDMl uy, -+, up Lo TERINTWS 2T, ur, -, Uy, D
FRSWSDONZRODZ LV ORELTEZIENTES. &I, ARMEDORZ VDM TER I NS
MR 2B LI R % 7 D.
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Proof. V 2% 2 £ T, MM -INE L5502 —DFTOMATWIFIEL Y. ZHIERD LS
BFMEIZE>TRINDG. £ T up, EUTu 2D, ZDu,, BV ZERTE051F, u, 13V OE
JETHD. ZOTHRVEE I ug, - Uy DI B uy, DANT—ETRERVEDDH L. AR S, &
U, U € (Up,) ETUEME 813 XDV = (uy, - ,up) C(uy,) THY, Viku, T&oT
EREINTUES. ZI T, upy DANT —fETRELRORT PV ERIZ uy, & THUEHE 18.2.5(1) &0
Uy, Uy (FERENLTH B wpyy, Uy, BV ZERT 22 5IXINIEEV OHEE L RS, 5 TRVWEGIX
Up,, Upy ZIRVTZRZ MVD S HW0TNDE wpyy, Uy, DRIEAES TEIT RV, RS, U uy, - upy,
TRTA Uy, Uy, DREAEEGTE TS LT DL, @B 1813 LDV = (ug, - ,un) C (Up,,Up,) TH
D, VA Upy U, IR TERINTUED. DRI Uy, Up, DFIEEETRERVRT MLDHD, T
N% u,, 35, ZOEEEZMREEDRL TOL &) W NAREHNL 28wy, Uny, Ung, -+ U, (7272
Uk<m) WPV ZERTSIEIThd. FEE BEHEEGTEIRVILEH 2T A 2 #8EX, &K
THU,.. .Uy ZITRTHD DK TZEITREmEETUNTARY. MEOFHEEITED, V ORE
Upy, Uny, Ung, U, DFOND. O

i 18.3.1 DI B 1T 2 FlHZBEHET X RO & 5 LEROHMLTES. Zhid, RO
L72WRZ MU DBH SN UDRES>TWVEE SIIAENRTERERS. /-, HlE1733DFE2 2 HH
HIAEETH S.

i 18.3.2. ARMEDONRT MVOMTHEBRI NDIILZEM V IZEWT, MM vy, v, €V
BEZOSNTWEEE, INSITHTZRRZ MLEMIIMATYV OREELTLIENTES.

Proof. V IRARD R 2 ML THERINTOBZ LR, V = (ur,--- uy) LEED. ZDE X,
V= <’U,1,"‘ , Up, V1, e 7vm>

THEHDZLIZHEELT, n+mMEDKM wy, -+, un, v, , 0, WX U THnid 18.3.1 DFEAZE A L &
5. ZDEERDIMHIZBWTIHRDIZ ug 28I AT, RDODIZv, - v, ZBPH->TLEZIXE

VBB, uy = (=1, ,m) ¥ U5 X T, @ 18.3.1 O TR FEEE 2 dNITK
DEEEPFSND. .
INETIZEITE LR OFHEMIZOWTIE, [TH ORI OMHRZ@ L TEEEZ RD175 2 LA

TE5. ThaeROFEZBL THIL & S.
I8 18.3.3. XTEDD A=lay,...,a5] IXOWVWT (flE17.3.3 LR L HD), KOMNIHEZ L.

1] [0 ] [ 1] [0 ] =

0 1 1 0 1

ai=| —1|,a2=| 0 |,a3= 1 |(,aa=1]11|,a5= 1
2 1 1 0 -3

1 1 0 0 —1

(1) <a17"' aa’5> O)%E%*&bi

fREEHL: A = [aq,...,as) OFEFILE B = [by,--- ,bs) &35 (HHLIIHIE17.3.3 TlTo72). 2Ok
% <b1,b2,b4> = <b1,b2,b3,b4,b5> Thd. J:O"C”Efﬁ% 17.3.2 &0 <a1,a2,a4> = <a1,a2,a3,a4,a5>
Y5, F72, Ml b, by, by X R™ DIEHER Y N LD LI TH D, D22 17.3.2 L 0l
ai,az,as HFMITH O, 2T Hid (ag,- -+ ,a5) DEIEL 05,

(2) R Az = 0 DFfRZER] W,y OREZ KD XK.
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s [Alo] DFEFIMEIX [BIO] TH D, Wy DIMENER R 2135 72 DIZRDTiIFER Be = 0 Z2f#<

1 0 -1 0 -2 1 0
0 1 1 0 1 To 0
0 0 01 -1 z3 | =10
0 0 0 0 0 T4 0
0 0 0 0 0 5 0
REHLIEIZLD WA IRRD LD IZREINS:
R T
—1 —1
Wa={cus +cous|ci,co e R}, (72720, uy = 1|, us = 0|)
0
0

WZIZ W = (ur,us) THD. uy, ug OFIEHSIIEIE, ERS DB 2 FNT KIS 21707 OIE#R %
BT L THETES., WEDOHITIEERDDHDH01,2,4 IKIET 5 up,us D 1,2,417%H
FRLLT o o

*

U =

O %k = X% %

*
Ug = 0
*
1

CRBE INSHPREMNLTH D Z LIIEER T NUBRZS THLHZ L LHEREIZHS N THA

L ORIETIT - T-idim & —MRANZIR N B L RDMBIZ 2 5. KT (2) DFEI, f7 &t UIEIC & 53T
1RAFERNDIEN S Wy ORERFOSNDE Z L Z2BRRT WS,

& 18.3.4. (m,n)-175 A = [a1, - a,] IZDWTRHPBED 2D
(1) R™ OFAZEM (aq, - - ay) (Frank AHDO R MLip o7 2B KZ K D.
(2) Az =0 OfFZEM W4 C R & n —rank AEDONZ D672 5 K2 KD,

Proof. k =rank A £ B E, ADfERILE B = [by, - ,b,], BOKID S bEHDZFFDF% b,,,..., b,
LU, BB EFHZRVIE by, .. b, T 5.

(1): RZ PIVDH by, ... by, FEWIZERLBIEERY MU S0 D AMEMITH S, 7z, i
LD 5, B DEFNL by, ..., by, OFEFEETEITS. @ 1732 X0 ay,,. .., ay, (FHEFEHALT
HY, ADEIX ay,,...,a,, OFMEFRHETEHEITS. 205, a1,...,a, € (an,,...,an,). TN EMHE
1813 ZALET (a1, ,an) C (an,,...,an,) 255, LEXD a,,,...,a,, E (a1, ,a,) DEJE
5.

(2): HNL 1 RARN Ax = 0 2FEH UIEIC Ko TRD 2 & (ERERDOMEEIL BB 2 EHT DR
FIOBn—k THEDS, ZO— Ml e = 31 cju; LETD. DED Wa= (w1, uyy) THB. R
7 MV wy, - wy g DRI TH B Z L 2R 7200, Fug, . Uy g D 3 (=1, ,n—k)
CIEHUL &S, BOHr; 5lb, BERDEEERVIITH72Z 805, & LIEETRD 72— iR 12
BOWTr RAOBEEEHELTW, 2028, u; Dr A1 THY, ur,..., Uy POIB u; %
BRNZFRD DORT MV D rj AME 012> TWA Z L 2 EKT 5. (LOFIETIE b, = b3, by, = bs &
BB MEPIZu Dry =321, re =5 KIEX0THY, uo Dry = 3KMNE0, ro =51 &
BoTWB). DAIHIEER Y Foju; =085228, &j=1, ,n—kIZDWTELOE r; Kb
e &5, ZTNDELD r B THD0IZFLWIENRSc;=0(=1,,n—k) 2185. T4&b
by, Uy g BT BRVEERIZEEZEDIZRD, 2h S I3 TH 5. O

k
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AREX 17.3.1HTIE, 2—27V v FZEM R OS2 2EMIZB T BRI OV THIEZ@E L THEA
72, ORI EB V2B BRI M ILOFHOMNIMEDHE RIS EM W C V OREEFIE, V ICH
THMEE R ICETAMBIICER LS A TS 22225, FEix, o yepRERCICE S 3
V OSHIE R Do 2ELTHREINS. ZOREROFEARIL, MEER V ORIE uy, -, u, (2B
55 % R OFEHEI K e, e, DFRMETRERRZ Z 2 12H D, 72, BIFRIEEICIBVWTIE, VOXor
RRDEDTIZHIGL TWE D2 FRRT DEODIZESIEENHVSNS. T I TREH»S LIES L
O], GIZETIMSEBETLIZ2IZLES.

18.4 —MROEKE (ERE)

BIEEDORZ bV TIRERI N WRIEZERE H S, FTO LD RERICE T EHEM&RIZOWTAHL
FiHEL T I D.

Bl 18.4.1. ZIHAER R[z] IZBWT, HRIEADZIHADHM f1,- -, fr B R[z] ZEKT 2 Z &ldnn. 28
B, BLHKX fr, -, fo DR TR EWVREE m 2 T0UE, m+ 1 REEAZE f1,---, f, OFIEIEAT
RTZLEFTERVRASLTHS.

N7 MVORIZ K 2 HEBPEEMRIE, RO LS ICU TERESGDOGGICHIRING.

T 18.4.2. FILEMV OHDEEACVIZBWVWT, ADTIZLBEHEETEITDZIRZ FLETA
THEDEEAE (A) LB (A) =V eR2eE ARV EERTIE VD, 72, ADVBRIHMITH 5
X, AN SEBRFEED 72 U722 2RI MVOMPBTIIEMILIZ R Z 20D, 517, A
PRSI DOV 2R TH L E, TniE V OEED 5 WIE/NXJLEK (Hamel basis) £\ 5.

i 18.4.3. MPEMV BIVPETRWHAES ACVIZNUT, (A) BV OMHZERTH 5.

Proof. AIZZZELETRVWDZ a € ADPHENG. 2D E Oy = 0a 1T ADTLOMEAESTEITTWS.
WZIZ0y € (A). —H, z,y € (A) LTHXE z,yld ADTOMEHEETE TS, 22T, 2,y Th
TNOMEAESIZEHNDS A DTOMIEEZZ2E LW, —HOREE 02352 TcHEDHM
ai,...,a, VT2 =" mia;, y=> 1 ya; LELZEDNTED. ZOLE, Kr,s e RIZOWVWT
re+ry =y ¢ (re;+sy;)a; THED S re+ sy 1 A DTOMEFETEHEIT 5. DRIZ re+ sy € (A).
PLEX D (A) IXHHZEMTHS. O

R MO uy, - u, BETEEA A= {ug, - ,u, } IZDWT, KB LD:
o (uy, - ,u,) = (A).
o RTMVDMu, -, up, DV Z2ERT DL ANV 2ERT AL IZAETH B.

o HELRZRZ MVOMuy, -, u, PPN TH D Z L & ADPRMNITH S Z L IZAMTH 5.
BR. <2 M VOM - u, ORI D THEEABIUL, 205 BTN, UL, Z0BaI
BWTA ﬁ‘fﬁiﬁ%ﬂﬁb:iﬁé Z ti?‘aéé Viﬂili, U1, U, U3 € ]Rz %f Uy ‘= €1,Uz := €3,U3 = €3 Kﬁ&bﬂli,
N7 MNVDRH Uy, Uz, U3 ISFRIEIHANT Tld 2\, bﬁ‘b@?ﬁ‘%, A= {ul,ug,u;»,} = {61,62,62} = {61,62}
THb, 2 SES AL TH S,

o MHELZRZ MO U, - ,u, BV DEETHDEILL ARV OEETHLZ L IIFEMETHS.

Bl 18.4.4. ZIHNER R[z] DMHES A= {2"|n € Z>o } IIEMNLTHD. ZIZT, A Zso X0
FOBEEKRERL, 20 =1 (EHER) L35, 72, Rz] DK A DTOFEAELETETS. DX
IZ AIXR[z] DEETH 5.

WE, SPZEEOEZEDTHDEEITONT, TNDPERT 2o EMEZED . & ITHPEEGE LT
R 22 2 IR 21535
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B 18.4.5. (1) WC VAV DMHEMTHE L E, W = (W).
(2) ACVHV DHBDEATHB L E, ((A) = (A).

Proof. (1): W C (W) ZHS DX (W) CW 257, Ko e (W) IZW Oz L2 TEIT .
T, WP EGTHLUTWS (M 16.1.6) DX v e W.
(2): W= (A IZDWT (1) Z@EAT XX . O

RYNDISICHEZZEETTILAHELWEREH 5.

B 18.4.6. FHIZEF RN 2B WT, FEn R 1 TENUSNDENRTRT O L2585 % e, & EITIZ,
A={e,|neN}FBMITHS. LHL, AIXRY ZAERL ARV, EBE $RTOEMN 1 L7525 55
x=(1,1,...) 2 ADTSARMEZED 72 LM X 25 ATEL 22 iFTE R,

ZTHZTHMILEMIIBTRENFELETE2NEI L WS ZEHERHS AT AWV, VAL DO
BT LIPIEN D EEMIIP I BB AEMAT 52 2 T, ROEHMPAATE L2 Mo TWS. #HL
WEEBHIZE G RO AN S EE 2 2R &

EIE 18.4.7. W RBERT MVERV HHEIE A C V 2FD. HIZ, 55 U OIS oS
BCVMPREZLNTWAEGEIE, BCA%2MIZTIDICREAZNAZLENTE S,

FOEBISREEDFAEZBEEMIIRTHEDTH Y, HEDOELHRINZET S Z L IFER LW, FE
DEREDPEZ SN NE, AEREKRZEBEL COEETEIAEEZAVZOMIIITA RN, Z0L5 4
I ZE ] 2 AN B B E, SRR A L IR IEN A & 2 EA L, MEEEE2 FHEH2 DI T 52 8
272 5.

T2 L O TRFEEHOBERTIE, 2 ERDESGMDOBHTERZILIZR>T WS,
1B LA DURFEEL B D BRI 2 FBRTE S L 5 12T 220D A (BFNIEE) %448 (topology) £\ 5.
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- FeIE (B NDH 5 22 ) ~
MAEEG ACV WERT 2HD%EM (A) 2RO XD ITERT 2HHELDH .
EFH 18.4.8. MULZEM V OMAES ACVIINULT, A2&LHR/NDV O ZEM%E (A) £ T 5.

ZZTWom/heid AR CIZTELTHRENIVEWVWS 2L THS. EOEREDH AIEDR N
BETHOCI L, T UTHEES 0 TEIARIBAZEM {0} Z24EKT 22212720, 0 % {0} DEETH
LEMRTLHFMEAEITEILITHD. —H, Reld, A2 ECR/NOMAZERITZ D ZEFET S
MEWVWSEERNIZH SN UDBFEZATEIPRIELRSRNWI L THE. ZNZESDOILERS % & HHE
NZHAVWTEYLENE., TO/MUTOVTHHL K.

V OEREAETZE2EDT-EEWNREZONT VWS LTS (ThROLWITEGDELSTHD, Z
D& BREHEIERBRLITIENDS). ZOLE, ZEW e WDOVWITHIZHEEENTVWEILETRTE
b=V OMaEGEE NW LEL. Thbb,

(W:={veV |EWeWiDO"TveW}
(PEV,veEMW=BEWeWIZDWTvelW).

T, WREBIZZSDEALLEZILE UTECHEREATE LY. 20L& NWERETNS K
BRAEDEA - b DIBEILIIHY T EETH 5.

ST, A2B0V OMREMEbR2ENSRIZERHEE W EL LS. WIERZEELGTIERV. fil
Wes, VHBIEZAZELV ORRZERTHLEPOV eWTHS. ZOLE, U =NWEEDN
X, U IR AZECR/NDOEIERTH 5.

Proof. RIANEZLIE (1) ACU, BLXU (2) UMBRERTHD I L, (3) U AZELHDZERM
DHTINTHDILD=DThH 5.

(1): ACU Z2R372DIERBIZac AZD. ac UZWVHITIEK, EW eWIZDOWTaeW %
AEEED. EWeWIZDVWTWIFAZEDHSZEM (DFD ACW) THo/. a € ABLV
ACWPDRaeWThHd. UEED lac A= acUl DWRINZ. DEH ACU.

(2): EW eWikoy 258020y €c U Thb. RiZz,ycUTNEre+syec Ui
LZLERTED. TDEDIZEFEW e WIZDOWTra+sy e W 2 RERXEWV. 2,y c U L%
WeWiZBWCTx,yc WThHH, WHBHBHERTHEI DO re+syc W 2185, Lizhio
Trax+sy € U. HnEHELRb7200%M: (1) & (iv) WRINZDZ, WLV OFS2ERTH 5.

(3): AZBCMERDOV OFHZEM HIZOWTC, UCH &R ILE2REBIFLN. AZELV D
W2 H ZBEFICHNIEH e WTHE. U=(WODERIZLD, EW eWIZDWTUCW
THENS, £LICU C H. 0

IOUNEHIRA2ITBITS (A) L KT B LIERDES TREND.

Proof. ((A) cU): ACU &b (A) Cc(U)=U (& 18.4.5(1)).
(UC(A): (A IZAZELV OHDZEMTH S (DFD (A) e W). UDBMEED U C (A). O

J
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19 EBEHHBIOER

GRIZET 2SO WL 20 %2R SE. 26 OBEMIX 14 HiOBHETHRA@EY TH L. REiTiE
BEZ2 02T o0RRTEZEICKRIET 2D X, 5id X POREITELU 200 LRV, £Z TPFHEOEK
ZIADT, TS DRERBIE G4 OMEE & & 5§ < 222 KK TRz,

A% (m,n) 415l A LT3 RTEDOSNDIEBR T IAFLARZHELUTMEDRL 5N d:

Ty : R" — Rm, TA(:I}) = Ax.

19.1 REWIR

EEXDPOEAY NODEH{ X Y IZHBITSH X DI & %2ERY (domain) EIESDTH 7. &
FIRITIEIK (source) & BIEENS. F72, 2D fITBIFEY O L 2% (target) L .. &Ik & 1k
I DOBEEZ I K KA L THWS X ® H 5. T, ERBUICHIE T 5380 & U TIEE (range) %
5 SCHkD D 20, TNERIBOFIERTH S O THINXEREFITE T B & IFRRVERS. 251
TIRELZ T B 7280, RFETIHIRES S EHRE WS IPFREZHEX &S5, SRBZIZEWT f OfEig & IF
ATWEER %, KETITHR LR

EH 19.1.1. BE [ X -V BLAUOERHBOHAES ACXITHULT, ADIE fFITRALEET
RTEDY OHFREE% FICK D ADK (image) LIFY, ZhE f(A) LEL. Thbb, SMERGR
3L

fA):={f(z)|zeA}.

eI f(X)DZ e, 2FD f(z) OB < HPHZ BIZ FOKRE LR,
#E 19.1.2. RTHEAOSNLBH f OB%ERD K.
(1) f:R—=R, f(z) =22 % f(R)=]0,00).
(2) £:10,2] = R, f(z) =2 % f([0,2]) =[0,4].
(3) f:[-2,2] = [0,4], f(x) =2 fRE: f([-2,2]) =[0,4].
(4) f:00,2] = [0,4], f(x) =2* f#E: f([0,2]) = [0,4].

& 19.13. G f: X - Y BIOKREBOHSESE BCY ITHNLT, fIZARATE L BORIZHD &
St ETRTEDZ X OWNEA%Z FICK 2 BOWE (inverse image) L IFY, Zh%E f~1(B) & &
T T b bh, NEMER % $ R

JUB) = {z e X | f(x) € B}.
$72, b EY ITH LT, — A (b) OWE f1({b) DT & 2 FERAK LT f1(b) L <

— OGO E F7L10) 1, [ EHITb ZRALZMED Z & TlERW. £71(b) I X DTl
, X DUREATHD. £z, ~HEAIRDILEES T, BHRONEZAEL I ONIEEELITRD
LEbds.

Bl 19.1.4. RCTEDOSNZE f R -REBEITbERIZDNVT fHb) 2R K.
(1) flz) =2 b=2,-2. & f71(2)={Vv2 —v2}, f1(-2)=0.
(2) f(z)=sinz, b=0. % f710)={nr|neZ}.

(3) f(x)=2% b=1. % f1(1)={0}.
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B f,g: X 2 Y DRELW (f =9) &iF, EBBOVWLRLITLERALTH-HTHI L, Thbb
Hre XIZD2WT f(z) = g(x) (19.1.1)

DD NLDZ itz S\, EOSRME (19.1.1) kg 5 & &, BEMICFEgIERFELVLES WV, Z
NEFEST f(x) = g(z) &EFL. 28, RROBNDP LWL DEGHEIZBEWT, f(z) = gz) DT & %
flx) =g(x) L EEFEL. 2, R XOKTEDHD b Y IIRIGIE2EBGH (EHEK) TH 5
LE(DED f2)=bTHBEE), IhE fla)=0HEWIE f=beEBEIILDHD. HBEDERILER
DIE, EHEK 1L (ORZER) 21 L ENTINWI LIZBS. EEL, EAD T EEE2ESTHIZ
D& RFNHITIFRERE U BB NEDH D, KEDTBHBEND L. MEABORICBEWTIE, TR
TORLEFTICHIGIELREHR U VDI LE f=0, £EL.

TG f- X =Y (f=b) 2BV, f(X)={b} BXUO (b)) =X TH 5.

DETERT & I

BHROG LW, RO AIZBEWTEFFLSTARSG NS . ZOMBEIIFREEHRIC L 287 %E
M OBPHGEPEHORA ML 25 2 12dh 5. R, SEEG f OBITITRBIAREESH1E 0 4T oh,
ImfeEPND. £72, f OFEAUT K DHH £71(0) 2B R 25T Ker f WS NS, 175 A DR
MNImTy DRICIZ—ET 52 &, BLOFERIZEANL 1 RGN Ax = 0 DFZERID Ker Ty THRI NS Z
& (#1122.1.3(2)) 2B L TRIGARX (B 23.2.5) HEHEI N 5.

19.2 L5 & BE

ZOHETHRARZ 2N (15 1 OXs) & 281, B, 75 X0MEEOFFHOBIC L BN T\
ZZTHVWLNTWZ K DT, FEHOMEIZ S 1 2 HEAMI T Z OMEAEHTH 5 Z L IdHfs K 5.
UL, BEEDD - EIRANRIS I W TR EOBERITEN S . Thid, B2 BRI R? 2 xf
ST TS & AR TG 2R T BICHV O NS, HlZIE, 2 fiTIk R?2 EOMEE&E2ARL 2 XIE
FifiH2R My(R) SR —HTE 2 Z &, Lo TRIEGARD 0 LITHIGHEO MRS TH B Z &
ZR7Z AZ2 B o THFLARTREN, TNIEFEZ TV LGRAESRIZE > TEDL-oTL 57255,
LPLAEDRSWTZE X, 02 AELARTEE, T ZIZERE2HEHFNRIMEVPHRIIENS Z LI
85,

& 19.2.1. [ X =Y 25/ TS o PEERLS X 28K f(2) bEERLY E2HEE f
% B4 (injection) £\ 5. a N X £ERZEITIX f(2) DY 22 EH L &, f 225 (surjection) H 5
WE EADER (onto map) &\ 5. B REMEIZZNETNROFMIZTEZ NI LNTE S:
o B K, 10€ X ITDWT, 11 # a0 = f(x1) # f(22).
Xl E EAUERD &S 127485: K ay,20 € X ITDOWT, f(z1) = f(z2) = 21 = 2.
I, By e fF(X)IZD0WT fHy) BB EdE1HNORIPZEARIIRDLILTHS.
DED, ZyeYIZOWT, f(z)=y&AT e X EEL2—DUnR\0,

o BHIME: KRycYIIRUT, FILRAT R L yilnditec X BMFLET 5.
BEAVCTRDOEIRBLTE LV f(X)=Y &5 Z L.
Wik AWIZROE S BRERHHTES: £ycY IZDOWT fL(y) £ 0 HEDID

I, RR» ORHN GG E22ES (H D WVWIE 1 1 DRI, bijection) THD LS.

W Z TV BFERRR L 1E, FERPEMTH 720, &5 5 2 ORBEEE 2 FHFOBEMTH 720 L LI bZ5.
WIHIZE L, TS DEBEAEAVTHRINDIZ LD THS.
e =D WS Z i, —DHRVATRENE, DE D 0flDOBEEH VG5,
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WS FEHWDZ &0 BgHE - 252 SR THIATIIERD LS 12h5. X 2 KDOES,
Y #ONE (BBH) 2R TESGL L, 25 THILEZS. WE, G f2DBEL, 5K f. X =Y
CiX, B VTR e X 2008 f(x) €Y RBGMIZEDVHIZI B LERS. ZOL &, B T
HKTUL VWS L THhD. ZFLZOHNOMEIZEVHIZ2LLTH, #HIZXH2KOBEEVE N1 AT
HO (KPYEZSBNWIeEHDMEDS), ZAEORPFEUGATICHIZ 5 Z 23, S0z, $
L& a, b BB IZAUMBIZHE 572 (DX fla) = f(b) 2 51E, TOMEBIZY 75 KOBUF 1 AT
THDHNP5,a L bIEA—DRENWD Z L2725, B L IFNOERTOANBEIZRNEL-H5Z L, Tihbb,
EDOEIRMDMNEy c Y IZBWVWTH, ylZHIZT 2K c X DBDDZL (0FD f(o) =y) 2EKRT 5.
DL E ylZHIZZ2ROEUT 1AL ETHNIMATERED .

Bl 19.2.2. £E X IZBWVWT X Ok Eo<EHlPILWVWEL, T4hbb f(z) = 2 TEDDIER
f: X = X 21BFER (identity map) &\, TN % idy £EFEL . idy FREFNTH 5.

GBI EHFNE S D, HEVIEEFNE S 2L, f OEERNZ T Tlda <, BRI OMIBITMKIT L Tk
F5HDTH5:

5l 19.2.3. HH 19.1.2 2B 1F 2 EHBOHESMES L ORHMEIIRD LS 12k 5.
(1) f:R->R% f(z) =22 LEDNE, THITHHTERETE AR,

Proof. ©1 = 1, 29 = —1 EEIFIX, TNSRRHICERIBOILTH Y, 01 # 29 THD. ETAHN
flz1) = f(ze) =1 W2, B2 Z50H f CRILTICEINTWS., B XIT fIFEETIZARW. £z,
f DBIZ[0,00) TH Y, ZHIFMKIBRIZ-HE LRV, DRI fIXEETIEARWV, B, y= 113K
BOILTHEN, f(x) =y Zii7= T ERIKR DOIG 2 FFEL L. O

(2) f:[0,2] >R % f(z) =22 LEDNIE, ZNIEHHTH D, 2O TR,

Proof. Bk %RT 7201 a,b€[0,2] 2L, f(a)=f(b) LIRELED. ZDLEa?2 =02 Th5.
INEBIHL TIHEDMHEL (a—b)(a+b) =025, PAIZa—b=0F%Fa+b=0.a—-b=0
olla=bThbd. a+b=0DEEIX a=-b%HF2. ZDLE, LLa>02TNEb<0 X
Y, ZNEbe[0,2] (2KIZb>0)THAILIZFIETS. PRICa<0THY, I a>0
EEDOETCa=0%28%. £oTb=-a=0THY,a=b=0. WTNDHEHIZEVWTHa=10
PRI, LEXD fFIFRHATHS. fREFTHENI &I (1) EAKIZLTRINS. O

(3) F:[-2.2] = [0,4] % f(z) = 2? LEDNE, ZNIFHH TRV, 25 TH 5.

Proof. f DEHETRNWZ &Ik (1) LFEBRICUTRIND. 72 f OB f([-2,2]) =[0,4] TH D,
ZHUTHIRIZ BT 5. D2IT flIERHTHS. O

(4) £:10,2] =[0,4] & f(x) =22 LEDNIE, TNIXLHHTH 5.
Proof. Bk (2) L FRRIZ LRI N, 241 (3) LERKIZLTREINS. O
EFE 19.24. B [ X oY BIOHMDPEEACX DPEILNTWVWEEE, ADEITLac AIZHLT
Y DG fla) 2GS E 2G5 6% f D AIZBITSHIR (restriction) LIFY, Thz fla: A Y &F

. 72, MREGZEBBL T 254 g: A=Y IZHUT, Hizll@Dlzg: X Y Bgla=g9g %z
T & &, g% g DILAR (extension) TH D LS.
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FREOEM f: X - Y ITH U T, SR AES A C X2 f 2HIRT UL fla 1ZBH e 25, Hl2IE,
A% —FEAGLTIELV. HDVIEE - LIRGHIZ A = 0 & TS 7T 256 X B WS £, 215
5. 0F0C, Kye f(X)ITHLT f i (y) Dz —2FFM->TIhE 2, &L, A={x,|ye f(X)}
EFTNUE fla ik, TOBED f OBIZ T HHH LB —F, f: X = Y OKIEE f(X) ITHE S
ZIE, BB f X = f(X)IEeieind, I f: X 5 Y IZBWTHKIRZBEHMZ - 5K
X = f(X) ZRBHTHD. 2O ehs, BEDOIZ L% 1 1 B LIPS &5 552,

HE 19.2.5. B4 f: X - Y IZDOWVWTRERYE
(1) fHSHE7R 51, HAEE A C X I2DWT f! ( f(A)) — A

MRS AN KT L ERTICE, MAHDBEBRERRTAZEY. &aec AL
T fla) € f(A) THBNS a € f*1<f(A)>. 2% A C f*1<f(A)) ThB. KT, LI

ac f*1<f(A)) 2WB5. THE fla) € f(A) THBNS, 5 ag € AEANT flag) = fa) &
5. FORMMEED a=agc A LA >T f*l(f(A)) c A 0

(2) fHeH% S BHEA B CY OWT f(/74(B)) = B,

BRI B e f(f*l(B)) BRI ENE, B o e fUB) EAVTS = f(z) LB 5. €

f%BykbﬂmeB,oibﬁeBﬁﬁé.@szQF%m)cB.mmbeB%&%tmm
B, fOREELY, BB 2 c X ZHWT f(2') =b2E IS, f(2/)e B&ba' e f7YB)TH
D, WRIb=f(2) € f(f*l(B)). L7h>T B C f(f*l(B)). O

—EOBEHIZB VT, O (1) BEXU2) DO LD EIFRS AW, HIZIE f:R—RZ%Z f(z) := 22
CEONIE, A={2) BXUO B =[-53]1c2WVT

FH@) = 71 (F42n) = 11 = {221 £ 4
F(£71B)) = £(#71(=5.3)) = £(10,V3)) = [0.3) # B.

DETERZ & I

KB GAR Ty O BEHVEIZENT 1 RGN Ax = 0 B ME—f#Z2FEDZ 2, DE D A DKIIRZ M LD
FISIVECRO 1 5 d (51120.3.2 3 L OME 20.3.4). 281X A DFIRZ MV TER S B 5%
FDPHIRIZ BT B2 L, HDWVIE ADITOREBEED BT L5 LI2k->TREDT N5,

19.3 HEHIZFVWDOEFEZH

BRI 28 U Tl B4 (HEBIE) OFEMEIZ D WTE L K 5. RIFBEE f(z) =2* 2RI LB DT
H5.

r ||| -4]-3]-2|-1]0|1|2]|3] 4
fl@) || | & 1]2]4|8]|16

00| —
INES
Sl

ZITEROEEY FEEANBI RO &S RIS g(x) 2E X 5.

SLABIEATRIZB VT, fla(A) = f(X) 2723 A C X OfFE% ik T 2 MEILRRAM L IFIEN S (IEMHEICIERA
Y Rl B A B).

gt E 11564 CEC, R¥HE 13 18] EIFATRIILTWS. T4 & K] 2AFEE LTHNS
ST, 2O &S RIERREEMEE 52 55 L.
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8
|~
00—
W=
D[
—_
oo

16
g) |- =4 3] —=2]-1]o]1]|2]|3] 4

CHUTEHIZN U CHERZ SIS EEFIHEFAFD I L 2T>oTWVWS. ZORIZKIDED SN LK
g(z) & f(z) DFEREH LR, HAaAIT, 0 glx) ITHBEB L EIEN, logyz LELSDTH 7=,

FREIAREZ W, WERIIEICEZEZDII TR WS 22 Thb. HlZIE f(z) =22 12DV T
FEZED. INERIZTHERD LD 1T 5:

z [~ ]-a]-3]=2]-1]of1]2][3]4
f@) |-~ 116 9] 4] 1 ]o[1]4a]9]16

FIEE LFEBRIZ E T2 ANBR W2 EA LD ETNIEROERPFONS:

z |-l 9] a]1]o[1]a]9]16
g) || - | —a] 3| —2|-1]0|1][2]3]4

UL, FOREMRET 2 XD BB g(z) Z2EDD Z LIZTE RV, RERS, EORTIE g(16) DfEA

—4 L AD_HIZBEINTED, —DDMHEIZEEXSRVNHTHD. THI2¢(9), g4), g(1) IZD2VWTH

FRRDZ ENERA L. ZOXIRMAELDHERITIE, OB f B ROMEZROZ LIZH 5:
(*) f($1) = f(l‘g) %f(l%f:j—i '5 @E%iﬂjﬁo):/)@fﬁ I1,T2 b’ﬁﬁ?%

P (%) 12 f DRI TRNWZ L LEMETH 5. W D 5 72 DITIE LD (*) AL LRV D

H5. Thbb, AR ed fIFHRHTRITINIER SR,

BHETRVWEBIZEWTIZESEEZHIET S Z e THANZL, GIE L ZBEBOWEBEZE 2 5 Z &N
BB PIZIETRO DD fi, Lr2EZLD.

x [[ol1]2]3]4] - z [ [—a]-=3]=2]=-1]0
fix)y[[ol1]4a]9]16] - f@ ] - T16]9]4a]1]0

INSREBIT e 2 REMNIETH D, EHIEE fL TIROUEOBIZHIBELTEY, fo TIZOMUTF
DEUZHIBLTWD. Z D7 f1, fo kRl (%) 27233, ULzdio TROKIZ K O HEE g1, 90 B3 %
NETNEDHNS:

T 01114916 --- T <o | 16 9 4 110
gi(z) O 1]2|3] 4] gax) || -+ | 4| -3]-2|-1]0

g1,92 ERTHITIE, 91(2) =V, go(z) = —/2 TH 5.

19.4 #HE{REZOME
BIIEIZ B 2 BRN S, RDZ LD o T
o ERDBBUIN U THBEEAEE S0 TR,
o WFABMMEE SRWGEATSH, EHEIKZHIR L ZEHRCB WIS EBDE X 25605 5.
o MILATERINLIEMTH-TH, ERMOEDHRETHREBDONIZRLRD.

BHZE, ZABROPEBIEZO LS LTEDSNS.
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:?C%@@%%V%hff‘XﬁY@%ﬁYﬁ%bfﬁ%if%&bfh@#mbf@ﬁ%ﬁ@

BIHPRIB KL 05 720120F, YR FHAERHRTHEBELRDHD. Lo T, f: X = Y Bk

qg: Y — X 2FO720I f AEEETRINE RSB, B f: X - Y Bef»OHENTHL L
&, Raemilzd Z & Thorz:

(%) Wby e Y IIRNUTD, f(zy) =y 27z d z, € X DME—DIFEET 5.
ZIT, OO THEHRDIEHLREREZ52TEIS:

& 194.1. 5B f. X > Y DRRHERFTHH L E, EO (X)) % kT, 22T, KFyeYIIHLT
EDzy (DFD fFITRATEE yIZBRDZEREDITDI L) ZWNIGIEEEH g: Y — X (9(y) == zy)
% f OMER (inverse map) & KU f~1 & EL.

FE. fORREHTHY f(2) =y 261, LDz, Xz ITHYLL, fly) =2 TH5.

fOFGHENERTELOE, fHRLEFOL ZICRE. ZOHEEOMRITHIHIZB I 2#EmTHoT
HBHD, M 194412 C—BERE UL THDTHERES. DUF, f OFERIZOWTHRU BRI, f HEH
WTHHILZBEROSBIZHRE UTHZEDTWEEE R K

WE, 28 f. X 5 Y OFER A5 60TWwWbe L, rec X, y=f(z) THHLLLS. 20D
LE RS () WS ODRBRIERPEZSNT WS, —DRMEDI L THY, fH({y)) ZIL
7RO Z aw)é fIREHHTHENS, TNIE—Er 505 X OBDES f ()—{x} 7%,
£ —DOREERI, WEHR Y - X Iy 2RALMEOZ L THE. ZONETIE f~H(y) F X D
LxTHY, T Bﬁu\%/\mif;m. HE U y) BB S EFER L TWB 2 SURTHE L2 g7 s 74
WS, —HEEPH DI VIE—HEEDOTADE VLR L, FENLRRFE 2T 2 5 2 TIEEER 20V
ZENLWN. INSDEWVEBBIZKTEHBEREL ZDIFERRIIBVWTOATHS. —f, Mok
BB CY IZBWTHABKICHS fY(B) ICZ20EKRMNE X 615, LHL, 255 1HERL LTHL
KEERT IR, L5 OFERTHRL THiEb AW (1 19.4.3).

il 19.4.2. (1 ) HBRf:R—->R%Z f(x) =ar+b (72720 a # 0) LEDNIX f IZEHEHTH D,
Ty =2y-LThs.

(2) B4 f:[0,00) = [0,00) & f(z) =2 LEDNIE fIRBMHTH Y, f(y) = /5.
(3) & f : (=00,0] = [0,00) & f(x) = 2® LEDIIE [ IFRHHTHY, [ (y) = —/7.

RIS E Tk, BIBUCRAT 2RI F o 2 WD Z D%\, ZDEE %2 S 2 L iR
AT BEBLXF 2V Z 2255, BIZE f(zx) = ax + b DML fH(z) = 1o - 2 b EDLN
5. 20558, [ X > YOWEE Y 5 XITRATE2 XY DTHDE. 2F0, EBY Otk
FIXFIZeZ2HWEZ 812725, B 3BT XDLTHD EHENL TIWITZRW,

HE 1943, X Y 22 L, BCY 295, BRI OBICLBBIE, fOBIZLSW
B PO 3Rt (BRRRZES512, [LPIRWThEHE f1(B) ckahd).
fREW: I cCcP):icl&dhE $5bec BEHWT = f71(b) &HE I, WERDEHRIZLD
fi))=bTdH5.i% fIZRATDL BORIZIRDDZ, BIZLXD fOUKPIZIIFEENS.
(PCl):pePednE, f(p) e BTHD. ZD&Ep=f1f(p) PA, BIZ&d frOHIIZp
EEENS. O

RIFEHZE 1941 DRI HIEELZ2IVFELLBRZEDTH Y, TOFEFEE2HHEE LT, FOMEXIZ
Bna5M4 (1) 2 (2) 2T gDl % fOFGHREEHET IRELH 5.

8 19.44. f: X S Y BRBFNTHH I L, ROWHE (1), (2) Zhi/zd g: Y > X VFEETEHI L
FEMETH 5. I, 2D gl f DG — JT%.

(1) Wb 2 € X IZDWTH go f(x) = DK D (T4bDE go f =idy).
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(2) Whlsd ye f(X)IZDWTH fog(y) =y MDD (T72D5 fog=idy).

Proof. £ f B RHHTHDEEL, g=f1MEE (1) & (2) 2729 E2RES. (1) 2mT 72D
o e X ZBFICND. y:=fr) e Y £BI5. EHROEHRLNIL, gy) LIk fFITRAT I L yiZRD
X OM—DIE, THbOHbr DI L THY, PRI g(y) =xTHB. 2F 0, gof(zx) = g((f(z)) = g(y) = .
JIZ(2) ZRTDITy e Y ZBFEFICHS. FEHRDOERIZLINIE, gly) & fITRATDEE yiZkhdia
DZETHD. 2% flgly) =y, T8DB fog(y) =v.

TN (1) & (2) 272 g FHET DL E, fRRPFTHEI a2 RES. ZITIENEEZ LD,
fOHEHEL 2EEOVTN L —ATERITZ L (1) DD (2) ZHi72T g WMENRWI L 2E L, f AN
HThwedsre Hbyec f(X)ITDOWT f(o1) = f(oo) =y 272 T ZDDRLDIC 21,10 € X B
FET S, & (1) 2ii72d g2 EBL LD LT HLE g(y) 1T EEDIREEZAS D, TNLDH 29
CEDDREEZAID. HiFEEZRATE L go f(ae) = g(f(x2)) =gly) =21 72D, glE (1) 27z
B, BEEBRHLUTE go f(ry) =20 £720, 200 (1) 72 I N0, BB A, 21,20 YIS D R
23 AL TH go f(ry) =23 &0, XIED (1) FmZI NV, TR805, (1) 2H7zd X519 %
DD LB N D5, R TRWGESIE, FITRALZMEIZIZ RV ERVWy e Y A
FELTED, 20L& g: Y - X 2ESERTDIZUTHLRM (2) 229 2 2idaWw. [l s,
fogly)=flg(y), 2FD fogy) i fiZgly) ZERALLETHS. DZIT, fFITRALULEIZITZRD
BWity & fog(y) W dERD, fogly) #y.

B, (1) & (2 2572358 g fLic—8HT22%2RF5. f1H (1)L (2 2zl
FEEIZRLTWS. &I (2) XD Ky e YIIHUT, fogly) =y = fofly) &b, Tkhbb
flag) = f(fy) ThHOH, fOREMELD gy) = fHy). 2F0, WHRDY OTIZDOVWTH, g5
O I TCEUAENEL WD Z g=f1 TH 5. O

LOFHOE BT, M2 L 5312 (1) & (2) 1S ER f OS2 RT I ETE S (Y
19.4.7). £72, TDOIESDEIHIZT VLAY b TH S, 1ICEBH ST, 2 2 TIREAEMWEED S5 5HBIZ X 5
FERH A ERFH U7z, EOREHHOE “ Bk id, RN TR WEBRDBHES (Tbb (1) & (2) 2z T 54)
Z R OCELH O BARRZR 3 e > T W 5.

%% 19.4.5. f: X - X BDEHRPNTH L I L DBEFTHEMHI, fog=idy =gof Zhi/zT g: X - X
DHEHAET DI LLHEETHD. T, AV THEI L DESR (§740H AB=F = BA %723 B
DEETEI L) DEBROEFEICLDEVHZITHY T 5.

RE 19.4.6. RHEH A ITDOVWTRERE.
(i) il b EHHTH 2. () (hYH) ' =h.

fREB: f=h"t g=h 2 L TamE19.44 ZHHATIEEWV. glZ (1) BLO(2) 2773 DX f=h!
B THD. £/, gl fOUBEHRTHENS g=f =01 THbbh= (1" O

HE 19.4.7 (FE). W 19440 (1) BLC(2) 2729 g WFET IR O f RPN EREI L%
EREEEE &

Proof. BHIME: f(xq1) = f(z2) ETHUE, TNH6Z g ITRAL, g(f(21)) = 9(f(x2)) 285, ZHhe (1)
EEDENE 21 =go f(z1) = 9(f(21) = g(f(x2)) = go f(z2) = 22. DE D 21 = 22.

M By eYIZHULTC a=9gy) £BLE, (2) &0 y=fogly) = flg(y) = f(zx). Thbb, f
WCRAT R L y bt e X BMEET 5. O

77 T DRI DOVWTERRTBIS. ABCRBEIUOEE f:A—- Bz LT, RTH5E2615
R2 DEREEE fDTZT L0

Dy i={ (a, f(2)) | w € A}.
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B 19.4.8 (FBE). X, Y ZROEWH/ES, [ X =YV 22HHL U, FEIZFHy = 2 23K T R2 O
MELETD. Z0LE fO7778 107571, B L 2SR TH 5.

Proof. E## L 225 (2,y) € R? LWL (y,2) e R2THB. L7zdio T, ROFEMENZ R
X\

(r,y) €ely <= (y,z) € Ty.

(=) ZRT7ZDIT (v,y) € Ty 2K, y = f(z) THB. DRI fy) =2 THY (y,2) = (y, [ (v))
Bf1DII7EDRTHS. LIznoT (y,x) € Dy

WELHBH LY - X BT 288 [(b,a) ey, = (a,b) €)1l ZRULEZEE>TH IV, Z
DIz h= 1, (ba) = (y,2) ZEHT BT, l(y,2) el = (z,y) €ly) 2/55. O

BB f RoRDI T 7 EDR (a, f(a) IZBIT ML 2RIV g(x) =az + b THEA SN TV
HeE W 1 DST 7 LOR(f(a),a) DERRC X, ERRL 26 0 LHAFRTHE. ZOLEE
e oRiFE gl cRIND. 1942125 g L ORI g 2)=Le -2 THY, DRIV DHEEIE

/a3, ZOZEN5E L= fla)llBT2HEBMOMAAR (1) (B) PRI NG,

DETERT & I

TADREREFTHE I ADFWATHNC RS Z L IXFAEIZRS. 20L&, TOWERIE Ty T
ZoNd (i 21.3.3). & I, ADPEFTHAITRIINIEL Ty FEBH TRV, ZOHEFEZEETZ2A{]
HEEHTITRT Z & IZEIMTEE L

_ 1
= f(a)

HE 19.4.9. Ty : R" — R™ BERPH L SIE (m,n)- 175 A XESTHITHSD Z & %2mE.

fREH: n<mBIXOn>mEHLIZRED.

Ta DHEBMELD Ty(x) =0 %2729 x c R" ik x =025, $4bb, AERN Az = 0 ILHE—fiF
x=0%FD. L2 oTaE62103) LV rankA=nThH, THe& X (6.1.1) rank A <m ZHbHE
Tn<m*%iEs.

Fe €R™ (i=1,--- m)IZHULT, Ty DEFMELD Ax; = e; 2727 x; e R" DMFIET S, 22
Ty, -, Ty DRRIEHSIEDREINNIE, m < n THBEZ EDEMNL, MRS, KIZm>n &THh
WX 17.3.5 &0 21, -+, 2y € RUIFKIERB TR I NIER SRV, 21, -+ 2 € R OFIEHNTMEIC
DWTIEAH THEN D K (A 20.1.7(3)). O

19.5 FBHEOEK
2HES K OB L EHROEGKRE DBERIZOVWTHELTHE I S.
B®195.1. B4 f. X Y BLVPg:Y = ZW526NTWELT 5,
(1) fg DT BH RS gof: X - Z HHHTH S,
(2) f,g TR/ RS gof: X - Z L2 TH 5.
(3) f,g BT RMI L S go f: X = Z b2 WsH TH 5.

Proof. (1): go f(xz1) = go f(x) EFTNUL g(f(21)) = g(f(x2)) THY, g DHEFELD f(21) = f(a2)
Thd. T fORFNEZEHL v =20 2185, (2): K2 ZITHUT, gDRHELD 2 =g(y) %
W23y e Y BFEIET 5. 72, 2Oy I/ LT fO2RE2EATA L, y = f(z) 2723 2 X
FETS. 2D E 2=go f(x). 3): (1) BT (2) L vHHS M. O

fHE 19.4.7 T o T2HEMIERD XS IR T E 5.

Wil 19.5.2 (FBE). BB f X > Y BLUVg: Y 5 ZH5A50TW5H LT 5.
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(1) gof: X - ZWHRLSILfLHHNTHS.
(2) gof: X = ZhWeHLolXgb2HTHS.

Proof. (1): f(z1) = f(xe) ETHIX, TNS%E gIZTRAL go f(x1) =go f(xg) 2185, THUTgo fD
BHMEZEHAL 21 =20 21585, Tbb5 fITENTH 5.

(2): F2€ ZIZHUT, gofDEFMELD 2 = go f(x) ZWi/zd o € X DFETE. DL E,
y:=fx) BTy eY THY,2z=go f(z)=g(f(x)) =g(y). PAIZ glZL2HTH 5. O

8 1953. B f . X > Y BLUVg:Y - Z 2284 T5. (gof) L=flog™ ! ZRE.
fRAH]: BADOERICET EEH (M 3.2.5) 25 (flog Ho(go f) =idx BWEBIZHEND 51
5. EEE,

(Frog™olgof)=F"o(g olgof) = o(lg7 og)of) = f o (idyof) = S Fo f =idx.

FARRIZLTE LS (goflo(flogl)=idgy R EN, PXIZHE19.44 &0 f~logtikgo f DWE
BThs. O

##% 19.5.4. A[Wf75 B, A2 LT BADHITHIZ A B L THotz. ZTOEELZ2EHRDEETS W
PaZ 725 DN EOME MR S 7.

WBRIZOWTH, $H 19.5.3 LHELLOMERE AR D 37D,
W 19.5.5. B f: X 5 Y 8LV g: Y - Z, HRHEEC C ZIZHUT, (gof)1C) = f~1(g7H(CO)).

Proof. x € (g0 f)7H(C) <= go f(z) € C <= g(f(z)) € C <= [(z) € g7 (C) <=z € [~ (g71(C)).
O

FoMBEEERRBEHT S Z & T, nfADOEMHRDERIZDOWTEFEBEDOWHEERLD 722, HIZIE=D2D
BHROGHRIZDODWTIERD L SI2H5:

(hogo /)™ (D)= (holge f) (D) =(go /) (WD) = f* (g7 (A7 (D)) ).

LgTERZ &

192 TPELEZI L EMmE 1952 2885 LEBICRVEINS:
& 19.5.6. (m,n)-175 A B X (n,r)-175] B IZDWTRAE D LD
(1) T AB OEFIDKIEIAL 72 51X B DEFNBIIEILTH 5.

(2) BAB OEFIDNR™ 2T 2725618 A DS R™ 24T 5.

RE 19.5.7. TNETIZFEHLUM#» S Lo (1) 2/RE.

fREH: FifE B = 0B ME—fR2E D22 RTS. X7 Mz %GR B = 0 Dz 31,
ABx = A(Bx) = A0 =0W X X ABx =0DETHEH 5. IKE LD AB ODZRFNIAISITH O, i
1731 &0 ABx =0 DfRIZHE—TH 5. ®2IZx=0. LEXYD, B =0 DFIZEHPAZ L DIZRES.
HOME17.3.1 &0, BOKINIEMNLTH 5. O

19.6 H\ERES (RR)

EHSIL 2 XLGHL L, BMERS [ X, > X, DI LEEDTVS. LU, BERIXSEEH (V&
) 2 FHOWZEHETHE. ZORIODVTHELTHEI .

R 19.6.1. X, Y 2Ll n D oR2EELTE. EH X Y IZBWTRIZFAETH 5:
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(1) fIZBEHTH D, (2) flFEHNTHS.

Proof. X ={x1,--,xn }, Y ={y1, - ,yn } EEWVWTEEAAL £ 5.

(D)=(2): f IZBEDZ f(21),-, flo,) OHIZEHIZR L. LU fHALETEVEREST I,
f(x1), - f(mp) DVWTNTERV Yy e Y DRFEHETD. 2O EY En+ 1EDIT f(z1), -, flan),y
EERELILIZRD, ZNRY DPn SEETHEAILIINT S DAIZ fIIE2HTHS.

(2)=(1): fE2HLT2. LU fRBRPTROEAREST IR, 2; # 2; 2D f(i) = flo;) 8D i £ D
BNz, ZOLE f(x1), -, f(xn) DB f(2:) & flz) EFLVOZ, EE f(X) = { f(z1),--, f(zn) }
DEOBIEn —1UFERS. fOEFELIVY = (X)THD, 2F0DY OO IEZn -1 U FTH
L. ZNRY B SEATHAEILIINTS. DI fIRBEHTHS. O

AETIE nEZD o088 DEFMRERITITEAA X TIZEMRIGTH U, S % ol
LI EnHDELEE nEhoRbEE] LEDE I ZOVHIZEWTROMGEIE, —2DEED
TEDBEN—HT 25 Z B EHEFOEFIZL > THEB O oS Z 2 RRTWVWS:

M 19.6.2. (1) EAX,Y BnlinokRdedre, 28 [ X - Y DMFEET 5.
(2) X Bnmihrokdel, R f: X 5 Y 2D NIEY & n fiEAILR5.
B) Y BnfErohdll, @Y ¢: X 5V 2T X B n SEAITRD.

Proof. (1): X, Y e HIZnmhrod 3, BEEHOBRVWERR 21,..., 20, Y1,..,yn 2AHVT X =
{1, e 1, Y ={y1, - ,yn } EFITD. ZOLE, X >Y % f(x) =y (i=1,...,n) LED

NIXEHHTH 5.

(2): X I n S0 oRbPZEEDBRNRER 2, ..., 0, VT X = {21, 2, } £ETS. f: X —
YZE2ERFHE U,y = f(r;) (i=1,...,n) &BIS. fORIMELIVY = f(X)={f(x1), -, f(z,) } =
{y1, ,yn } THB. 72, f OBRGMEL yp,. ..,y OFICEERN LN EZERLTWS. EE &L
RIZEEDR DD v, = y; (i # j) &027%61F, f(o) = flaj) CRFWEED o, = 2; 720, THiF
T1yee o, T WCEEDPZVWIEIIKTS. LEED, Y ={y, - ,yn } En w5605,

(3): g7 Y - X EEHHTHY, f=g L2 LT Q) ZHHATIEX IEn SEATHS. O
ZTIT, BEDTOREDPERTHRWGEIZDOWTE, TTOREMN —HT 25 2 W MEIZHY T &
BERDODELDIZED 5

% 19.6.3. £ XY OFICEHHDRGFEAET I E, X LY INETHE (B2 WVITRENELWL) &
W,

B 19.6.4. X LY BN ETHD, Y 2 Z DN ERSIEX & ZHHETHS.

Proof. I[REX D ZDODREH f. X Y BXUVg:Y - ZWFETSE. 2O Egof: X — Z Ikl
195.1(3) KW EHHTHY, LD T X & Z3NETHS. O

BIRELGDLE LB HRESIIEHEOERDESD L WEFIZRVES. Z0Z i3l s
) U ADORHMRIZIZBEIZ K DT Wz,

Bl 19.6.5. HAKENAR N L EOMBER 2N = {2n|n € N} IZWETHE. EBE, f: N - 2N %
flaz) =2z LEONEINIZREHNTH 3.

—HT, KIZH B X5 I2TRTCOMBESITE L WS DIFTIEARW. ZOMEDIFATHWZERD
EEEME D FEIZ D W TR DA %2 2 EE XK.

MrzbHZin ﬁ%AEZ‘owA%;ﬁsé\nﬁ?ﬂ’JELﬁif@&Tb\f)‘ IEETIENEERD L, [HBE X, :={1,...,n} L DM

RS HEEEG] CEDD U, HRIZBWTHTE 19.6.2 IZHSH»TH Y, Ja IF VRV ABRFERTHD. 2
72U, ZOMBEREREZRHT 2546, n )ﬁ%é‘t n—1 JESDOMIZE B T?Tlﬂ&b\\_ IFH S DT <, &R
LRHENREDS.

BEHNEBEUNDEAEESD Z L 2 EEIES (proper subset) & I3,
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8 19.6.6. N & RIZXNETIIA\.

Proof. 24 f N - RPGFHETHERET DL FENPEITLZILEZRED. f: N RZE2HNETS. £
() ZEEHRVEHKM [ag,b1] ZHLS (72720 a1 < by). RIZ, f(2) 2 & £2OEXM [az, bs] C [a1, b1]
2D (7272 ag < by). BT, f(3) Z A XWX [as, bs] C [ag,by] ZHLD (7272U a3 < b3). Z D
PEZNERIE DR L CTWL & BFEINEBS] a1 < ag <az < --- BXOCEFADIN by > by > by > - %
8%, 2oL EHRXMOEDY /irs, &n e NIZDWT f(n) € [an, by TH D, EITH 72 BB I
FNIPERT 5 (T HERME) D ZEF] a, 1FINEKH L, ZOMRBZ a = lim, yo0a, €T 5. ST, fOR
FEX D f(ng) =a 2729 ng e NBFIET D, ZDELE, &n>ngll2W0Tay, < ap < by < by,
DED apy < ap <by, THD. LD T, ZOMRIZEWTE apy < a < by, WD D, T72D5
f(no) € [ang,bny) THS. £ T AW, BAXM [an,by) DELY S f(ng) € [ang,bny] TH Y, FEZ1H
7=. O

Bl 19.6.7. ROFEEDFEHIZDOWTI, EARDAMWZAZ BRI .
(1) ZX Q & NIINETH L. MEHHELARPC, 2—2 )y FEFR"IZR &L HETH 5.

(2) BE X OMNELGEZTRTHEDZELEZ X DBEAL LV, ThEPX)HEWIE2YX <. X
EP(X) IFRETIEARW. &<, X, B(X), BER(X)), BEBEB(X))), -+ IFHWVIZHETIZARW,

LEDOEEDS, IREASDOTLOMRBOIIMBMOFEE L H 5 Z LW nhrd. LITEOBRES X
WX ={x,19, -} EREDZDITIEHEARY. BLIDIIBRERNTELIRSEEHR N X %
f(n) =z, EEDN fIIRF LD, BIZHOSNPUDIAFIZIND Z & Ty, 29, ICEEANRN K
GIZLTBIHE f IR THD. T4bb X L NIZHETHE. WEOHERDPS R = {21,20,---} &
TR D05,

SOERESE D EXIRIZBNWT, B8 X 2R T3 TORBOILE X DEEL WS,
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Kib@éﬂﬁ@%é®$%ﬁ)

R & R"IIHETH D, RIGDRRZZEROITCDOMEBAEL W & & HE I E R EEITE L 205
L. UL, 22TV S f: R — R OFEFEME, REREDLES DRI 2 &% < D
PHREZEE LA TO 1R/ 1 WERH 2 BRTVWBIZHER VO TH 5. Bl 2 IXRRIE M
EUTOHAEZEDGMHIZIBNIEZR & R® (n > 2) OO 16 1 52 ED Z 2 IETE R (i
21.2.7). F7z, BHIOFEE - WHMEZ WIS 1355 1 9)s (2 Z2EMSEHREWS) B R ER? O
FUZIIENZR N Z EDBHIONT WS (221THDO AT L% S). 20X, ZOOMREF U & Ak
T(OFEVINIONEEGZB) L\WVWoThH, Bix BRLIGEHNH D135,

— 13, T DALRED VB BB AT R - 7256, MIREADOM D 1 1 :sid & £ THfEINT
WBD7EA S, Eix, EROMEEHASEEOREZIZENLS SWVWOREEHD B 50 &\ D AR 72 [
BETTORGICHMINZE B DOTIERL, ZNIFESWORAIAEE TH S 7> b —I)L %2 EENE B
U7-METEH -7z, 205, NEER EEHENETLRVWERDOIBAES X CRIFFHET 20 LN
SMWTHD. ZD KD 7% X IIFEL BV E WD L2 BE R & W, SERHRRGR (8 2\ k%
DEE) DFFHIZHIZEWEAZEP L2, WINEGIHT 5 Z LI TERD o7, BETIE, i
TR B L OCZDEED VT NEEAROAHEANSIFEIT RN e 0h->THD, ZhME
ZORBEIZDWTH L 272 01F, BxIREGRIKGHE TDOHREDE D o — 2 A E U TERT
HRBEITHONDZ LTS,

AU B & B EE TR, BRED (BRED) OIEF D AN X

/ab/cdf(x,y)dxdy:/Cd/abf(%y)dydx.

ZDWTC, EOFEADEILT 270D f DFRMEZENFTIIGATWS. —F, EOFXD AL LR
W DBINFET 2008 WO MBEIXRETIED £ 0 FbDR W A%\, FEiX, ZOFLE - EFE
MHHEEGMONHRD S IFELNRNT &, Z U THEGARIKG S IEEFEB LKL OFIDETEZ L
PHISGNTWS,

BHMDAHRAD SEIANBREHFLEEIIOVWTERRTHIS. 2L, RPDOFEEEZHLE
TEHYRE 1 ORIKEZEREOESIZAHEL, 2o 2L WITHENIZ L > T EFESREL RSB T
CF 2 DBIKIZR D L WS EBTH B (NF v - RV AF—OWH). — R 5 & IR
BREFIETHEIIZBADY, KENEBRTER VLI RERLRESIINEIEEZLT, Z0D&S
WEER R FEBHIETWAS.

MUE, WIREADHEBEX 2RItz 2T RN SED EiT7-.

J
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20 REER

FIEARET TR M EBRITIE = DDOMWERE D 5. #Oi:ﬁﬁ?N§ﬂ%f%D,%:Kﬁ%ﬂ$ﬁ
Bz B W THN B~ O BRI G5 %2 WD BT 2 0 DATEICH 5. 2N FHIEIBAREFED
I%T%étbof%ib %bf%5'ma—&®mabw*ﬁvmm%%3 7))y RZEEOF
BIZHIIRT 2701052 20805 ERE) 022 Th b, BERMELHNTE-HOUEL VR B,
AHITIEINS ZOORFEET, MEEHROEHEPSILBL TR ONS @M ZERL, 2hs 2 X3
U 7= 5 imlE R EI DA (3w U 5.

AT, MIEEBRDL TN L > TRE SN, DIFETIZITH] L EHER T ML e; DMOFIZET
% ROME

Ae; = A D i HIH

ZWr 0 WS (REITIEH20.24 THW:)., EXZFEORFBIZEDTEVTHE 5020,

20.1 BEBEHOEANMLE
1 Hi TR ARz@E D | MG L 1T EEHIBEE D — R LIZHGS T A& TH 5.

T 20.1.1. FLZEM U » o2V ~ADEH f U - V BROME (1) B L (i) 2729 & &,
[ & #8 B 1% (linear map) » 5 WX #RF A (linear operator) £\ 5:

() TRTO 2,y € UILHLT, [z +y) = [(x) + [(y),
(ii) TRTDxz e UBLPre RIZDOVWT, f(re) =rf(x).

EOME (1), (i) IFAEME EIEN S OB 720DKENF L O SN & 51T, SR RK
DHEE (i) It D 5N5:

IENE (i) IRTD 2,y e VELDV a,b e RIZDWVWT, flax +by) = af(x) + bf(y).

FERE, (1) 1BV Ta=b=1LUEGEX (1) THD,a=r,b=0& LHEN (i) THD. 77, (1) &
(i) ZHWT (iii) ERD K S I28E N5 flax + by) = flax) + f(by) = af(x) + bf(y). A EX D, F
fET(G) 222 (1)) &4 (i) XFRETH 5. DA, SR EOMRZ (1) ICX > THET LI e L&LD.

Bl 20.1.2. (m,n)- 1781 AIZHUTEBR T : R" — R™ % Ty(x) := Az EEDNIE, TNIIAEEHLT
H 5. EBE, BHENE (1) FRDO XS I LU THEPD 5N 5.

Ta(ax + by) = A(ax + by) = A(ax) + A(by) = a(Ax) + b(Ay) = aTa(x) + bTa(y).

ETEDIZES Ty ZE5BBEEIEHND DA ENRNI &, b, 2—2 ) v REM OB ORI
BT Ty DIETEITS (MH21.34). LIZEHR R RO ETHRIEGHR L 5 EDIE, (1,1)-175
=la] EHWTERI NS HHIBIE Ty (z) = ax DATH 5.

il 20.1.3. TRTDONRY FLEEXRIZ ML Oy e VIZOIDTEEGHR f =0y :U — VIIFEEGHRTH
%. EBE, flax +by) = 0y = a0y + b0y = af(x) +bf(y). ZD LD LMREEHILERRIGEER T
Eh 3.

& 20.1.4. ROBEBIFHMLEHRTIZ RV, BERNRICERAT S Z iz &0, BB (1), (i) OWTh
bl I NN L ERMERE K.

(1) B f:R >R % f(z) =2? LEONE, ZNIEBFHETIEZAR.

(2) 17518 % 52 5548 det : M, (R) — RITFIEEH TR,
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a—2 9y REMPINOIILZERIZE T 2 EHRDOHIEARH ORBIZERS & LT, LIFs < I3
TR & B B —fikGm 2 B L & 5.

B 20.1.5. fEEHR f: U - VIZBWT 0y DITEHIE 0y THD. 37205 f(0y) = 0y.

Proof. £R7 MVEOETEHLERT MUIRBEZLEHWS L, f(0y) = f(0-0p) = 0-f(0y) = 0y. O
R (iil) (ZFEIRD & S A RA OB I —{LT & 557,

i 20.1.6. f:U — V MM E 7292 oI XREH72T:

14 14
%ﬁﬂé'[\i (iii)’ %uk S U, TE € R (k‘ = 1,-- . ,f) ﬂ:/)\z‘f, f (Zrkuk) = Zrkf(uk)

k=1 k=1

Proof. MDA IZET 2IINETRT. £ =1 OEEITIBEOMWE (i) 12tz 57w, FIOMEED ¢
DL ZIZHFEADPEILT S NE L, IO L+ 1 DGEIZDVWTRT .

41 ¢
f <Z Tk“k) =f ((Z Tkuk> +Tz+1uz+1>
k=1 k=1

¢
=/ (Z Tk“’c) + f (resiue) (BRI (1))
k=1
¢
= Z rif (k) + rev1 f(wern) (AL DA E & RRIEYE (i1))
k=1
041
= Z rif (u).
k=1

M (i) 1, ML EERPEEREREST S 2 L 2TV 5:
& 20.1.7. f:U =V 2 EHRE L, uy, - ,u, €U T 5.
(1) & €U M uy, - u, DFEFESTEF B0 51, f(@) 1 f(ur), -, flu,) DEIEHESTHIT S,
(TabB5, xe(ur, - ux) = f(@) € (flwr), -, fun)).)
(2) 3oy aiwi =0y = 3710, aif(ui) = Oy.
(3) flur), -, fup) DEIEHNLR S  uy, - u, BREHITH S,
(4) g, up PRIERIBRZR S f(ur), -, f(un) DIERBETH 5.

Proof. (1): ZOERIFHILIE (iil) DFWHZITTERW. FHEBE, 2 =" | qu;, LHEIF D505 f(z) =
FOSM jaiuw) =20y aif(w) THY, fx) & f(ur), -, f(u,) OFEKETEITS.

(2): =0y 12X LT (1) DFEHE AEFEDOFHEEZ THIX I V.

(3): MIEBIER Y1 | aju; = Op ZARE ST AT (2) £V Y0 aif(u) =0y TH 5. #l f(ur), -, flun)
DFEHNIMEEL D a1 = =a,=0. DED uy, - ,u, IEFEHILTH 5.

(4): ZHUE (3) DXHEIZIEDP R S 720, O

ROPITHRS &5 12 EOMBEIZBIT S (1) 25 (4) DFENFRER D L0, WA D LoD f
ABET OB AITIRS (f7820.3.6 ).

ST 12.3.1 L FBDHEH AT o T\ B, fTHIRE FIT IO HA L, Box 3IPIE L 0 S EM RS EREE 2 ISR L Tv
=DTH5.
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5l 20.1.8. A=

(1) 0] B B I Ty R? — R2 12 DOWTRAR D 20

(1) =z = 1 ETBH. ZDLE, f(x)=e1, fle1) =e1 THD. 5T, f(z) & fe1) DIEAEE TEH
5. LU x % e DMIEREEGTELZEITTER .

(2) 0f(e1) +1f(e2) =0+0=0TdH5. —/iTle; +1les=es #0ThH5.

(3) e, ey Liﬁﬁ%ﬂﬁf%%iﬁ, f(el), f(eg) IIRRTE N T\,
R MWEEH f U -V ﬁ%ﬂm\i@m, un;%E 20.3.6(1) 75 (4) OWIXHF T O L2720\, KB, f BSHSET
BNETBROIE 203 FHIZB W A5 71 0y) X 1 AEASTIERY. LS T, f(u) =0y 21723 HT
BWRZ MLy e UDMEHESTS. Z0E X, (1) f(u) =0y = f(0y) ®X f(u) & f(0y) DKL TET 23,
u # 0y % Oy DFEAEATELS Z YIETERN. (2) 1f(u) + 1f(0y) =0y TH 2D, lu+ 10y = u # 0y TH
5. (3) 12DNZ bUD 5725 w T TH 5%, fl f(uw) FEMIL TRV,

PAREDNZS L AZBEE U 2 W7 Z 21272 5 A%, @i 20.1.7(3) B LU (4) 2EAEZHWTHANEL 72
RO EFRIFZEAL U 780

(a) f(A) BN SIX A BRI TH 5.

(b) ADHEAEIER 5 IE f(A) BAERETH 5.

EOTFROKRHIZZHITTEIZ S:

1
) a ==
27 1

ZHH, H120.1.8 THEX 72Ty : R? = R2IZBEWT, f(a1) = f(az) = flas) = H S0 = { H }
THY, f(A) BB TH 5.

?ﬁE HHZMIEEHIE EOER (a) BLO (b) 2729, — AT, HHTZRWHEEGHE [ U - V PR TR
WA, (a )atacto‘( ) DRBNFBTEAET B, INERTITIFBICERVL DL OEABREL 2 5. 2 I TR
U=R"DHAIZETSIEHEZMNTL &L 558,

1

Bl 20.1.9 (FEE). a1 = 0

, A3 = [] &’fg&bj/l/i A—{al,ag,ag} i%‘i f—&ﬁ Thd. &

Proof. f M HEITRWGE, BIFIOMRE THRARZ X 51 f710y) X 1 SEETIEZR. £z, F71(0y) X R™ DR
R L7225 Z &5 (M 20.3.3), ZHIXERES L 05, fIFEHATRVYZETRNARZ Mo e f(RY)
DFAEL, R 23.15 IC X UE f71 (v) OTEDMEEIE f71(0y) DD EFL <, L= T [~ (v) &IIRE
/E.\f‘:i;%) ‘%ZT, *H;Egtﬁé n + 1 ’f@;[} ul,...,un+1 S ffl('v) C Rn ’3:?: D, A = {ul,.. un+1} &TZ’L

fA) = {v} TSI TH D, LHErLERMRS, AIXERETH S (MiE 17.3.5). O

M 18.1.4 Db & U TRA Y 2D,

2 20.1.10. X2 PO uy, -+ ,u, KU ZERT B L, f,0:U =V 255642 T 5.
(1) Fi=1,--- ,niZD2VT f(u;) =0y 5K, f=0y (2FD fiX0y ITMEZESEEGH).
(2) Bi=1,--- ,niZ2VT f(u;) = g(u;) mHIE, f=g.

Proof. (1): &% & € UIZDWT, HELY & = 31 aiu; EEITD. WAIT f(x) = f(D0 au;) =
Y aif(u )_Zz 160y = Oy.

(2): f=gZEL<DITF, HxecUIZDPWT f(x) =g(x) 2RI EV. T, HxcUITHLT
h(z):= f(x) —g(x) LEDDE, h:U -V BEEEHR L 25 (LEHEIO X). (REXD, Ki=1,---,
IZDWT h(u) =0y THEDS, (1) EV h=0y. 2%V, & xcUIZDWT 0y = h(x) = f(x)—g(x).
Thbb f(z) = glx) THY, IEED f—g. =

BB D U IZDWTEZBESIEn L LT U ORITCERNIE L V.
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D (2) 0, Bz, MEEHROMEIZFREDITE RO L > TREI NS, W, RIEDFTE AT
T5e, TNENZTMEEGEMRTE 5.

fRE 20.1.11. uy, - ,u, T U DEKE U, vy, 0, €V T D (vy- , v, IEPMITH 2 2
L, ERICEBERDH>TERY). 20L&, f(w) = v; 272 THIBEL f U — V WSME—DIFLE
T 5.

Proof. U ®%5t z XEHDM a1, ,a, EHVT z = Y0 au; & —RIIZEFIT 3 (f¥ 18.2.3). f
DRV Z W 7297121 f(o) == D1 av; ERED D UD7RWA, BERIZZD XS ITED % f I3k %
7=, Miges, Sx,yeU%kx =" aqu,y=> . bu EEFE re+syldu, - ,u, D
MEREG L LT rae +sy =Y 0 (ra; + sb)u; E—HHIZE T TED, f OEEDPS f(x) = Y1, av;,
fly) =Y b, fire+sy) = 1 (ra;i+ sb)v;, TH 5. L >T,

f(m:—l—sy):imz—l—sb Zrazvz—l—Zsbvz—r(Zale)—i—s(vaZ) =rf(x)+sf(y).
i=1

bbb, MM (i) 2729 f I EERTH 5.
fO—EWEZRTITE MBEEH g: U -V E g(u) =v; Zh72 T EREL f =g 2BIFIELW. 2
NUEATE 20.1.10(2) K W EB IR SN 5. O

B, LOAFHIZBWT, Ko ecU Mo =" au; £ —HERICETZ LIS RVET B L f 2 MBIIESR
’C“a‘ti( 7’3’:6 Wﬂ}\;.‘i, r = anl a;w; = Z?:l bzuz (‘::\F_ﬁ D &Z%b‘é tj_é bl f(iL‘) ;E Z?:l a;V; el Z?:l bi’Ui

DNFNIZTRED, b Sh UDIET 2REIEL S, 2585 L, MU (i) 2l N5 £ 51 Eh b0
WEITH 5.

i 20.1.12. BUEERDOEGKIT XK EHR L 72 5.

Proof. f U=V EBXUg: VW EMEEHRLEL, ZN6DEK go f: U — W HBMRIEME (iii) % 3%
32l EREI. 2,ycUBLTr,sc RIZFHLT,

gof(ra+sy) = g(fra+sy)) = g(rf(@)+sf(y)) =rg(f@)+s9(FW)) = r(gof)(@)+s(g°0)(y).

O]

20.2 WEBRICEZH

GBI X Y IZHLUT, XDOxZ fITRATEZLTHONDY D2 I RTEDLZELE fO
BEMD f(X) L ELDTH -7z, FIEEBRIZE T B4R 72505 Im f VSN,

EFE 20.2.1. MRPZEM U P oIERV ~NOIEEGEHR f U - VIZBWT, fIZ&2 U D&% f(U) D
ZeaImfeHEL. T4bb, Inf:={f(u)|ueU}.

& 20.2.2. MEEHR U >V OB In f 12V OERZE/TH 5.

Proof. 722N I2 5 720 D&M (1) BL O (iv) 2 HERT 5.

(i): f(OU) = 0y Wz Oy € Imf Th5.

(iv): vi,v2 € Imf TN, Tholdk fITRALTHRONDILTHS. ThbLE, flu) = v,
flug) = vy ZHi72F up,ug € UDBMFET D, ZOLE, Krs € RIZDWT rug + svg = rf(uy) +
sf(ug) = f(rug +suz) THD. DED, XTI blrvg 4+ svg € VIERT bbrug +sug € U & fIZTARA
TH5ZETHEONDS. WAIZ rvg +svy € Im f. O

[:U—=VEEEHEL, W CU % U DIHAEMETS. fFOWIZXBE FW)IX, fOWAD
HIR flw W =V OBREBRRES. £z, fly BMEELHTHH IS, f(W) =Im flw EFNT
LhWv. EOMENS f(W) DV OHSEMERE NN 15
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B 20.2.3. MBS U -V BEIOHu, - ,u, cUITBWVT,
f(<u17"' 7u’n>) = <f(u1)7 7f(un)>
eI Uy, u, WU ZHERT DL E, f(ug), -, fluy) 1 EIm f Z2HERKT 5.

Proof.

FEOERTHONTHRVWDIEA f(x) |z e (ur, - ,un) } ={ fFOor aws) | ar,...,an ER} DAD X,
Ihernts. A={f(zx)|ze(u, - ,u)}, B={f>" aw) | a,...,ap eR} 5. FEAED
—HE RTINS OUERBGRE MR T IX X V.

(ACB): % flx) e AIZBWVWT, z e (U, ,up) &V ay,...;an EHVT =" aju; £ 5.
2% f(@) = f(X0 awi) € B.

(BCA): & f(O L au) € BIZBWT, z=>) " amu; £BFEx € (uy, - ,u,) TH5. 2D
FOo amu) 1, (ug, -, up) Dt EHWT f(x) £EFITS. LEA>T (O aiu) € A.

BEIZ g, u, DU ZERT 25625255, 20L&, U= (u, - ,u,) DA, Im f = f(U) =
fllur, - uy) = (f(ur), -, fun)). 4805, Im f DEICIE, f(ur), -, f(u,) ODFEHEGE LT
HI5. O

Lo &0, #HPESE MERZEKT 5] LW RNEZHRETLIEHTH 5.

Bl 20.2.4. (m,n)-475 A= [a1, - ,ap| IZEDBEIBEHR Ty : R — R (Ty(x) := Az) IZB VT, €FH
I R" OFYERLK e, - e, 2 Ta (ICRAUTZMH Aey, -, Aep 1Z ADKIIRT bbay, -, a, IT—
5. LdioT Ty DBIE, ADEFIRT PIVIZE o THEBI NS R™ OFFERIZE LW, T0bb,

ImTy =(ai, - ,an).

20.3 BEBERICK B ¥R

GBI X YBIOBCYIZRLUT, fILRATEL BOLBREE5H X Oz d RTEDE
EEBZ fOWIZLBHEHEITY, fL (W) e ELDTH o7, MEHRIIBEWTIE, FHREHETH S
AL NCY (8

EFE 20.3.1. FPZEH U » SIBERV NOBEEH f U - VIZBWT, fI2Xd 0y DK
oy DZ % Ker f & EE, ZhE f O (kernel) 2\ 5. T7bE Kerf:={ucU]| f(u)=0y}.

Bl 20.3.2. (m,n)-f75 AW X BB EGH T : R* — R™ (Ta(x) := Az) DIE LXK, Ax = 0 2729 5
x € R" BUEDPSRLEETHS. BRI KerTq 1FHT 1 RGN Az = 0 DFFEZER W4 1IZF L.

R 16.2.2 (IZBWTHERILESNL 1 R GREADMEM BB 05 Z 2 2 /A2, RO BRI
BWTH, TOIZEBIEOWAEMIZ RS, L0 —fRIZ, RAKH LD,

i 20.3.3. PGB f:U -V BICKRIEBOHAZEMW CcVIZH LT, fOWIZX284 1 (W)
T U O 2ERITH 5.
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Proof. 722722 72 D&M (1) B X (iv) 2 HERT 2.
(i): f(Op) =0y e WX Oy & fIZRATEZEWDILE4D. TibL, 0y f1 (W) Thb.
(iv): uy,ug € fFH(W) EFTNUE, fluy), fug) €W THD. ZDOLEW PR ZEMTHDZ L05,
s €ERIZHUT, frup+sug) =rf(u)+sf(ug) €W TH3. T80, rup+suy € f~H{W). O

P& 20.3.4. MEER f. U - VIZBVWTRIEFAMETH 5:
(1) fIFHEFTHD. T0bL, WhRdvelmfIZBEWTEH, TOFEEK f1(v) D1 EA»15R5,

(2) Ker f ={0y}.
Proof. (1)=(2): (2) 1%, (1) IZBFBDv &L TOy = f(0y) €Im f 2F ARG ETH 5.
(2)=(1): f(x) = f(y) Z2IREL, x =y Z2RTD. XZbhlax—-—y& fITRATDIE f(x —y) =
f®)—fly)=0y. 2EVz—yeKerf THY, REXD Ker f IFEXRZ ML Oy DANSZLEE LT
Wbz —y=0y THD. TW2BEHL Tz =y 2155. O

Bl 20.3.5. (m,n)-17Fl AIZBWT, Ty DWHEHFTHEI L Az =0 DM KD Z L IXFAETH 5.
BAHRZERIZB W TIXME 20.1.7 DWH KD LD, Thb b, ME BB 2 3 F T 55

BTH5:

i 20.3.6. f:U =V ZfMEEBLRLE U, uy, - ,u, €U & T 5. fREFTH B L ERVEDLD:
(1) & =30 aiw <= fz) =301 aif(w).
(2) 3y aiui =0y = 331 aif(u;) = Oy

(3) wp, -, up (FFEMITH D < f(ur), -, flu,) FFMITH 5.

(4) ug, - ,uy FEERBETH S <= f(uy), -, flu,) FERIEREETH 5.

(5) flur), -, flup) XV OEETH S = uy, - ,u, ZUDEETH 5.

Proof. £3° (1) ZRT 5. (=) Z@MEH20.1.7 TRONTWVWED R («) DAGHT 5. flx) =D 1, aif(u;)
L35 Z0EE, y=" qu tBEE, z—y%& fITRATS L,
fle—y)=f@)— fly) = f(=) - f (me) = aif(wi) =Y aif(u;) =0.
=1 =1 =1

WZiZx—yecKerf THDB. fIFHEFPZ Ker f 10y DANLRDE. WAIZz—y=0y. T2bL
T=Y =) au;.

(2) 1%, () IZBVWT e =0y & LEBNZBAETHS. (3)1F(2) LhBEBIZHESNS. (4)1F, (3) I8
AWM DEEE 572D A, ThHEEMETH 5.

BARIZ (5) 2T . uy, -, uy ORI (3) K0 Do TWB. Hax e UILHLUT f(x) eV ThH
D, flur), -, flun) BV ZERT SRS f(x) =1 aif(u) EFEFS. (1) &Y x=>", au.
TRbLE U, ,u, 1 EU ZEKT 5. O

i 20.3.6(5) DA DL D/2DIZIE, Imf =V LR 2MBENHB. DD, f BEHEFTRITNR
57\ (i 21.1.5).

%3 20.3.7. @EH20.1.11 OFEIZB VT vy, v, PREHNLTH D L &, f(u;) = v; 72 THIE
B .U VIIBEFTHE. iRt

5Bl Ker f = {0y} ZmE Xk, 22Tz eKerf &T5. up,- ,u, WU ZERT DI NS
x =Y au EEITIE,

=1 =1 i=1

V1, LU BERPMN DR 0= =a, =0TH D, x =", 0u; =0y 2155. 97405 Ker f Dt
130 12 5. ]
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20.4 ¥R AR BZRDA

Bl 20.4.1. R" DX MUVIZH U TH i BEEZ WS )IGI 25 E p, - R = R (f(x1,- - ,2p) = x;) 135
JEFREND§F (projection) L XN S, p; IZMEEHRTH 5.

Bl 20.4.2. n RIEFITH A = [a;] 12U T ADHARKT DR tr A :=>"" | ai; & A DEF (trace) H 2
WL ML —Z, AR E EIES. G tr: M,(R) - RIFMEGHRTH 5.

i 20.4.3. n KIESi174] A, BIZDWT tr(AB) = tr(BA).

PT‘OOf. A= [aij]i7j, B = [bij]i,j &j—z/Wi, AB = [2221 aikbkj] i Vj)i_ tl"(AB) = Z?:l ZZ:l aikbki. E

7z, BA = [22:1 bpg agq]pﬂ Wz tr(BA) = 22:1 Z?:l bpg Qagp = Z?:l ZZ:I aep bpg. ZORIZHEN B IR
R p i j B EMANE, ZhIE (AB) LA LRTH S, 0

Bl 20.4.4. (1) BHZE RV I2BWTH 2 LEIZT S5 TER, Thbb S(xy, 29,23, ) = (z2, 23, )
TEDOSNDESLR S RY 5 RN ZY 7 MEAREWRIENS. S IXEES&THS.

(2) S IERHTHD. fms, FHHy = (Y, y2,8, ) KHLUT, & = (0,y1,12,---) LEDN
X S(x) =y &b 7, Sa) = 04280 = &, FHEZBRNTIRTO 22K THD
KerS = {(2,0,0,---) |z € R}.

(3) ¥ x = (zp)nen PEREITIEX 16.3.2:
Ttk = Ah—1Tpt+k—1 + Ax—2Tpt+k—2 + +++ + A1 Tnt+1 + A0Tn
Zi72 30X, B S(x) = (Tni1)neny 72 LOW LR Z 725,

(4) Wi bR 20 = 2py1 + 2, ZHEZTHIIRAR FIERY OESERTH S (H116.3.1). S % FIZHIR
UL7S:F = FIIEHEHNTHS.

Proof. %M &y = (y1,y2,vy3, ) R LT, = (y2 —y1,y1,y2,y3, - ) LEDNIEz € F T
HY S(x)=y &b 2B, z=9y) -y Thd. EE INSOFOYHIFFEL . £/, 52
HUABRIZDOWT, ZEHDHE n HiZ v, 1, ALE ypi1 —yn TH Y, By BWALR ypi1 = Yo +yn1
(n>2) %2573 2eno NS EFL WY,

B Ker S = {0} ZREIX k0. = (21,729,723, ) € F, S(x) =0 & TNIX (2) £ =z D
2HLABIZ T ARTOTHY, TR DRMF a3 =00+ 21 ZEDET 2 =02/5. 22X

r=0Th5. O
Bl 20.4.5. (1) I ZBKXM & U, I EOFEEME C-FREKREKEZ C°(I) &35, C°) DL f X
FEITHWATELDA, fOWY ffBEEMEDBWISTES, Thbs ff e C°(). £IT,

D:C>®(I) — C®(I) % D(f) == f' LEDNIEX D I EZRTHS.

(2) DIFEFTHE. EE & fcC(I)ITHLT fOFKEKE FednE, F21EMLT S
IRy, F fFIIMAIRITHMATES. Thbb FEMEITEMWMAMETH D F € C().
DF)=F =f&0 DORNNE2ES. —5, MO T5E0e C) 2758 EBBEEEL »»
N2 D50 Ker D IZEBBEBMEARDRTESIRS.

S, WIHE 2 HAE LW I X XL, F OEIRIER 2pio = 2ogr + 2, 272 TOXE 3 HUBES TATE
LWZ &b,

GOz il Tf DVEMERTARVASIE [ £0] PROLSITREINDG: fAEBEBTRWERSIE, f(z) # f(y) Az
THRBB M,y c [ B55. a =000 v 53 (@ £y XV 0 TRY), f(2) # fy) £V a#0THB. T

DOEHEYD f/(t)=a %2729 t € I BEFAEL, &I f T EEHEE 0 Tldkw.
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(3) By € C°(I) BREM D it 16.3.4:
y®)(2) = ap_1yF Y + ap_oy® 2 + -+ a1y (2) + agy @ (z)

BT 51E, EOMIEMA TS 2L CHE D(y) B £ LOMA ARREIALT L2
75,

(4) W FHRER y?) = ¢y 44O 23729 O MBS W 13 C°(I) DEHEMTH 5 (H116.3.3 ).
DZuWIZHIBLZD W — W IZ2HEHNTH 5.

Proof. &51ME: £y e WIZRUTF :=D(y) —y (2F9 F(z) =/ (z) —y(x)) LEDNIX W
EIAEETH T2 F e W THDE. 2D & DF) =y, §4805 F'(z) = y(x) BED 3L
D EE y WD SRR ¢y (2) = yD(2) +y(z) 2HETIens, Flz) = (Y (x) —y(z) =
y@ (@) —yM (@) = y(2).

HHME: Ker D = {0} ZREIXE\W. ye W, D(y) =0 & THIX (2) &b y TEKEKTHS. D
F0y =0,y =0THY, TNIWRHRRDEMSE ¢ (2) =y (2) + y(z), THDLH0=0+y %
AbETy=0%15. O

W & WS ERIEMAERR L IFENh, & <ICEDEH D Id@EE — °XR7.

d
dx
Bl 20.4.6 (F)®). a e R ZEEL, BT : C*°(R) » RN %

LEDNIE, TN EHRTH S, £/, H120.4412B1F25 27 MEFAFE S B X OWI20.4.5 1281 5
PERZDIZOWT SoT =T oD MWEOND. TNEXKANTRTERDESI1ZH5.

C*®) 3 f ——  (f(@), fV), [D(a), fO(a), ) € RN

p | l | | s

C*®) > O —L 5 (f0(), fD), fD), fD(a), ) € RN

BR. Ha D D CRSBIER (F— 5 —ER) WEETH D, B OUCCERA IR A & 72 2 BRI T 1385
270, EORMRIMEAMERRY V7 MERENEERETHE I LR RBRLT VS,

Bl 20.4.7 (FE). [ # R LORKXE & U, T EOFEMEEHEBREARO R THIE2ER%Z2 C(1) £ 95, %

7za,be I ZEELTHKL.
b
(1) Sap : CI) = R %Z S,p(f) = / f(z)dz EEDIIE S, IFMEEHTH 5. Ker S,p DIGIEX
[ [a, 0] BT BERBHDO L5 BB TH 5. Im Say 1R [a,b] BIEE DML S TR,
a=bD%H, K [a, b (BT HEAEETDZ, ImS,, = {0}. SRS L KerS,, =C(I) T
BB, —Fa#bBoIFRMIRAILMEEZID 5. FBE, & r e RISHUT, BB f(2) = ;-
EWIUL S, p(f) =r THB. Ti0bbH, S, FRHFTHY, Im S, = R.

(2) C(I) DT fIZRHLUTRTERING CUI) DI IL(f): I = REMEIESEH T, : C(I) — C(I)
BEZD. i
L) = [ st
I, IREEBRTH 5. WAL FORARTEHLY , I,(f) 1 f DFEHBEABOS ED—2TH5. Im,
X F(a) =0 2729 CL-$BEIHOL F 725 2RI 35 5.
LR RE L 70 B B R C R W S
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Proof. V={FecC)|F(a) =022 FIZC*-#k} &L, ImI, =V Z/R% .

(ImI, CV): ImI, DEITLF = I,(f) P F(a) = 0 2723 2 L IZEBE NP SEB TP (X[H
[a,a] EDOEREME0). 72, F OWHS P EGREE f 12206, FIZC-ETHE. DRI
FeV.

(VcIml,): FeVeda fi=F 3 FIZC-HWDX feCI)Thd. G:=1,(f) &8
JEG = fTHD. DA (F-GQ) =F' —~G' = f—f =0. 53101275 BEBUITEREB DO AT
HBHM52 F—GIIEBEBTHY, ZNZa2RATE L (F-G)(a) = F(a)—G(a) =0—0 = 0.
WAIZEBF - GIX0EEREBTHY, F-G=0. LEXD F=G=1I1,(f) € ImI,. O

Lo(f) = I(g) ETNIETBEBWH LT f=g L RBOR I, \ZHEHTH Y Ker I, = {0}

(3) Tm I, DEITEZBA THABIETH D, A TN S XM EHE D = % TRAT B LT
5. MAEDFOREATHLY Dol, =ide) TH5.

Bl 20.4.8 (F8/®). X, Y Z ROWMHEA LT D (HDHWVIFEID I X CR, Y CR™ELTHE W),
HEHRF X Y 2—D25258, ROLS5LEFH Ty CY) - C(X) PWEXRTE S (GhHhomEn
F Lz oT W5 2 LITiEE ).

Te(f):=foF, (ZZTfeCY),2Fb f:Y — RITHEHEE).
(1) Tr IFEEHTH 5.

Proof. £ Tr(f) €cC(X) THBI L, Thbd foF: X - RMVERTHD ZLE2RINIER
SRWAY ZHUIENTF DR ITIED (— MRz, M EHIC X 2 A EITER TH 5), M (iii) ©
AMERLED. & f,ge CY)BEUrseRIZDOWVT

Tr(rf+sg) =rTr(f)+ sTr(g)

ZRUZWD. 2o X 2 8B RE T2EHRTHL20 6, EAOMEHIZZ 2 € X ZRAL
TEPRELWZ PN EDEREES. C(X) IZBIT2MEANT —EOEHKREZ BN LR
NHERT S &,

Ti(rf +359)(x) = (rf + s9) 0 F(x) = (rf + 59) (F(@)) = (r/) (F(x)) + (s9) (F ()
= f(F@) +5-9(F@).
(1Te (1) + 5Tr(9)) (2) = (Te()) (@) + (Tr(9)) (@) = (r(f o F)) (@) + (s(g.0 F)) (@)
—r-(foF()+s-(goF@) =r-[(F(2) +s-g(F@)).
WA Tr(rf +sg) = rTr(f) + sTr(g) PO LD, O
(2) TRIX C(X) OREHA L HBENREBHRTH S. Thbb, Tr(fg) = Tr(f)Tr(g).
Proof. & x € X ZRAUZMENR—ET S Z L2 RmEIX L0,
Tr(f9)(@) = (f9) e F(a) = (f9) (F(@)) = f(F(2)) - g(F(x)).
(T (N Tr(9) (@) = (Tr(N)() - (Tr(g)(@) = (f o F)(@) - (g0 F)(@) = f(F(2)) - g(F(x)).

O]

62 Ty =0 7513 g IFEBEE) 3R U g IEHRBEHRTRWESIE ¢ #0) OMBIZHT5.

147



~ L0 AL (DD LD ) ~
HERTEERFZOBO 25, RO & S REE > 72 RER 2 U RERIZ NS S D

(a+b)? =a® + 1% Va+b=+/a+Vb.

BIHAHE R oI Z DX S BEEWVIIIBI B o2hd LR, BlRO I A2 I TEAE
DR EBWNWIEEAS . TDX IR IAZPTERITIE, BIBUIRIPNE (1): f(e+y) = f(z)+f(y)
BT RETHDLEVIZEZAD, MEHMONIZIEATVWE NS RONE L. Fx AMICIE,
VEEZRETHEEERATCLUEIRED IR HEDEA50. £ L, F5ThHDLT200IE, #
BT 2 M FHEZIEREL TE 2 L IIMOTEHEETH 5.

FME (1) 2 XETBRARZRBEE, [HEH- 2BIRALEZSDERALTIOME L 572D
DELW] &5, Zhix THzed] 8L RATE] 20D ZDOFADREAREVE (7] #
M), DEVIHFEZ ANBATEMENEDLS BN L E2 S > TWA. 72 MM (i) 1k TAH T —
fFad] 8L RATE] LW BIEOAHMEZERL TWD. —fITIK, Z DD ADIEE %
ANFZNITRERIZEZ LR 200 E@TH O (2GR ERZ U T oilkz 21T 50 Lidxe %
JTHSRBRIMIEZ T2 D TIIEMEICKERENTE I LZAD), LW T, MBHEE2ERT 5
WS Z e, R A EL TWwWB EEZ NS, TNCEBDL LT, MEEHROFNESEIC
ENLEDIE, EI Vo HEIZLEDTHA S D

AP HIENZ IO L LT, ZODTADHMEZ R T2 FIIEEITH L. &I, R
BEETHRS BHR TR EITHRE L ARAD M2 ES S (2D & 5 25 4IZHEREY (homomorphism)
EIEEND). BIZIXEROREZED DEMILI S Uzl sgn(or) = sgn(o) sgn(r) 2727 .
5T, WMAMDFOEBE TR DN 5 H#iE EA L, MREEERADO#EZTFTEDTH - 72!

i o) = £ ().

BB B BRI AD TR TR X K BN D DRI ZA S, LT 5 &, Atz
kiﬁbff%%’%fi%b £ LT HMHEANAMITIEDHZDE LZa.

J
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21 BEZEEOR—WR

R LN R EXRT B, HEVIIHET 5 LW I174IE, TONREBET 5720 DHEANLFBET
HEH.NEEMN) IF, BEbDEES LEED, $EELLRELSTVELDENTFEI 20D . #i
MDD EOLE, Ma L T 200 ZYTHA 5 h. REITIE, £T13UHIT, RIS
DAHHFHERA ATEEZR 16 1 ORE B RELER) Z2O2WTiw L 5. £ LT, =2 OMPBEMDOMIZZ D
IR D DM E D %Al —HOHEIEL ED, TDEHEDZYMEICDONWTELET S,

Rz, =2y R O GHRD 32 L1750 22 H DR —HTE s 22 /e, £<IT
R"™ 725 R NI EHRERIE n RIEFTHEEE 1R TITHIGL, 25 3P EMTH 5721 TR
SHHERZROZ IR E 0D . AHIDEFTIL, ZuBRO IS & MR A 2 2 IHA 2 W TR
R A FEREBEAT S, Thid, MIERBFZO—HERTIE T — Y — - NIV b OEBIZE W TR
Awensg. 7z, SEHS HRERORRIZEMATEZHETH 5.

21.1 REREEH%
RCHZ BRI & > T, MR EEAHEICHRI NS Z 2R LS.

EE 21.1.1. fEEHR f U - VIALEHNTH L L &, TNz AE (linear isomorphism) & %\
FHIZREBE WS,

Bl 21.1.2. HEHREEMR U - VIZBWT, B2 EEMI -5/ U - Im f I3 ETITH 5.

Bl 21.1.3. U DHEJEE uy,--- ,u, £T5. TOLE MEH20.1.11 £ f(u;) = e; 27 TR GEH
f:U—=RYBEFIETS. 20O fIMIERTH S.

Proof. #20.2.3 X0 Im f = (f(w1), -+, f(u,)) = (€1, ,e,) =R". bbb fIIEHTHS. £
7z, BEPE 138 20.3.7 12 & 5. O

GG [ DS REH L S IXROMEIZ LY T B ABNICHEEG L 05, §]19.4.6(1) &0 f71IE
SHETHY, LDo>T AL EMPRINTH 5.

M 21.1.4. FEHEE f .U -V OFGH f~1:V - U IMRPEHRTH 5.

Proof. f~1 WMRIBIE (iii) 2723 2L 2RZD. T T,y VXU rs € REZMLREIIHS. a =
i), b= fHy) £BL. PEHRDEHEDS fla) =z, f(b) =y THhd. F7= f OfBHELD
fra+sb)=rf(a)+sf(b)=rz+sy Ths. ZOMUEZTNTN f~LIZRATHILT

F(ftra+sb)) = 7 (e + sy)
ra+sb= f"l(rx + sy)
rfT @)+ sf T (y) = T (re + sy).

FoEBEORIL F~1 AP (iii) 207297 22 2ERLTWS. O
RE 20.3.6 22 & HIZEEAGAA T, $MIEHEIL TR LT 5.
Rl 21.1.5. f:U = VIR TH L L E uy, - ,u, € UITDWTRIED L.
up, Uy XU DRIETHE = f(ur), -, flu,) TV ORETH S

Proof. (<) 13 20.3.6(5) KW /FSNTWVWBEYD R (=) DAZREIXTEV. uy, - ,u, 2 U DHEEET
5. i 20.3.6(3) &9 fluy), -, flu,) FHEEMITH S, £72, fIFEHPZInf =V THY, Ml
20.2.3 £ 0 f(uy), -, flup) XV Z2HEKT 5. O
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WHZ, FEEANIE LA S MGG IEATH 5.

fRE 21.1.6. U DHEIEZ uy, - ,uy, f:U =V 2B EHRLETH L E, XA LD
FIREIERABCH D < flu), -, flup) i ZV ORETH S,

Proof. (=) &M@ 21.1.5 L VS, (<) 1ZH121.1.3 2B} 2iEHE IZL ALYFR UimETE N, O

Rl 21.1.7. MPHEEOGKITMERTH 5.

Proof. f:U -V XV g:V - W 2IITEEHIL L TIE@E20.1.12 £ D go f ITMIEERTH D,
T 19.5.1(3) KO &HHTHS. O

KIEIZBWT, Biffi TR R 72— DI EHRIZ DO W TH DR — H B\ IE = LAY 727
Do TG E DS, MR EAIZBE W TIIBE S (=) TR E2 Rz ZhiE2F 0, Wind 5=
DD O CHERRNTELZ2EKLTWS

21.2 AR RFZERM

CTODMIEZER UV BAEMIZE U THE 2 1ZE DN T EenEZ LS. Tk, P2 O R A
ZBWTENOGEZXBITERNWI L EEDDIDNRYTH L. Thbs, MIEER LD 5D 5 M
BWTULVIZBIREMENR—HTEHZ I sn. SWANE, U TR DI & LHEEDE
KPBTVIZBVWTHERD L, F-ZDHEEZADLWVWI L THS. BEEMOEEZIRD BN
ZNIME A D T —EDHEBEDOMEEDAZRE L ZNRTH o705, SpE m@ﬁ%tbfLAép
EMTEDLDX, TNSDEHAIZETA2EHOATHS. LzD->T, U &V OMIZHE AN T —FDiHE
FAIZDWTHRAENR 1L 100D 5 & &, M EMOMMATENSBHRLDOAZHNTU &V %Xl
TEHZLIEFTERWI LTS, LEDOERENP S, ROMILFAI L LS (REMIZFUEDE AT Z
L) 2185,

EF 21.2.1. HPZER U,V ORICHIERBER f U - VIFEETS L &, U LV IZEFERETH S
(linearly isomorphic) » 2 WMIHRIZARTHZ L VWS, 20L&, U~V &EL.

Bl 21.2.2. 2 RITRT FIVRIKU = M1 2(R) & 2RFIRT bIVERIKV = My (R) IZDOWTEALD. Hi
BRI D 2 Wi _RT=2_ T FIVDEETH D, BEIIMIZE D 2 WMARTZZNTH S, PRIZINSIEHAE
HOLETIEEL>TWREEERZOoNE. UL, MPAERMKAMNE (D% v HEICET 2 HE) 2B
2EVOAZHANVCTINSGZKAT LI LIETERY., EBE GHR .U -V % f(x) =z LEDNIX
CHIEMEEETH D, UIZBEWVT uy, ..., u, € U T 2B EMNRMEE P(u, ..., w,) PHESLT
BLE VIZBWT P(f(x1),..., f(2,)) BT 5 Z L WRBEINES, $74bb, UTKYILLV T
%0 N2\ & D AR R O B A BIRERIF L Z Lk TER .

W, MR ER AR T 5 EEE G X . 2Tl VWEEEZ 2R, U BSIZU LR—HTES
N, HBHWEU & RBHIPER & AR 2ERIZ U LR, 0o RN BERPEL LS. #
M EDHSWBHERIE, 25 LEMZRMIIEEZX SN XIMEI AR RS20,

A 21.2.3. SUEZEM U, V, W IZDWTRAE D LD,

(&) U~U, (W) UV =V U, #HBER) UV, VoW =U~W.
Proof. (KH): 1HEER idy : U — U IFMIPRBEDZ U ~U TH 5. (WFE): U~V &3 niXie
L f .U = VIFEL, TOFEEHR [~V - U BBEEAMTHE2 2205V ~ U 285, (HF
B UV, VoW ETHWIRERI f U =V, g: V- WHREFEEL, INS6DEMKgo f: U - W
PREETITHEZ 2o U~ W 2155, O

BTl DREIND ] LBARZIZED, GEHIZTD RV, EROMWE PIZOWT I OHEL RTITIE, BELHETH M
MAIZBEWT TRUPEEN S GriX)) 2HRMICERL, SEXADOR S ICH Y 2Lz Hvwh I E.
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~EOBE (A-HTEIY)

— Mz, ZODORREMIGE (BAWMTIE, INE2BRLIPENIMEEHOCTERT D) B K
SES L OIE, #HBFREZI-T L &, 2N 2 RAERR (equivalence relation) & 5 5. #REMA
BEZRS TMOEPDB T 20K ERA—~DED L AT L & TOR—MEIXFEMHERERIZZ S
ZENEELWV. Ine@BD 5461, ZEAENESHRIZEAMEBGREGA D L \WD 2 &id, F—Hd
LHRMEEREZ DL EFVIATE L.

FERFR L 725 & D BRI I NE TIZE WL DNEATVS.

Bl 21.2.4. (1) FHE7ZIFEE EOMK A, BPERITHL L E, A=BeEL. £72, M A, B
DL TH B L & A~ B eEL flT-REREETCERV ). R =B X0~ ZehE
NIAMERBIRTH 5.

(2) ZDODHEA A, BORIZERFADVFHET DL E AL BIEFRHETHDLVIDTH -7, EF L
FMEBERTH 5. KGRI 19.2.2 12 & 0, IFRAIEH] 19.4.6(1) ITHHY T 5. F 7z, #HERBHEIT
M 19.6.4 TR 7z,

Al Bz 22 DBl 2 2615 & S .

Bl 21.2.5. (1) MEEEU BIOCVICBWTHUEASD» SRR ELING & &, U &V IZEEHE
BThHbH., R UDHEKEEZ u, - ,u,, VOREE v, ,v, T3, @ 20.1.1112&D
fluy) =v; 7= TR [ U -V BENS. ZOEEITHE21.1.6 L 0FHERETHS.

(2) Mpn(R) & R™ FHIZ mn DR AN SR 2 EEZFFD. DAICINSIERAETH 5.

Bl 21.2.6. #15.2.2 B X UHI 15.2.7(2) I2BVWT, B2 EHIZA—ORERY 252 TWiz. §iE O
FI%EM%E U L U, BHEOGEHZEMEV L LES. 2oL & H15.2.7(2) THAZROL G

f:U—=V, f(z1, 29, +) = “x(n) =z, CEHRINDIEH2: N> R"

WAL 705, U72hio T, MIEEROBMAIZE VW T INS IR —DEDEART I ENTE, £
np z, x_j’b‘a:/)@'—bﬁmhnbna‘SRN EHZATWS

Mpn(R) & R™ BEIERABTH SIZH P06 TR UGS ZHWS Z 232w, T3, fpzEi e
UCTORERIT T3, MOMES Ik U 72 ARBUEE L UT My n(R) 25720 TH L. My, ,(R) D
TEE M, (R) DFTEOMIZITFIE UTORBMPEHRINT VWS —HT, R™ Ot e RV OLORIZIEEARR
MPEF SR, WAL, ZNSZA—DFESTRITDIFHFE L <AL,

R (FE): DRAIRT DILE D UORMEEEZ L DBNIFIZ L > TED DI LN TES. LML AEHARS m=nn

BB ZOREFE L M, (R) OFER (77512 L TOR) OMICARZHIGIZS 2 572\, BigEach s, 374
?b%% Zxy = yx HBEK D LD DI ﬂb fﬁ% IS TRABEVRSTHS. BB, R, muEE X, =1{1,...,m}
ORI GEFIBIE) 2K O(X,n) = RX» ORI ISBHHE 2 A0 =K TO (§742bb% 28 E LTo) a1
1 xR <L B, AIREG (5 mIEi’C“O)%IﬁU) IZDOWTHI 21.2.6 LRIBKDOIIGEE AN, C(X,,) & DFH
WREEIZ DWW TH AR 10 1 iarfFond.

TR TR WHITH 5.
R 21.2.7. HRE m < n 2 2OWTR™ & R IZHIERBL TR,

Proof. ® USRIEHEEL f : R" — R™ BMFET 2 LTI, EFIE R OFEHER T Mley, -+ e, IZDWVT
R 21.1.5 (& DA IZME 20.3.6(3)) £ D fler), -, flen) ER™IZHB I 2B H Akl e b,
INEMmE L1735 IZFETS. PAIZR™ & R” @FEJM%HD ARG FAERE S, R™ & R AR E Y
TR\, O
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M 21.2.7 OFEHTHW: f OWBIXBEHFEOATH . DF 0, HARBm < n 122\ TP HE
fiRY - RMIFFELR. —F, B[ E 0L g : R™ - R* OIFFEMERTIEATES (R
22.4.6).

21.3 BEBEHROLITE[

L7 HIT T % Uiz & 512, 4751 & RSB S OBUEIIT IED 75 575\, T b b, MG & D 32
YATRIO R A — T X B, 17 IS5\ T R2 OFITRE £ 2 MIBE&I WA L g0 —
B2 RETHRAL S, Z0RDITIE, (m,n)-THIR My, (R) 1IHST 2 8L GO T A1 E
EHEATEPRIER S, My, (R) 12 1B EMOHEED A > T WY X, HIET 2L ERO%ES
LRI B Z L PRI E NG,

EFE 21.3.1. MIPAEM U » S#IP2EM V ~OMEEHEEEKD T HEE% Hom(U, V) L #HL. &<
U=VDrE IhzEndU) &EL. Hom(U, V) IZIERD K S IZHE A DT —fE1REE 0, K2ERM
L5

e f,g € Hom(U, V) Iz UT (f+g):U—V ZRODEHLLUTEDS:
FZxeUIZD20WT, (f+9)(x) = f(z) + g(x).

o fEHm(U,V)BLUTreRIZHLT (rf): U =V 2ROEHEL LTEDS:
FxelUlZo2WT, (rf)(z) =rf(x).

Hom(U, V) IZBIFBERT bUiE, U DEILIZH LT Oy 2S5 EMEEHR f =0, TH 5.

705 Hom (X¥EFRI BG4 (homomorphism) IZHKT 5. #PZEMIZR ST, 5 2 6 -G IZ B
THEA LD KWEH, TR0 bHA L DG EARMATEE (W) 1225540 I L 2 EREE F 5.
7z, HE5REEEN S T NHENDOHERBID Z & % H ¥R (endomorphism) & 5 5. #EEHILHR
RN T 2RI TH D, & TP ED A ¥R BT LR L XN 5.

%8 21.3.2. (1) ETEDEMEAN T —FIZBWT, MIEEGOMDBBILE/RIZ 2D, BLY
MIEEARD AT T — GBIV ERIZ w2 Z e 2m_E. $4bb, f,g € Hom(U, V), r €e R 61E
f+grfeHom(U,V)&EW5 L THS.

FREW: f+ g PRIE B L 705 Z L 2R T 5. MBI (i) 1RO X S ICHERTE %!
(f +9)(sw +ty) = fls@ + ty) + g(sw +1y) = (sf(@) + L/ (w)) + (s9(@) +tg(v))

= s(f(w) + 9(%)) + t(f(y) +g(y)> =s(f+9)(x) +t(f+9)(y).

(2) Hom(U, V) IZ8BF 2 & AN T —fEOFBENRR T MIVEROAE A2 3 2 L 21D X.

(m,n)-1751 AIZBWT, FIEEBR Ty : R* - R™ % Ty(x) := Az LED LD ThH -7z, {THIIHBIT 5
HEE Ty LOBRIZOWTEEHTHEIS.

R 21.3.3. (1) Y1 XDELWTH A, BIZDOWT Ty =T < A=B.
(2) YA ZXDELWTH A, BBLVrs e RIZDWT Trppsp =rTa + sT5.
(3) 7% B & ADHIZHNREEL D L &, Tpa =TpoTa.

(4) AW <= Ty IF2HH. 72, 2O E (Th) =Ty
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Proof. (1): (<) ZHSPD X (=) DART. A, BOZHPELWIEHRRINNEA =B TH3.
Ta(e;)) BLU Th(e) IZZTNEFNABOiSIHTH O, IKE XY Tale;) = Tp(e;) TH5. WRXIZ A B
DEFNIFEL .

(2): Tratrsp(x) = (rA+ sB)(x) =r(Ax) + s(Ax) = rTa(x) + sTp(x).

(3): Tpa(x) = (BA)x = B(Ax) = BTs(x) = Tp(Ta(x)) = T o Tx(x).

(4): AZAHETNIE (3) ED TaoTy1 =Tg = idgn, Ty-1 0T4 = idge THB. L7203 > THH
19.44 £ 0 TH ZBHEHTH Y, TOWERIE Ty—1 THD. BT Ty BEHHFTH B LRHEL, A DA
MERZED. BEER T, R > R PAMTH L1 5MmE21.2.7 L0 m=nd X AIXIESLTHIT
Hb. Fi, EHEIK e, e, (CDVWTANE20.3.6(3) & D Taler),...,Ta(e,) FAEHNLTH S, T
mbb, EHTH ADKIINT MVIZ X BMIFEMITH D, € 17.3.6 10 AF#Thsd. O

EHE 21.3.4. EROMILER [ R" = R™ X (m, )70 Ay 2T f =Ty, & —HIRKES. &
VW, Tt My p(R) — Hom(R™, R™) & T (A) := Ty LEDNIX, ZNIEMERLEGEHTH 5.

Proof. Ay := [f(e1), -, flen)] LEDNIX f =Ta, THD. EBE, Ta,(e;) = “Ay DiFIH" = f(e;)

DA Ty, & fITBTBEMEREDOITERIZEFEL . LA > THE20.1.11 L0 Ty, = f TH 5.
WERLZZ 2, T ORMEIIEDRZR SR, 72, T OHMIZGE 21.3.3(1) 12Xk 5. T OfEH

(iii) & E 21.3.3(2) I £ 5. O

FOEIZBIT S T OMEH S : Hom(R™, R™) — M,,.,(R) I, f € Hom(R", R™) I LT Af =
[f(e1), -, flen)] ZILTELEHTHS.

21.4 ZamiR&EZFDERE

T 2.4. 1128 2ME %2 TR T2 TREFEHED Z & % % LR (algebra) L IERDTH o7z, M, (R)
FZDOREFTHS. M,(R) XD 515 End(R"?) Ll e w5 Z L 2ERLTH I S.
R ZIBROERICHEMITOFEZINE U RWIRED H D0, AETITRNICOFEEZINET 5. W 2.4.1 1%
HeH LT DOMBEEZBRBZEDTH 72, BAILEZRTHBICE ZHVWTWVWS., —fOLLBRIZBWVWTIE,
WAL TTOH ST LTI 2 WS Z ERE\0.

ZZTIEHRYIZIRS T, —BOMIEEM U EOMIEEBIZ OV TImL £ 5.
il 21.4.1. End(U) DEIT f,g LT, TNODH fg 2B fog iZE-oTEDS. T5&, BRIZED
TWEME AN T B X O5O/REFAIX, F =idy 2 ¥Aite UTmE24.1 1281 28 %2 3T XTHf
729 (F# 21.4.2). $7bb, End(U) 3% 0BE 25,

DBETIE, HE G/ idy : U — U % End(U) I8 2 BAGE AT & EiE, ZhEd A T8 & KAId
LT eHFELZLITLEDS.

®E 21.4.2. F,G,H € End(U) B&Ur,s € RIZDWVWTREMERYE &:
(13) (rF)(sG) = (rs)(FG), (16) F(G+ H)=FG+FH, (17)(F+G)H =FH +GH.

EE. BT AEAH: (18) (FG)H = F(GH) &M@ 3.25 128 WT, £ b —RINZRIIED» SBEIZRLTWA.
FREH]: RIEHEDEHRDO AR EZERL TWAZLIIEEL, FuecU Z2RALLEN BT I %
MERTIE I\, (16) DARES.
F(G+ H)(w) = Fo (G+ H)(u) = F((G + H)(u)) = F(G(u) + H(w))
=F(G(uw) + F(H(u)) = FoG(u)+ FoH(u) = (FoG+ FoH)(u) = (FG+ FH)(u)
(T F Otz Hwiz)
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2134128V Tm=n&T5&E @E21.3303)I12&0, T: M,(R) — End(R") IZBEDHIZ
DWTHEANLIG LS. DX D REHIZLTERITE T 2 HERRL L IFEN 5.

EE 21.4.3. ZDODEZ LR M B LU L DO ER 7: M — LIAROZDOWEZH-T L E, 1
% % TIR#ERE (algebra homomorphism) & % W\ X H (ZHER R & 1364,

(i) % A, B MIZ2W\WT, 7(AB) = 7(A)7(B),
(i) 7E M DHEAIGE L DBEAIEITD DT

Fz, ZoCBRMERAL r BERHTH D L & 7 L REFALL 00 (ZOFHERILAMEID L), 2Ok
& 7 Z[F% (isomorphism) & IFN.

Bl 21.4.4. (1) BIFED T : M,(R) — End(R?) XL iB¥ERTTH O, »ORAMTHS. 1k
M, (R) & End(R™) 2%t UCH—HTE S L 2HKT 5.

(2) #1204.812BF5 Tr:C(Y) = C(X) XL LRERTH D (FHMEID X).

21.5 REE#HEZIER

BIEIZBWT End(U) L iBROME2 D 2 &, $74b b, MIEE -5 O TIE H175] & FEL D3
BNRTELZLER. 22T, GBH2VIITHNIC X 2 EBENEMILL 722 SICAEREEEEAL
£5.

T, 2B MDIGAc MIZOWT, A" 2 ADnflOREEDS. 7z, HHEIZHN S X2 IR
T57-0D A% MOHNTEEEDD. ELITMIBERF .U U IZDWT, FV=T1¢F5.

T 21.5.1. EBHREBMDOn KL O(t) = apt" +ap1t" 1+ dart+ag BIOMEEMRF .U - U
ZXUT, () ICBU At 2 FICESHZ, 88 Hao % aol TESHBA S LRD &S REHE
iR ons:

anF" + ap 1 F" '+ + a1 F + aol.

INzELUTOF) &EL. £ EHTH AITHUTEREBKIZ, ®(A) ZRDIEHITHELTED S:
an A" + an_lA"_l + -+ a1A+agF.
R, ZOEFED —MRIZ, ZILEROITCITH U THEHAL TXW,

FOREHEIED L FTHANCH 2R E4 O(F) BLOTH @A) 252 TVWBEDTH-> T, ZIHNA (1)
WFXAZRALTWADIT TR,

Bl 21.5.2. D : C®°(R) - C*(R) % D = % EREDNIX, y € C°(R) IZHT B4 LTDORDIED
DRFTARCHETH 5.

o Y (2) + ar1y* V(@) + aroy™ D (@) + - + ey (@) + agy' () = 0,
o D*(y) + ap_1D" M (y) + ar—2D*2(y) + - + a1 D(y) + aoI(y) = 0,

o (Dk +ap—1D¥ L+ ap_oD* 2+ + a1 D + GOI) (y) =0,

e ®(D)(y)=0 (72720, ®(t) :=t"+ ap1t" L+ +ait+ag T 5).

BEBEORNIZENT ©(t) 1%, EOEMD HRAOFESEAR LTINS, £/, X O(D)(y) = 0 Zf#HT#E
T ®(D)y =0 LKL T 2 DMNEF L 72> TV 5.

SIZME (1) 27z THME GAR & £ uBRERI L L IR X, BT (i) 72T 6 O & BAM%ERE (unital homomorphism) &
IERDOR - RERTH DD, KRETIHBANTRVS ILBREREIIHEDRNZ 00 EOEREZRAT 5.
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HE 21.5.3 (Fr—V— NIV YOFEH). A=

“ Z] IZDWT, ®u(t) =12 — (a + d)t + (ad — be)
c
EBELEDU(A) =0 2B 2MENID K.

R, P4(A) =0 2BEITNIE A2 = (a+b)A— (ad—be)E THB. ZOLEDE D BLLDIEFES BEENES K
e, ADEEAELEAVWCEHAET S LW, —ROEFTINETE I =) — - NIV U OFERLIL 284 IHT
EERAY

ZIHAIL, O(1) = ant™ + an1t" P+ - Fart +ag DL IITEFA LU E, —EBOIEAE LT
Koz, NBRLIZD LIBORRERD. 58, LHAZ2ZLH L THr oLt 2P EAHR F
WEZMATHMERRORE W EERINFELINE L., fIZIE &) = (t — \)" LIRS
N55E, %2151 XL O(F) (T2bBEMLAZRIODVWTtE FIZEZHIZE0D) &
(F=AD"IFELWES S ZHE (- A" & (F - A" 22N TN HEM 2 AV CERBICERT
L2 THENPDONDEEAS. L —BIZ, ZHARED IS I T K 6NTRREEINTVWTE, £
DEEANDER t % FITBESHMA-EHRIZERE 2151 DFTNE —HT 5. ZOHEEZROMEZ2@EL T
MR L & 5.

8 21.5.4. MEEME U - U BLOZHER O, 0, 09, U, Uy IZDWVWTRERYE.
(1) EBANIZDWT, &(t) = MFU(t) = O(F) = A\FFU(F).
fREHL: () =S 0 jaitt EBFE, (1) =0 ya T THE N5,
O(F) = “BHNK a M+ Fag\tF Dt & FITE SR B4

n n
= @ AP 4 aoAFF =) O AFFa, F = AFFY " a, PP = AFFO(F).

=0
O
(2) ®(t) = 31y Uk(t) = (F) = > 4o Vi(F).
FREH]: Up(t) =D 0 gagit’ (k=1---,r) EBFIE, H13.2412&D
B(t) = Z (Z ak,iti> = Z (Z akﬂ-tl) = Z (Z aM) t
k=1 \i=0 =0 \k=1 i=0 \k=1
A WA
O(F) = “ZIHA ( akm) "+ (Z a;@l) t 4+ (Z ak70> Dtx FIZESHZ-EH
k=1 k=1 k=1
= < akm) F'g ...+ ( am) F + (Zam) I
k=1 k=1 k=1
= ( ak.) Fi = akF> = (Z akF> =Y W(F).
=0 \k=1 =0 \k=1 k=1 \:=0 k=1
O

Dy(t) = O(F) = O1(F)P2(F).

t) =Y rpaitt EBITIE, @) = Y jait'@o(t) THD. T I T Yt
(i=0,---,n) EBTIE, (1) &0 U(F) = a; Fidy(F) HIK D LD, £72, () = 31,
05 (2) K0 B(F) =" W(F) Th5. BbLD,

B(F) :Zn:\IJi(F) :Zn:aiF@Q (Zaz ) = & (F)Dy(F).
=0

1=0

) = a;t'®o(t)
T oUi(t) TH
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. LoEIX, End(U) O FIZET2ERNTH BN, MBDOLLBROITIZDWVTEFABOEEINK D LD, FE
HH Ee2<FALTHS. £<IZ M, (R) DLTHBIESITH AIZDONTHEKD LD,

FOWEZEREN#EHATSZET, ZHA (L) ORLAICEST, 01) IZB ISt % FICEESHA
BHRIZ—BT B ENDDE. LT BE) = (E— M) (E—A)™ -+ (£ — M) LHBDEEI NS & &,

O(F) = (F — M\ )"™(F — XoD)"2 - - (F — M\ D)™

TH5.
THOREENZ S TH o7&k 51T, ZILERITH T SBEFEIZ —ITIT R TIE RV, L2 LR S,
RDZDDEDICIE AU 5

W 21.5.5. ®(t) BLO V() 2L HAL T 5. LR M DEITLF € MIZDOWT O(F) & U(F) 137
MThd. Tihbb O(F)U(F)=V(F)P(F).

Proof. ©(t) = ®(t)¥(t) LB<. T2 LHH 21.543) 12L& D O(F) = ®(F)U(F) Th5b. —J, O(t) =
U()D(t) THZE06 O(F) =V(F)(F) THbH5. LEXD, &(F)V(F) =O(F) = U(F)®(F). O

W E O & BT U T T U,
% 21.5.6. F:U — U /AL U, () & U(t) 2ZHA L T,
FZucUID20WT, O(F)oV(F)(u)=VY(F)od(F)(u).
ZIHAZ W3R & L onBREERILZE U T, RAED 3.

R 21.5.7. S: M — L 2L pBRERM  TE, KLHA V() BLTFe MIiZoO0WT

Proof. U(t) = apt™ + an_1t" '+ +ait+ag £ BL. FLEMBIULDEALEZNTN I\, I
EBL. SHEBRERTHEZ 05 S(F?) =S(FF) =S(F)S(F) =S(F)? Th 5. FRIZLT
S(F™) =S(F)" 2M3oh, Lzdi>T

S(U(A) = S(anF" 4 an 1 F" 4+ 4+ a1 F 4 aplpg)
= anS(F™) + an1S(F" N+ + a1 S(F) + apS(Inm)
=, S(F)" + an 1S(F)" ' 4 - + a1S(F) + agl; = U(S(F)).

O]

Bl 21.5.8. m=n & UCTEM21.34 THR7 T : M,(R) — End(R?) IZ DWW CHiMmEZ#EAT NI, £
HR U(t) B L n REFTH AIZOWT T(U(A) = U(T(A)), 7205 Tyay = U(Ta) TH5.
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22 IR ZEEDIRIT

BIENIZ B WT, BUBZEM Z S 5 T, $ a0 5P L o Ma e 5 2 /2. AHITIREE2HEAHE
BMTHEPEI DR FINPBERE LTRILE KIENEEEZEAT L. 2T LD, PR DTER R0
2195,

22.1 RTDEH

TODRIEZER U &V BEBETRW S, MERBES f U -V RFELRVWE WS 22 THS.
DED, U LV HBEMTRNI & 2R TIEIEFEEH 2 T hld e 6 2»., — Rl LT, 7
FERERHIZ AR TIEAFAERE IS U\ FEFAEGEHDEE L Wl RRFFEIEE L AL 72 o S i o7z &
WO TIREHIZ R 569, EARIZFREDINDEDRELTERON LR NI L 2RI RIER SR
RIZHD. ZOFMGEEHEL T, 2 < OIFFEMEFHIFEEEIC > TRINT WS, @ 21271280 T
HEITHoT.

T, M 21.2.7 1B T 2 IHEGFIEEHDOB L R 2SI TH o 2R DR A S . FNIER™ & R T
SRR, TRbBLRKIZB T 57 MVOEBARL S I ENAREEZ DWT Wz, REIZBIT 5N
7 M VOMEBUIAI M 72 b WA TH 20 B2 RET HEHELRBETH Y, ZOREERICE R, KD
MEZAHRE U TR TDEE2ES:

fRE 22.1.1. FYEZERV OREIZEIF 2 MLVOMERIL, REDOHD HIZXks5TIZ—ETH5.

Proof. —D2DXZ NVOM uy, -+ Uy BET vy, 0, BDENTNV ORETH B Z L Z2KEL,
m=nZREE IV HEEu, - u, TEUTH 2125(0) Z@HTAERE YV & R™ ZFEM L3R5, X
7z, BIE vy, -, o, I U THRARDERZITVWV LR IFAR LS. ThbE, VR V ~R?
THO, ZHITHE21 23R 250 E TR ~R” 2195, #2127 XD R ~R* L85 DI%
m=nD&EIZE5. O

EE 22.1.2. FEZEHV OARMBORZ VO v ..., v, DV DHEEL LD L &, ZOREDHE n
% V DR (dimension) L IFU dim V THRT. £7z, HIEK L L2 HRMED R T MILOM %R DR 2EM
DZLEBRRITTHSE2 VN dimV < oo &EL. TD &S REE %R/ 72 W ZEM % &IBRTTH
LZEVWNdimV =00 & EL.

Rz ArRE 22.1.1 238D 6 R T NIK, —DDFIEZER V B m DI S5 R 2FE L nfHDOILHh 5745
BEZROABEMEDRD D (m#£n), TNTIEV ORITEED N\, RITOEF I 22.1.1 BBHE
BOIFZZIDEOTHD. [THOEHPERORNSDERDOBIZEHLOEREIT 72D ERZA TS
A5 .

R 18.3. 112 & 0, P EMPERMED R MV TEKINE Z L L BRRTCTHS Z LIXFAETH .

Bl 22.1.3. (1) dimR"™ = n, dim M,, ,(R) = mn, dimR[z], = n + 1.

(2) (m,n)-475 A = [a1, -+ ,a,] 1IZ2WT, #2024 B L2032V T ImTy = (a1, - ,an),
KerTa=Wa 232 %Rz £/, ZTRNODOREICEIIEZRT MVOHEITME 183412k -
THRoNTWS., 37405, dimImTy = dim{ay, - ,a,) = rank A, dimKer Ty = dimW, =
n—rank A TH5. ZOHEEIS —BOMILER f IZEWTHE dimIm f O Z & 2 EEL f O
WEF O rank f &FEL. £72, dimKer f IZERAREEEREZ6NTED, ThZE null f & FE,
[ ORBIRE LS. HEOMSEZEP LU CTHERVEFGZL THNDIDPZ, RETIEINS DFEMD
HAIEEZ 5.

(3) #118.4.1 £V R[z] IZBEMRMDORZ MV THEBIND Z Lidm\. Lizh > THRRIOLTH 5.
(4) RN ZIERRTTH B, ZOHFEIZRIETRT (H22.3.5).
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RIGx AR D72 TRIZZER E S UNREBNE S P2 HETE S, L IZROEHD (3) 1, M
BB fU -V OHREIEME RT-ODOFRLRS.

EE 22.1.4. EEM U,V IZBWTRHBEK D L.

(1) UNPERRTCTHZLE, U~V < dimU =dimV.
(2) U~V = dimU = dimV.

(3) dimU #dimV = U #£ V.

Proof. (1): (<) 1d#121.2.5(1) K0 BoNTVWEWZ (=) 2REIELV. UV EZEAEETS. W
FUIZEARRTTHE EHMEL TS, BIE uy,...,u, PENS (DF D dimU =n). M 21.1.5
E0 flur),..., fluy) ZVOERETHY, dmV =n. LEXD dimU =dimV.

(2): UDEBRITOHEIE (1) IV RINTVWE. 2V RERXTOBEIXU &V ONE%E A
NEADZET()ITWETES. U,V WINSERIGTDOLE L dimU =dimV =0 TH 5.

(3): (2) DAETDH 5. O

- I (R HR)

C“ODONE XY BABEMIZRRS Z L 2B RT 5121%, TN 6 ICBT 2RI E i(X),i(Y) 2
BB 2ANEEVOTIERVA. ZOXIBRHEETEZONEEI DI LE RIZAEE
(invariant) £\ 5. KICIIREZEMICE T 5 ALETH 5 (EHE 22.1.4(3)). HFDL < DGHIZE
W, HHEE LTV ANEEZED 154 1 MG OIEFEM 2R TERICAE & IX L 2 5% E3 %
5. BIZAEMAHRTZ (MR V=) Tk, SFIONE - FEREHED 1K1 RE (FHEEE) 235 5
ek ODER (M) BR—HTELZ L ORMEL LT\\W5. MYBEMIZB I 2Rz HE L
WEA7Z DI U T, AAHETIZ B 1) 2 M ORI —#lz FMH & WS . FHIEFEERIGRTH 5. AitEE A
7RG TERILE WS BPER SN OVR— T OMERIT), ZDDZEMMEMEZ S5 1EZ S D
BRITCIE—HTHZLDHONT WS, bbb, HEXTIINAHRIICBIA2ALERTHY, S0
1 2 VEHE IR T D B 2 2RI FEMH TRV, LK IZ R DERTCE n THEZ N oh->TH
D, ZDZENEmM#AnRSIER™ & RYIKAMTIERWZ 2RSS,

EIAT, BEDAZREIIIBVT, i(X)=i(Y) P52 W0oT, X LY BEH—HTEE21ES
MU S . B ZAEHIE OB ITIZ LR TR T 2 TH O, PERGCIXHIE D212 1308 X 20
ZOZ &, RIITIE U THRBISZ T2 R RAE &2 WD 2B EVRH LI L2 REBL TS, —
AT, i(X)=i(Y) 25 XY BH—HTEE 2B L5 LR 2 2R EEL V. fi
ZAX, BRIGTOFLZERIZ B W TRITIFTERALEETH S (EH 22.1.4(1)). 56EBEZR 8% AREIC
TEILWEEALERDBATHS. ULPUBRVBOREEAERN —HTEILOREKEGAML &
ZHIIE RO G2 BEEELZEDIZBE NI D%, 20X BRIGEEIAEREIZL > THE
NOMRPEE 5722 IEEZRWNWIEA D, VAN, WEEBXTVWAUGBIIE W T ARELRIGHRZ
BT TAHRREROAZIO BT AEZEPEEINIDOTH D, 2O LD AL REIZ—EBOIERZ 5T
52O BRI EARERZITIZR D 2RV, &/, CARENPBEL INS 0% Bk 5 J1H3K
HDOENTWD. T UEZEZLIFHACRS THBZOMTICEWTHLEIZRD SN2 EDTH 5.

HeAZ, HiHz2 0T BOENRALRE LT, A4 7 — PRy FH, hERn Y —fRnd
DHIGNT VWD, RBICHVPEG L2 X S ICAEREEZBUTIR 2 B3 72 <, Bk2 BRI R % D
k@ﬁn%ﬁé:zﬁﬁ%a

~

22.2 EI 1 RABRINDODEEEHDE

ATEHIZTPE L CWHEN 1 RGO —BREOFRRIZENIAEEEHOMEBIIOWTHET L.
X Az = b DIERIKOES WX, SHIFAET D & TIUEFRGHER Az = 0 DIREZEM W,y %2 L7488
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UBEATH o7z, Lo T, HA 1 RARRDEEELDMBUZ DOWTHT 5 D THNIEHXHFER
WZDOWTDOAELET N+ THE. WE, HFFER Az = 0 DFZER W4 BRO LS IZRINTWH L
ERE

Wa={ca1+cas+- --+crap|ci,...,c; €R} =(ay,...,ax).

A7TIECRERELZRD 3 EHIZODWTEZ LS.
(i) EEEBDMBEBUTKIEL DAL 0N E S a2 &5 %> THRETNUIXT L VO, KRz, &l LEIz &
B —fRIRDFRRIZE W TR E DK U7\ s,

B KLU WEiay,. .., a, DFIIARERRYZ MDY NWE WS ZETHY, Zhikay,...,a;
DAREMNITH B Z LTz 5720 (M 17.2.5). 20, KB ULARWZ L2 RT I ay,. .., a;
DFIEHNIM 2 REIX I W, £, BEHUEICE S BRRORRIZBWT ay, ..., a, DEIEIAT
2B T 2d, i 18.3.4(2) BLUFDHMHIIBVWTHELNTWS, ThbbiFEHLEIILS
—fRIREDRRIZB W LR T O KEE Ui\,

(ii) FEREEHDKE L DIRNVELD —DOD—ffz 5 A7 & 212, DM OEEEHOMEBIT LT —
ERCYA
M7 @ 2211 &0 Wy OEEIZEITER7 PVOMABIE—ETH 5. ai,...,a;, [TKE L%
THIEZNIE W ORIETH Y, TOMEEIE dAm WA 28T 3. Thbb, REEBIZKEL D
BV IREDORRITE W T, ERERDMEEIF LS dim Wo #1272 5.

(iii) EREBDOED [IZIE, ENLK S WVWORFEENREZ S5NDDH.
% ZOEMIE a,...,a DFEOCHVEDREDHZ20%MI TVWEDTHD, TNIE W,y DHEJE
DEFHDIALZTEREDH 5.

ilmﬁhﬁwﬁﬁtbfh%&b&%ﬁ%ﬁbawi%cwa —RIRE DT RIZB T BEEE

EFE 22.2.1. (m,n)-F75 AKX ZHN 1 RGN Az = b DEPGFIET 5L &, TO—RBORTIC
BITZ2EEEHOEE L X, R® OFHEM W (FRARAOMER) ORTDZ L THY, TOHIX
n —rank A 125 L\,

22.3 BRI ALHEKEH

Rt RTHZ 2B TRED I N5 (M 22.3.3(2) 22T L), ZOMRZEL T, Bo2Efo
mﬁvimﬁt®%% DWTHEHEL LS.

#F 22.3.1. SLZEMV OFNES ACV BIUCHEAEK n WROWHE (1) BXLO (i) 2T & &,
A 2B DRI R KERZ n LED S

(i) n D2 KSR BN ay, ..., ap € A BTFHET 3.

(i) WAk d n+ 1{HDOM ay,...,a,11 € A DR L 725,
MR, M 17.2.7(2) 12k 0, EOSRM (i) IFROEM (i) BELOZ O (iv) LFAETH 5.
(iii) & ai,...,0, CAXDOVT, m>n+1 = ai,...,a, IR

(iv) & ai,...,a, € AIZDOWVT, TNSHBMIEMHYL = m <n.

ROMRENL, $FEHAT i KR E & 282 LR TCDAIZHIELTH, HEAWVIFERETAITTE &
WZ e ZRART WS,

fPRE 22.3.2. ML=V BL P ACVIZODOWTRMBEED LD
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(1) AICBI BB B AR 0 Th B & % M ar, -, an € Al (A) DIETH 5.

(2) (A) 12813 BRI 72 BRI n T B 2 X, SIS 28w, -, wn € (A) 1 (A) DR
THs.

(3) AZBT 2RI BRI n TH S & &, dim(A) = n.
(4) (A) IZB T BRI HLRBREE D n TH S & &, dim(A) = n.

Proof. (1): £ ADEILP VTN ay,---,a, DMEAHEATEITIZZ L2 RES. KiZay, -, a, DIE
FAEETEITRWARZ Mrac AWRDH2eTEn+1EDORT NVDfl ay, - -, an, a (ZHi7E 18.2.5(1)
WX OIS TH O, TSI R R KD n THHZ LIZKT S, DRI AC (ar,-- ,ay)
ThHd. VOHBBEHM (ar, - ,a,) A THCTWEZ &h 56 (A) C (a1, ,a,) THOH, Bl E
EDay,--,an F (A BERTS.

(2): WERULZ [BIZBT MR R KA n TH D & &, MM ar, - ,a, € B
(B) DEJETHZ] 128175 BE LT (A) 2N, @mE 1845 kb (B)y=BTHH, (2) 2155.

(3) & (4) 1%, ZNFEN (1) & (2) BLRILDEHED SH S M. O

RO LUK, BRRRGCHIZER VB WT, RGO ZTED T MVOKMAV 2E/KT 5
T LHIPHNITH B Z L IKFEEIZR 5.

Rl 22.3.3. ARIOTAILZER V IZE W TR D LD,
(1) VIZEWTHIPMANL R R REBAEE D, TOBIE dim V IZFEL W,
(2) ViZBIT 5 dim V HOKIEM AMIZ V ORETH 5.
(3) dimVAHDRZ SIVDM uy, ug, -+ ugimy BV ZEBT EH 01K, THIXV OREETH 5.

Proof. dimV =n & U, vy,...,v, 2V ORK L T 5.

(1): VIZBI 2 n+ 1HDORT bD SR 5P RRIZ 722 Z L 2B Lo TRED. RIT
U, ., Upyy €V PPN THZ 2 THIE, M 18.3.212LD, TNSIZHIZWS DNRDORT MLz
MABZETVDORKELTEILENTES. 005, n+ 1{ELEDIERS42 V OREINFET S
Zaizh, 2N dimV =n il KT 5. ULEBoT, ur,...,up 1 FEVERETH S, £72, nflDHM
v, ..., 0 EEREHNITH 0, VIZB I SIS R AMERIE 0 TH B

(2): A:i={v1,...,0, }ITDOVT, WERL7 (1) & 22.3.2(2) L0155,

(3): BB A={uy, - ,u, } ITBT MM ERERE L ETD. uy, -, u, DHDSERIEIAL
TR Uy, Uy, ZERUE, @R 22.3.2(1) &0 wny, oo up, 1 (ur, 0 uy,) DIEETERS. RE &
DV = (ug, - up) THY, DXk EHDM wp, - un, WV OHEE RS, D0 dimV =k TH
Don=k&%%s. ZHdMu,, - U, PADTETNTIY DO LTWAS I L2EKRT L. Lizdio
Tup, -, u, [SEREHNITH 5. O

ME. Lo (1) OFEFIZ B W Ta# 18.3.2 & W2 A%, TNAGEHICARERNZ B2 D1 Tld\». Ml 18.3.2 %
AWT D uy, .. un g OFERBEIERRD L SICLU TR I ENTE S:

Proof. IRIZZNSIIMIITHE L L LS. @201 LD, FKu, & w; BHIZETEIEEE f @ (u,. .., Upi1) —
V BFEEL, TS 203.7 KO EHFATHS. dmV =n KO R & VIFFARTH D, £72 (uy,...,ups1) &
R EAEITH D, NS EMIAREHRE gV — R, h: R = (ug,. .., upg1) & T X, BEHRIE G4
gofoh:R"™WL R %2185, LA L, R 5 R ANOMIEESBFAEL RV Z ki 21.2.7 D FIZik X7z
WBOTHD. ZZITFEEBDLIIEND, U, ..., Upy FEIEREE TR IR S 20, O

— /T, MIEZEEDERR T TH D I EIFRDEIIZEVR LI N TE S,
Rl 22.3.4 (FBRE). MILZEMV IZBWTRIZFAMETH 5.

1) V EERATTH 5.
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(2) VISR A R A R A .

(3) VIZBWT, W 6 TELL DRY MR SR BRI HNI 2 A2 S Z L R TE 5.
(Tabb, FEDOEHRB n IZOWT, SIS v1,... v, €V DMFEIET 5.)

Proof. (1)=(2): &k e NIZBWTHl vy, -, v BRI L7225 K 51T T PIVOIEIRS] v, & KD
720, 2D LD v, DIFIIZEINS Z L ZRED. WE, v, FTHHELNTWVWSE E L, vy, , v 1
MIEMNI TH B ETD. VIFARRTTRZVWDZ, Zh51EV OREETIEZW. ULd>T, v, , v
DFAEE TRER W ITT vy €V BEET D, 2O E E+ 1D vy, - vy 13 18.2.5(1) &
DREMNLTH S, 25 UTIRHIIGEA TS v, 2RO 7-IRES {v, | n € N} IFAEIIITH 5.
(2)=(3): B 5 .

(3)=(1): NEERZES. VIAIERIILTH 57 51X, i 22.3.3(1) & SN2 R AMEEIE dim V
THO, VOFHIRS dmV + 1HDRT MLh 672 28072 25 Z L idTEhwn, &<, VD
HFPROHWVW 6 TELLDRY MLD SR 58PN A Z NS Z LI TE R0, O

Bl 22.3.5. fil 18.4.6 & b HHZ2 [ RN IIAMINT AR EIRES {e, [n e N} 2RHOD X ERKILTH 5.

224 REHoahBdIE
Rt % N TER ZE R D 0, SEBA PP 25 O EMIC DWW TER L £ 5.

iRl 22.4.1. BRRRGTARIEZER V O a2EM W AIXERRXTTH D, dimW <dimV. 7z, F5HETIE
W=VD&EIZR5S.

Proof. dimV =n &H L. V IZET ML RRKERIE n TH o200, W IZE T BHREIALR
BAMEBIEn 2R B Z 2 1E W, 22 TZOHE m & U, SIS w, ..., w,, € W ZHLAS.
A=WIZDOWTHamE 22.3.2(2) ZEHATNX wy, ..., wy, T W OHETHD, dimW =m <n=dimV.
E7, FHn = m PR T 56, @EH223.302) XD wy,...,w, XV ORKERD W =V 2K
%. O

Bl 22.4.2. R3 O ZEM W OXRTIFH@EIZE D 3LARTH D, ROX S 1I2oHEI 5.
o dimW = 075D %ML {0} DATH 5.

o dimW = 1R NEMDEEKEZ DD Mlu£02080, W={ru|reR}iFu&0
EARRIZ—BT 5.

o dimW = 272522, BIE uy,us € W ZFD. W = {ru; +suz | r,se R} THH, TH
X uy, ug, 0 2@ 5 FMHIZ—ET 5.

o dimW =375 ERIIHIMEIZEL D W =R3 DAIZIRES.

w8 22.4.3 (BE). (1) t1,...,th1 ZHEGDIFERE T ERDOFEK r, ..., 1y ITHUT, pt;) =
ri (i=1,...,n+1) 279 n REHEKX p € Rlz], PFET DT L 2Rt

fRE: T :={t1,...,tp1 } CREBITIX, w1525 &0 R[z), C C(I) &ALES. Bfp: I - R
Zpt)=ri(i=1,...,n+1) LEDNEXpe C(I) TH5. phHR[z], DETHH5 I LErE
FFEEEBS. CI) =R ~R"™ DX dimC(I) =n+1TH 3%, £72, dmR[z], =n+1Th
B omE 2241 &0 CU) =Rlz], THY, p e Rlz],. O

SEMRINIZRD & 5 BEENRDZZ DS ERDSB: fi 1 ] - R % fi(ly) =1, fi(t;) == 0 (77U j # i) LEDNIL,
Fioeeos far R OI) ORETHZ. EBE, S aifi(z) = 0 ETNEILIT t; 2RAT B LT a; =0 %2135 D XM
VTHB. Fh, K geC) X gx) = Zﬁfg( D fi(z) LEIBD R OI) ZERLT NS,

161



(2) L®§EHH®Hfﬂ{ifﬁﬂﬂf: fz %%Iﬁf‘fﬁﬁ T@:b%, fl(tl) = 1, fz(t]) =0 (_] 7& Z) %{%f:j n37<
ZHAZ RO K (ZOZFEA%ZBLT, (1) THIEEZRUEZHN p OBKN L2 HEE TEHZ &
BB

R i=10DARLT.
1

hio) = (tr = t2)(t1 — t3) -~ (t1 — tg1)
RRIE B O RRIE 2 DIFAEIL, RITD KN & > TR 51 5.
Bl 22.4.4. ARRITTOMILERM U,V IZDWTRIE D LD,
(1) dmU < dimV 2S5 3RS f U — V 2MFET 5.

(@ —t2)(x —t3) -~ (x — tny).

(2) dimU > dimV 25 IXHIERE f: U - V MFEIET S

Proof. (1) dimU =n &BE, uy,...,u, 2 U ODEEE TS, dimV > n &0, nfHDORZ bLh 574
LML 8 vy, .. v, € VBEINS. ZDEE, H121.25(1) £ f(w) = v; 27 3R
FiU = (01, 00) D00, EXIT fIRBHTHD. fOKREE V LML, MIVHE .U - V %
55,

(2) dmV =m BLGdimU =m+k (72720 k >0) BL. £72, vy,...,0, 2V OEEE L,
ULy ooy Uy Uit 1y - -+ Uk 2 U DEERE TS, a3 20.1.1112 KD

f(uz):'vz(lszm)a f(um-‘r]):OV(]:lavk)

EWMZSREER U -V 2L, Im f = (f(u1),. .. f(Wmar)) = (V1,... 00, 0p,...,0p) =V D
Z fIEEHNTH 5. O

i 22.4.5. ARKGCHILEF OB DOIREEMR f: U — VIZDWTRBEKD LD

(1) fAEHFLSIXdimU <dimV. (2) fHAEHFZ5EdmU > dimV.
Proof. (1): U DEJE% uq,...,u, & T HUXME20.3.6(3) £ f(u1),..., f(u,) € VIIEHITH S.
dim V&, V IZE T 2P HL 2 KREBIZHE L WD Z dimV > n=dimU.

(2): VOEEZ vy,..., v, ETNE, fORFMELD f(w) =v; 2172FT w, €U (i=1,...,m) H»
FAET 5. @ 20.1.7(3) XD wuy, ..., up FEIEISLTH S, dimU 1, U 12 BT 2 EIEHT 7 i KA
WZELWPZ dimU > m =dim V. O

FOMEOMEE L D L, M 21.2.7T DRIZTERZZ R EEND.

% 22.4.6. HRRITCHEEMU B LTV IZDOWTRAEHKD D,

(1) dimU > dim V 22 S IEEIHES [ U — V IFE LR,

(2) dimU < dimV 22 o IEE2H f: U — VIIFEL 2.

B R MEIIRTT 1 S BRI T E 5.

1 22.4.7. HERRITCEILER U,V O OGS f U - VIZDOWT, RExRtE.

(1) fIXHHFTHS <= dimU = dimIm f.

FRERF. (=) ur, -, u, 2 U OIEELTIE Im f = (f(u1), -, f(u,)) THD. fOHELSE X
D fluy), -, fluy) BRI TH D, Lo T I NI Im f ORETHS. D212 dimIm f =
n=dimU.

(<) f(ur), -, f(uy) 2 Im f OREL T, fOMEHELD uy, -, w, FEHITH 5. K
LD dmU =dimlm f =n THhd. Themi22.3.3(2) 2G5HLENE, uy, - ,u, U DFE
JKTHBZEDnrd. LizdioT, @m@E21.1.6 &0 f:U - Imf 3B THS. L<IT fIiX
HHTH 5. O
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(2) fIF2HTHS <= dimV = dimIm f.
fREH]. (=) f22FRZ5EInf=V £ dimImf =dimV TH 5.

() ImfCVBAW=ImfIZ2\TmE2241 ZHHATNEInf =V. 9205 flx24
Thb. O

ARES X EOFH f: X - X IZOWT f ORSEE 2HMEIRZEMETH o 72 (i 19.6.1). T DM
e U T, ARRGTHIZZERIZ DWW TRAK Y 3L D:

R 22.4.8. U 2 GBI EME U, U - U 2854 L TUERD 3 XM FEETH -
(1) fREHTHS, (2) fIEBHTHZ, 3) fIFKUBRAMTH 5.

Proof. (1) & (2) DFMEMED A ZREIX+HATH 5.

(1)=(2): fZHFE THIEHE 22.4.7(1) £ 0 dimU = dimIm f TH 5. V =U & L THH 22.4.7(2)
ZHEMAL, f 022 ES.

(2)=(1): fZ2EHLTNIEHE 22.4.7(2) £ 0 dimU =dimIm f TH 5. Y ZITMHE 22.4.7(1) 25 f
THEHTH S, O

U PMERRCDEE, EO (1) & (2) OFREME XD L7272\ (1 26.1.5).

22.5 HERRTOZERBESH—MKER (RE)

TN X CHERES OMIEMAIME LB EHR E DBRICOVWTIIEZTWAED, Z2ITEEDHTHII.
BRMIEDNRZ M SR BMOGE BT SiEHESZIZTH I LT, ROMEHREZIHT 5 AT
5. INSERNTODZ5ENDOHBMEE UTHET 2 & U, —MBOHE ITITEE < FiAi U TRENIC
HEHLZ e 2ED .

frd 22.5.1 (M 20.1.7(1) Z2). U >V 2PEHE L, ACU 5. 2D Exe (A) %5
i f(z) € (f(A) TH 5.

Rl 22.5.2 (ME20.1.11 2M). ACU 28U OREL L, honrUDEHR f: AV 25X
THL. ZDLE, fOMIRTHIMEER f: U -V B H—DFET 5.

iR 22.5.3 (M@ 20.2.3 2). MEEHR f: U >V EBEEITACUIZBWT, f((A) = (f(4). &<
ADU ZRERTZLE f(A) X Im f 2HEKT 5.

fRd 22.5.4 (ME203.6 2M). f:U -V ZEEGE L, ACU L35, fHRHEHTH D L ERIK
URVASR

(1) AFBIBEN ThH 2 = f(A) MBI TH 5.
(2) f(A) IRV ORETHZ — AIZU DRETH 5.
RE 22.5.5 (A 21.1.5 21). f:U >V PR TH L L E, A C UITDOWTRAED .
ARUOHETHS «— f(A) IRV ORETHS.
i 22.5.6 (MEH21.1.6 2. U DK% ACU, f:U -V 2 ERETH L &, KA LD,
BRI THZ — f(A)IZV OHRETH 5.

RIS 2211 KIS 5 B TH B, ZORHOMI G ABORERL TS 0, AT EIERIES
DEEFHBIZDOWTERBELD 5.
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EH 22.5.7. PRV IZOWT, A BCV 2V ORELTIE AL BINETHE. Thbb, &
2B BT MLOJEE (HEE) 1%, REOHD HizksT I —ETH 5.

LEOHEEDS, HRRITCTRVIBEBORTE —FE LT oo & EL DTIRAR L, BED O (1
FE) 12 > THID K DBET BEDEZS5ND. ZOFIT K BR0IE, ERRICAIGZEM % & o 7= Bl iz
B BRERLEREL 55

EIE 22.5.8 (EH 22.1.4 Z2). #PZEM U,V IZBEWTRIIFETDH %:
(1) U~V.
(2) WEIZRDB LB U ODHIEL V OHEDFHET 5.
(3) WHRBZU DEEABLVTV OEE BIZDOWTH, AL BIFNETHS.

Proof. (1)=(2): U~V THIEEL, f:U -V 2fBHEMEE L. A% U ORE L THIdE
2256 1L D fF(A) XV ORIETHY, 72, f OHETEL D A & f(A) BN%ETH S,

(2)=(1): M, UDHK AL, VORE BIPRNETHL TN, 2HH f: A BWHEETS. Z
DEEME252LD, fOHETHBER [ U -V HBM—DFET 5. fHINIERAETH S Z
A 22.5.6 L0155,

(2)=(3): EH 2257 kb FEN5.

(3)=(2): B S 2. O

I 224 THTHRAR - MEIZHIET 2R TH S, IO DB RID ZHE~NDHBE L LTHETS.
M 22.5.9 (M 22.4.4 3R). MPEM U,V ORKEZ2ZNZTN A, B & THIERHED D,

(1) f: A— BOHSELSIE, ZOMIETHIMIBEE f: U - V BT 3.

(2) f: A— B2 EERSIE, ZOHETH LR f: U — V AIFHET 5.
iRl 22.5.10 (i 22.4.5 2. #PZEM U,V OEEEZZNEN A, B LT 5.

(1) BB f U - VAT 5% 513, Wi p: A — B AMFET 5.

2) MIERE £ U - VIMEET 575518, 2 p: A - BAMAET 5.
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s FIE (Rlr] & RN K EELAH)

ARENZHWT, R GCEROHI L LT R[z] & RY 22057208, 205 BB RBL SN IZDOWT

ISR UED -7z fEmE LIRS IEFEB TIE R, ZOFHEZRTITIE, L2258 %
ﬁ@KJM]®ﬁftRN@ﬁfﬁﬁgftb:t%fT%%ﬁ%iBMiﬁ'%B44T$&t
DT R[z] DEIE {2" |n € Zso } IFFFAEERE 1533 1 Our2E, LXIIN e ETHD. Lz
RoT, RYOEENN EHETHRNI L2 0B PR ZOMEDH L 725, RV ICHELNFE
TAHZLIER I84TIZE > THRIEINT WA EDD, TDEMEDRHTH S Z L HMEZHE L
SLTHED, fRRORINIMBHELZEATLZ LIZHD

RN O~ 27 M VORNZEEREZ E DU, X2 FILVOFIOIKRHEHRAEED, ZTNE2HWTRY Lo
BAADOHEGMN 2 EHTES. IR RED T RHEH 00, MPEMOME X FHMED K Wi
HEE WS Z e THNIEXHIC AN T —fEOHFEEZERE AR LIZEZIIINONERERELRE LS
RHFEEA B AT A5 Z DR FE L. 2D & D BREREEN A o 72 AR B & AP BEEE R 20 S ﬁﬁ
PO A ED D &, N & WEREEE2 S OMPIEEZEMIZ M TR W 2 2VRE N 5.
T, A=Y =SB BTINHRT 5 LS R EMEZETH S WD (MEDF T%Rn®mWﬁ%%
XA S). —7, RN 25l TE 2 2 2o NTH Y, LEOREEZRET S &,
RN DRIEIZN & HETRNZ LRG0 5

D& Sz, SRR DRI A D FHE 6&bfj:W@muéﬁlTélt?ﬁ%%%ﬁ?5$
BZILTTWS. S EMANOMRBESOEADMLFH —H D TR, ZO—tE UTRFAYERHR
DREAREAZ BN T H AR GHRENRZ MVZER) 2/ VAR Z2 2R L1253,
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23 RETANEEHZEM

HANT 1RGN BRI HRAOMOMOBLR, B X OHIEEMS AR Z0FRARADHEDM
DEFRICIZEMMERD STz (M 6.3.2 B X 16.3.3). ZNSHEMUT AL EGIZET S
ML UCT—MRINANIER SEIHTE S Z L 2 REITRR D, F72, ZOMWEZE L TP EERORTLRN
X2 RT. Kook, L ERIC K 5”“%510)%4:%/9(750)@5#buxtﬁ@ LTH5.

— 1, MR O RENERERZTER T 27200&2 LT, mEM2EDS. Zhik, RO KD RE
mkﬁbf%lé%é%@f%é.%5%%%WLBVT,V<O#®Aﬁbwﬁﬁﬁ%ibiﬁﬁﬁ
mOWEHr Iz L&D, 20L& IN6DAAEBRLUZEMBESZ VI EZNIEL VA 20
EEHIC A T 2D, REE Bb s S & AT REMREEDZEEG (D VEMREERLTIHESR),
HBHNIE, GRONFFHE AT PRz EDES (DX PHZ2ERL THHEA) DL S BIPTESE
INDZ L RHIDEBRYETHS.

EIZAT, REiB LRI WT, u—v ERLTUEEI VW I 22 DIDIHEAI WRLT —v+u
t%mtﬁ%ﬁw<0#%5 ik, AT % G 7 S AR WIS IZ B W T [ARRD FRAEK D VLB,
ZOBDIEIHZ R L2 I2L55DTHS. BRIZEHmZEzFZIBEOYIF IR B2 5.

23.1 ZEEDEITRED

AL 1 RARBRARDBDESDFRIZE VW TEGDFATHENIDOVWTE R LTV, T THDT, FAT
BEIOIEMREHEE 5 X 5.

& 23.1.1. P EMU OFDPEEACU BLUORIZ MlucUIZHLUT, A% u AAIZETBEIL
f_%Q%A+u%5u\iu+Aab> (H4). $75bb,

A+u:={a+u|lac A}, ut+A:={u+talacA}.

u+ A

O

4: ME A D u FANDNFAT7HH)

HoMZA+u=u+ATHY, ZOHRERZHOHEDO N (a+u=u+a) THEKTLZHDTH 5.
PBETEu+ AL WO RFELE FICHWS Z 2129 5%.

feE 23.1.2. A u+ARIRETHE. Thbb, 205 DTOMEBIZEFEL .

Proof. 544 f: A—U% f(a) :=u+a TEDNIZX, f(A) =u+ ADVED D, f OFGFHEIZIHS 2T
HY, LIz oT AL f(A) IZNETH 5. O

AT, FOEBEALLTU DHHZEMETIZEZD.

HE 23.1.3. HREEW cUBLFueWIZBEWT, u+W =W ZRtE.
B W DHIDEHBEIZDOWTHU TWAZ Do, u+W CW 255, £/, HKveWIZRHLT
wi=—-ut+veBFEweWThHY, v=utwecu+W. 2E0WCu+W Thb. O

651X, A+ u DIF> ZHRAL TV, BEHTRRZ —v+u EWIRFLRIBETRL LS. ULEALREMES, 22 TIRREH
W u+ A ELLZ2IZURW.
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RITRAR B apld, i 6.3.2 5 X0 6.3.3 T U7z Z L 2P EHOSETH IR LB Lz E
BRICHRSY L TR, LadioC, St b ED I A2 PRTEZZ L 25,

Rl 23.14. f:U =V 2 EH&E L, belmf T 5. B f(a)=b%{72T aclU% D>
THEHEL &S (Tabbac f71(b). ZDEERIHKDNLD:

(1) FED zeKer fIZxtL,a+2z€ f1(b) THS.
(2 ERDyecfib) ik HdzecKerfZHVWCy=a+2 &KL,

(3) f~Y(b) =a+Kerf.

R?’ Yy R
a+ Ker f a - ;,,f ,,,,,,,,,,,,,, = b
/ 777777777777 -
,,,,,,, -z ¥
Kerf 777777777@/ e > OV

z

5: LG4 DIL L T DFATHE)

5B E f R — R (f(2,9,2) := y) (DWW THE23.1.4(3) 2EAICHHLZEDTH 5.
Ker f 1% 2-2 VHEIZ 3T 5. £72,a := (21,b,21) L TN f(a) =bTHB (DF D ac f1(b). Kerf
ZaFAZTS5 L0 a+Ker f TH Y, MTIREAFMLENAERD EiIZdnzdSICRhATWS
Py, FEBITIE z-2 ST & OEAT R AN ERICIED 5 FEETH D, DF D, Ker f 2 E LIZRS LIF2320
((0,b,0) HFNEATRE S B 72EH) & —WT 5. @ 23.1.403) I&NF L) =a+Ker f TH D,
a+Ker fIZETH&75% fFITRATNE, TOMEIXTRTH RS,

i 23.14 DFEH. (1) : z € Kerf 55L&, fla+2) = fla)+ f(z) =b+0=>b. DI
at+zcflb)THS.

2):yeflb)rdd z:=-at+tylBId ZDLE f(z)=f(-at+y)=—fla)+ fly) =
—b+b=0&VD zeKerf THD. £/, 2 DED /i y=a+2THY, T4 ITFEREE~.

(3): WMAHDAERR f1(b) Ca+Kerf BLV f71b) D a+Kerf ZmBiEL . UL, 2hs
F2)BLT(Q) DEREZNENS VHAZH DITEE R\, O

M 23128 K 023.1403) &0, fLB) A0 THELE f71(b) & Ker fIZHETHD. &I, ¥
BARDZE TN RIEFNMZ TT OEEDYE L\ \68:

% 23.1.5. MEEMR U -V ELUFEb,by € Im fIZDWT, f7Hby) & f71by) I3ETH 5.

Proof. f~1(by) & f~l(by) RZNZFNKer f LHETH Y, LEdoT f1(by) & f1(by) bHETH
5. O

STRER, (m, n)-ﬁﬁu AZEBMIBER Ta : R™ —» R™ICH L THE 23.14 2 @A L72EDONME6.3.2 THD. %7z,
T(f = oakdd f (L& ar € CP(R) 135 50 LOWDTBE WM TED S NWABILEL T : C°(R) — C=(R)
LT 23.1.4 ZEH L7726 020 6.3.3 TH 5.

o8 [EOMEE £\ oTH Ker f B EMD A, Zho ik fEATRTNTERESTHS. UL, &0 —BORLHE
& (REDHERIEL) 12 5\ C B IR D EAEA D 1, ZDBAE n AHEA L L TiOMENEL < 25 2 L2k 5.
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23.2 BEBBRODRTANX

AR DRI ER 2 EEIE L T EMEEHRDORTRAZBRNRE. GEEPEHITARRTTH S Z
IR ORER L TEL.

i 23.2.1. ARJOTHIPER 2 E#IK L T 5MILEHRDGEEKIIARRTTH 5.

Proof. ZDEMOGITME20.2.3 KO ARMORZ MZX>TEBINS. DAITHRRTTH 3.
F7z, TOGHROKITARRCAILEFBOMAEMTH 205, Ml 2241 LV ERXILTH 5. O

IR 23.2.2. ABRRGCMILER U 2 ERIBE THMEEH f U - VIZBWT, 21, , 2, DX Ker f
DEETHY, ug,...,uy € UIZDWVT f(ur),..., f(un) PIm f OFRETH S 51X, m + n MO
Ui, Uy, 21,520 12U DREETH B,

Proof. £9MIUMNINEERT 5. £ ZTRIBEIRR 000, riwy + 307 525 = Oy Z2{RET B, ZNHIC f
(AE A

m

D rif(ui) + > sif(z5) = f(0u)

i=1 j=1

> orif(wi) +) 50y =0y
i=1 i=1
> rif(w) =0y
i=1
FCur), . () OBHAEE D 1y = o = 1y = 02185, DED Y 552 = Oy THY,
Z1, 0, 2y ORIEHNIEER D 51 = =5, =025, EXD uy, - Jup, 21, .., zn [FHYEILIT

bH5.

RiIZEy € U ug, - U, 21,...,2n DIMEFEETHEITLILEZRED. b= f(y) £BL L
belmfWWAb=>3" rif(u) &EIFS. ZD&&a=>"ru ELL, fla) = 0, riu) =
S orif(u) =b&bVac fH(b) THD. TDa,blIHLTHE?23.1.42) 2#EHITIE ye f71(b)
FzeKerfabbWTly=a+zeHID. 21, 2z, EKer f ORRETH 5726 2 =377 5525
cEF, y=a+tz=3" rui+ 300 sz 2175, O

WEDOEHEVELIZROAREZES.
I 23.2.3 (MIELOIGEAR). ARGV U 2RI T BMIEE f: U — V LB N,
dimU = dim Ker f + dim Im f.

EORARIZEINIE, UBEFIm f, Ker f D=DDZERD S H ZDDRIEHD > TR, o 7248
MORTGCEHATES. DF D, ZDDE/OD S H ZDDEMDPI L Ah > TVNIE, KD DZERIZO W
THEHIREDZ LR NNEENS L THD.

% 23.2.4. EHL 2322 DRWDE LT, H:= (uy, - ,up) BT, flg: H— Im fIZREZ2EE
ZESELD AR ER TH 5 (M 21.1.6).

Bl 23.2.5. (m,n)-1751 AIZ L BRI T, : R® — R™IZBWT, #122.1.3(2) £ D dimIm T4 = rank A,
dimKer f =n —rank A TH 5. D AT

dimKer f +dimIm f = (n —rank A) + rank A = n = dimR"

THY, HEPIZTAIZBVWTRIEARITELL TS,
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EHE 23.2.2 DFEDE D DRI ODOWTHRE L TEZ 5. B2, Ker f ORE AR L T U O
Kz 61K, 2N S ILEH 23.2.2 DF%E %729

8 23.2.6. U ZHARRKILEL, f:U =V 2B EHRL TS WE, 21, ,z, W Ker f ORJKTH 5
ETNE, M 18.3.2 L0, ZHNIZWLK DHRDRT MVEMITIMAT 21, -+, zp,u1, -+, Uy & U DREE
LTBIENTES. ZOEE, fluy), -, f(um) D Im f QIEEE B Z & %R

frg . Koo ARIZE D dimIm f =dimU —dimKer f = (n+m) —n=m TH» 5. 2023 £ D

Imf: <f(21),"' 7f(zn)7f(u1)7'” 7f(um)> = <0V7"' 70V7f(u1)7”' 7f(um)> = <f(u1)7 7f(um)>

DZNT F(ur), -, flum) ¥ Im f 2 4EHT 5. FIZ, ME22.3.3(3) £ 0, dimIm fEAOHL f(w), -, f(um)
X Imf DEETH 5. 0

—H, flur), -, f(um) P Im f ORJETH S & &, ST ug, - uy, ZHEREL T U OHEEE
Bz LTH, ZOBITMA TR T MVOMD Ker f DFELEIZZR D LIERE S 72\
Bl 23.2.7. 175 A = ; 8 WX DML Ty : R2 - R2IZBWT, ImTy = (e1) = (Ta(er)) B
KerTy = (e3) THB. 2T, Tale1) lFImTy DEETH D, e1 IZu:=e1+ex Zf(ITIMATz e, u lE
RZDEEK L5, ZDLE ud KerTy WA uld Ker Ty DI TR,

23.3 MEZEE (EE)

RATLu ZEPTZEIZEDER U -V Ol f(u) 22T E2 T ESTHEI VD, HDH W
I f(u) 22 RVEIBRATu DEALHFEZEZ LS. 25 ULZMWIERZEOIGH & $ 1%
mTIE v, BIZIEEE f HBREER ) A7 LEBROH 2 BRI, TNETELRVAEDO L VEIZE
fEEHEZVERS ZLIRUARTHAD. £z, HIEED I WHEEZ f OEIREDIT 5D THNIE, Z
NSOWEEELLENS (DF0 fOEEAZATIO) w223 E2Z LI OREDHBHEDRD DD H
HoTHLIZBULZZ 2 idnw. ZOMBEIZERL T, HIZIXZEHOMBE L FIZBWTIX, ROFEER
FHETDHTHAD:

FE 23.3.1 (LD Ab). CLEEK R S RELOMac R BEASNTVAHEL, o — a &b
THRRETENLUT f(o) DIEEZZLI T2 I E2ERALD. ZOL &, Al grad f(a) AMAICE»NT & &
f(x) DELROFTARE D, 22T,

0 0 0

O (), 21 () f(a))

Oz Oz VT Oxy
Thb. £72, grad f(a) KETT D AMZENLZL ED f(x) DEMLFIZ0TH 5.
ICARBEEDFEEIZES 5. f BIEGEHRTH 556, ZOMOREIZN T 2B ZITRDOMY TH 5.

i 23.3.2. B EH [ U -V BELPu,zcUIKBWVT, f(u) = flu+z2) £7257-DDBEFIE
frldzeKerf 52 ThHB.

grad f(a) = <

Proof. b := f(u) £BI 5. z € Ker f ZIRETNIX, i 23.14(1) £V flu+2) = b (Thbdb
f(u) = flu+z)) THB. HiZ, f(u) = flut+z) =bR 56 f(2) = f(—utu+z) = —f(u)+flutz) =
-b+b=0&V zecKerf%2155. O

DFE D, Ker f EFATRAMIINY ML u 2BEISE20EDT f(u) BT 20 E S 0RREDLD
TH5. &I fOMEOEELONIE» S 1E Ker f HRAANOBEIZERERTHD. T2 T, UDHT
Ker f HHDIEMEERT 2L UL THEMZERX LS. 22Tk Ker fIZBRS T, —MDH 522
W CUIZHUTHERU/W 28D 5.

Oz ZTWI BRI HABADZ L.
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EF 23.3.3. U 2/ EME L, W 2 ZDMAERE T 5. W 2 PABEIEES (ZTNIE U OB
DEETHD) 2 I RXTEDES (DX VESK) 2 U ODEZERM (quotient space) L IFY, U/W & FH
. 97%7b5b,

UW :={u+W|uelU}.

Bu+W ZEEMU/W O Ahnd e, Thell T u] &L,
u=u+0cu+W=[u LV ucu THhDILIZEELL £/, [0=0+W =W Th.

Bl 23.3.4. R3IZB D o2 FHEW = {(2,9,2) €R® |y =0} & T 1L, R3/W IZ W & AT F
& o THRE N EAETH S, X6 TIZARMEDNEM L 2PN TWRWWAY, SEE I D S AV e
NI A TN S.

R? y RY/W oy
W
X X
,Z/ =

6: R® LD Wiz & 562 R3 /W
UDitu DROVIZU/W OJE [u] 2EZ2I12H72>T, ZOMNIGIZET 25 HIIEEHR L IFIENS:

EF 23.35. UDKTu e UIZHLT, [u] e U/W Z2XIGI €554 q: U - U/W ZEE{R (quotient
map) £ 5 9.

BEHq:U—->U/W ZERTHS. EBE U/W DOETLu+WIZHLUT, glu)=u+W TH 5.

RO, u & u+w BEFEMU/WIZBWTHLLEZRT I L (ThDb ul=|[u+w]) EweW
ThdILDRAMEMEEZBRRTVWS (52233.7). 20, UDtuDROYIT [u] 2EAD LN T LT,
W AT T2 R T 5 2 L 2EKL TS,

8 23.3.6. Bu,v e UIZDWT, ROEMIZTRCEETH 5:
1) [u=[], 2 —v+ueW, B) —utveW, &) velul.

Proof. W D3R ZEMD 2 —1 fEOEBFEIZDWTHLTE D, DX (2)<(3) FHLNTH 5.
(D=(2): [u] =[v] (THDBUu+W =v+W)ZEELELD. T2l uclu=v+WWX, 3
weWZHAWTu=v4+w ELIENTES. ZOMIIZ —v2MAT—vtu=weW 2E5.
2)=(1): —v+ueW ZKELELS. [u] = [v] 2RTITE [u] C [v] BLY [v] C [u] ZREIEEW.
9 [u] C ] ZRTZDICac [u] LRI, $5L, dweWZAVWTa=u+w &HLZ
EMTESL. ZOLZE HlOow e W EHWCa=v+w &R2ZLE2RATFEIVDTH B0, 2Nk
ROFAEIZEDELSNS.

a=ut+w=wv—-v)tutw=v+(—v+u)+w.

DED W = (—v+u)+w & TNE, (—v+u),we W BIOW PHOEBFIZOWTHLITWS Z &
Pow eWTHY, a=v+w ev+W 25 WE U Cv] THEIEDRDNo7. u & vDIY
EANEA S Z e THAEOUEHER [v] C [u] BRKIZLTRT ZENTES. TORRITIE, (2) & (3)
DHEETHDZ S —u+veW ZHONIX XV,

(=4): vev]=[u] TOEBIZHNS.

=0 veu=u+WrEETNE bdweW2HVTv =u+w&HFITFE. DRIC
—ut+tv=wew. O
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%2337 ZwelUlZ2\WT, [utw|=[u] <= weW.

Proof. HifED uB LT v LT, u+wB LV u Z2BNIEFERE2ES. O

23.4 FZEFEDOH (ER)

Bl 23.4.1. (1) RZIZBIZ 2 i EOMDRTEMRX = {(z,y) eR? |y =0} ITH LT, RY/X IF X
EOEATRERRN SR DG (EMEICE THEAE) THD. RY/X Lyl EORDRTESY 121
AR 1N LIS H D, EEE R2/X DL THIEML = {(z,y) eR? |y=aITHLT,L2Y
LD (0,a) ZXRHINSEIEHR/X - Y ZLHEHTHS.

(2) EOHNZB VT RY/X DI I 1 X625 A 2 EME Y TR HEIT <, B X 7T
RNMEROERR LIZDOWT, R?2/X & L OMNZ 15 1 RIsh > <. SR, FEMK e R?2/X 123 L
T AL LOREEMSIENEX (L & LIFFFTROVDRI—EHTRD ), ZONIERE/X — LI
CHPTH S.

(3) RZIZBI BMkity = o EOMRMAEE L LT, R?/L Lyl ORTH 15 1 5EAD <.
(4) R3 (251 % 2 B EORORTEH X LT, RY/X & yz FHOMIZ 1 1A <

LOHIN S, BEGEMBIEZERE 2D ZENRBINDS. MEMICED IS ITMEAN T 152 ED D
2E, REICTH LSRR E S,

MIEELR f: U - VIIRUT, f DEDPEDLRN K D BRRATT u DB & X, Ker f & EATRFMICKE
FxEslitfiinorotz. 22T, Ker f HMEHR LU/ Ker f 2 ERIBET D fORDD &
RBEEBRE U/Kerf -V 2EZBHILINTES.

Bl 23.4.2. f:U -V 2BEHLTE. £bcImfIZRLT fla) =b%b a c U RN, mE
23.1.4(3) &Y fi(b)=a+Kerf=[a] € U/Ker f TH 5.

U Y 14

W ‘:::: ,,,,, b=
77777777777 T = f(a)

Ker f
~

ZZTC, & fUb)=la]cU/Ker fizxtLTbeV 2WnIE25 6% F:U/Kerf -V EEDES.
GROMENPEI LR VAREZRLZZEDS, LR U/Ker f EZ2ENFEF(L) OfEE HTEL, L7z
MoT F IS5,

U/ Ker f %

ey T

7 MBES [ RT3 G F U/ Ker f - V
i, LD F R EGRE 25, F OGS & O RO FE I35 24.2.1 (R B FH) % & k.
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23.5 RERFREEES (RR)

PZER U/W DETTIEW EETREATHDIDZ, AVIZERDLRWET THD. ZNEIEHIZE-
THERLTEIZ .
fEE 23.5.1. FZEM U/W IZBWTRMBEK D VLD,

(1) BFueUZHLUT, MERU/W DERTuz2ELHDE [u| ff—D2DATHD.

(2 BELeUW BT uec LIZOVWT[u]=L. £L{IZweWIZD2\WT [w] =W =[0].

B) RLeU/WBLPucUlZoWT, [ul=L < uel.

(4) U/W DEBDO DD, BRIZ—HTINZDSBVPDONTNINTH .

(Thbb, LLcUWETNMELNL =0 £713 L =L OWTFhrdipghzo70)

Proof. (1): U/W O_D2DJt[al]=a+W & [b]=b+W DHLBIZu2BELLINETS. 5L, HD
w,aw eWrEHVWTCu=a+w=b+w ELILNTES. 20L&, —bta=w -—weWT
Y, @336 %D [a] = [b]. THDD, u kGG U/W OBEHEE—DLAR\N (U [u] Bu2&0
U/W OBEED A [u] = [a] = [b] A 1> TN B).

(2: LeU/W BEPuecLIZ2WT, [u]l 2 LIZHICu%c LTALU/W OEEZETHS. 2D
E57% U/W OBEEIE (1) L0H—DUARNIERS, [u] = [ THB.

(3): (<) 1 (2) TRLTWAS. 37, [u=LeFhifuc|u=LbAucl ThH3.

@): LI cUWBEOLNL £0 edniuc LNL PBNG. ZOLE, (1) 0 L=1 = [u]
Thb. O

LOWmENS, MEMU/W XU DELEHWVIIRDSBWI IV —TIZHELTWE I LR gh5.
wecUDBTAEIN—=TDN[u] LWIEAETHE. ZOXIBKZDLYDRVAIE (ZN—TH5) 1%, &
ARBOBAMAIH S N nw—fGRhE LTRD LD IZED 6N S:

T 23.5.2. F£E X O U CHERBR ~ BEZ5NTWwWE L E Ko e X ORIEE 2] Cc X %
RDEDIZED .

[z] ={yeX|y~z}.
£/, X OWMREED» R ROELNE X/~ % FAEEGR ~ BT 2mEEL V!

X/~ ={[z] |z € X }.

PAEEAIX X DETLEEWVIZR D SBRWI I —TIZHH L TED, 8 23.3.6 5 LU 23.5.1 L [AKDE
BB RDOEESIZBEVWTH LD LD:

i 23.5.3. X LOFMERMR ~ 1T X BHES X/~ IZBEWTRMPED LD,
(1) Fa,ye X IT2WT, [z] =[y] = z~y.
(2) BreXITHLUT, MEA X/~ DEZAT 2z 2ELEDIL 2] HE—DDATH 5.

(B) BLEX/~BLUre XIZDWT, [z]=L < xc L.
Flzye X, L=[y] £ TN, [z] =[y] = = €[y].)

(4) X/~ DERD—DDJtIE, BRI BT INPRDORVDPONTNNTH 5.

T AWEHE N IILERS A RT. ThbL, EFH4 A BOVWTNIEEENITETRTED-ESY A L B OIEL
HEMEY, ThE ANB TRY.
NREBROERIZ 212 HO T A% R &,
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Proof. (1): (=) Zm37=0Il[z]=[y] ZIRELLD. o~z (KHFE) XDz e[z THY, 2] = [y] VJ)
Zx€ly. 2F0, 22y THd. R (<) ZmRITEDIZs~yZIRELXD. [2] = [y] ZRTITI
(2] C [y BEP[y] C [z] ZRBIE L. £ (2] C [y 2RTDIZa € 2] ZERITHS. \_O)t?{f
a~zTHY, TNt rxyhoaxy2fEd (HERE). 2XVacly THD. WX [z]Cly THSZ
EWIMoT. 2 Ly DB EANEAL I LTy C 2] BAMKIZLTRT I EATES. ZOGFEHHIC
BOWC, WiME» Sy~ THDH I LITERE K.

(2): X/=D_DDitlal & B BB 2BLEINETS. T, 0~2aBE Tz =bDHED >

TW5. Ko THMELHEBEED axbTHY, (1) XY [a] = [0]. TRDE, 2 250 X/~ ODEHE
—DUDR\ (FEE: 2] 2 280 X/~ DEFEDZ [2] = [a] = [b] DD L>TWDB).
(3) BEU (4) 1%, i 23.5.1(2) BL U (3), (4) LFBRIZLTRENS. O

B 23.5.4. FEEMU BLXOZDOEHPZEMW 526N TWE2 T 5. UDKITu,v Il LT, is
ur~rvE —v+ueWZliETIe] LEDNE, ZNIFAMERICARS (KA, D L), 20L&
RDIK D VLD

e ZucUIZDOWVWT, WEEDZ ~IZHTE uDAEHEES u+ W IE—ET 5.
Proof. i 23.3.6 TlEdu+W DI &% [u] LFE VT W70, Th & XL CRERG ~ BT
5 uDREHEZFS |u[ TRED. T4bb, Ju={velU|vu} &EDS. HLAPVRTAREZ
Vi Jul= [u] THY, THIEHE23.3.6 £ D ESND:

vEju[ <= u~v <= —v4+ueW < vE[ul
T finiH 23.3.6

Sbb. - OB &5 HEA U/~ L AREITY -2 72 520 U/W 183 5.
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~ ED b (MBOD GbH),

RO, HROR T idT 2 200 SETH S, REEUAOTIRT S AV 5N A TS
D, B2 IR B B RS I BB OM D AhEAH 5. b BHAL D AbEOHIL, 50
A A — T 5 2 L TEBMATHSS. - hb—DRILAERTT, BAK (WS EE) O
FADTHLEE D 6hE3 (TRbblllz R 67 5) B2 EA LS. MUOl b &behicik
ME2T32HA LT EHA0 B BER SN, WHC L B00 Abth s EMHE (kO
BT B985, (B H 5 1EA LY ZADHIES NS,

\ 4
\ 4

—=

ST, RAFD ETFOIES LB AbEL LT, RO3EIVEZO5NS:

4 o _ -
A mﬁ(7—177\) A

\ A ADE Y

»
> P o

Y Y

A _ A _ LY » Y
i =72 1 754D A A

- - ¢
> <

EDR=FALX, WbWPER—FYORED LI BRHEDOZ L THD. MEWHE DML Z HRIZ
HED EDLEDZIE T =AM EoNE. ZOMEDOHEY b2 MR EIFZIXT 74 VDI
BBEDTHHD, oM 2 HVWTERIZAED EbE LS EES &, S UTHHEMPERDD T
EFLWHRWETTH S, G $ﬁiébb@%ﬁl%@iﬁkwxét69 FiZ, GEDO-DD
MIZIE RS EORMEE UTEBTERWIEDRHONT VWS, £z, TNSHEFEALTADHEELZ
e, REPZEESHRVHETHH S, 2D X1, i HbBIT & o> THERL 7285 L WKEOM
BaHNBET, GEAD RO o N2 MFETIEA D ALY DOEERERVBEL 0L, ZOEFFITILA
LRERD FMERRS L OEELS D TH S.

FOBE TS EHDA XA —=IRONARIZWES IS, BIOFEIZL 2R E2HBMALLD.
R O B BR T

S% ={(z,y,2) eR3 |2 + 2 + 22 =1}

WHHPIINUTC, ooy z o=y Fhldao=—yThHhbIL]| LEDD L ~ IXFAMEREKRE LS.
Tk, BEROHFDMZ DWW T RN FRRALEIZH 2 AV D i (M) 2F—HT 22 & ICHYT 5. &
FERED BRIz ko TE- 7281 P L RS S? /~ L OMIZIFHA R 1 1L ehdsb. 20zl
&, JBERE { (2,9,2) € 5?2 | 2 > 0} IZBWTHDOAMERBRIC L 2R %2475 LHEL S\, 6
BRENCIR S &, FA— M T REER D ZfdfE Bz U»rBng v, 2L T, Rl Lo Sizsi)5F—
i, 5x 58 LTEDEGEFHIZE T 2EAFOELDOE—HE NG T 5ND. 7, BREO

ARIERE D
A={<w,y, Jes? mgfo}

IZEWT, A/ AT ADH L85, WEOHI & 3HNT, S THIZIZRD & 5 Bk s H 5.

ﬁm2355E@L@Eﬁ%ﬁéﬁﬁé%@%%%PtB<ertSH:®%K§%tlﬁlﬂm
b & rERE

Al % s €S2/~ Uﬁ‘bf, FERE s (X S Do RDENEATH D, TNHDEITHEWIZ
JE RN FRRALBIZ D, 22T, s LD 2 MEMIEME F(s) &7, ZNIFRKRZBLERTH
k%.ﬁﬁF:ﬁﬁ&»Pﬁ%%%?%é. O
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24 #AFRFEECETEY (RE)

BIENIZ B VT, B2 Z2 D 28a e U Ton AN e 2 5 X 7. KEiTI, 205 DRI
DWTEH U, Rt ARZ FZER DG H 5 N EIRTH 2 HEFBEH 2 8 <. i, MPERICRS S
% < OREHEE (FECER, INEE, 202 8) TEWTHERBERIIZO oND. DX 0, ZOEHIFNR
Bz U CHES 25 ATHEALRDZXTHY, RBEEETRESHTHVONLEDTHS.
THEeBEL T, ERRERIZ & 5 REBEEED D iF 2 MA TR IE LRI OVWTEA L LTINS,

24.1 FAEREORIEL
PEMIZBIIAMEAN T —EDOEHEEGZ LS.
HRE 24.1.1. BEMU/W IZBVWTHIE AN T —fEOHEBEERD LS IZEDEIENTE 3.
Zu),[v] e U/W BLUOr e RIZHUT, [u] + [v] := [u+v], r[u] := [rul.

ZIZT, EDBILNTES] LEVEZDIXRDMUIERERIZRSBNDLASTHS: U/W DL L
U DLEMAWTERT HIEIEME23.51 IR LA HH 0 (EB L OTOEBMIAETH ),
BIZEL=[u=[u]2L&D. ZOLELDANT—fErLIX, [ru] & [ru/] DOTNTHD L EDD
REEZALIDP. BU [ru] # ru] RO LORKXL L Tu kv ODWTHEZEIDP (HD W u,u O
WINE ERRDE LOTLERIRIGERIDD) HoONRUHRDTE,PRITNIE, EIZERL LTRDSNR
W (FRAFICEBEIMEDSRWV) 2212785, LALARNS, EBIZIE ru] = [ru/] DRV LS, L DD

u+ v L+
U T‘L U /
ru Lo L
L u + v i L
W g W

ru’ u ! u

8: LeU/W DANT—fEB XV L € U/W & DR

EDORI MVERKIGEATEEBNEDD Z 2R\, DF D, L ORI 2 EINIEET D058
FRVWDOTHE. IDEHRBIZODVTHHKDOZ ENE XS (K8).

M 24.1.1 OFEHH.  ETHHALZ LD, RIREHIEIME AN 7 —(EDOEHENPREITCOELD FHIZ &
LIEWZ E, TROERD_DTH5:

V) fu) = ) = [rul = ). () fu) = o] 2 o] = o] = [utv] = [/ + ).

(1): [u] = W] T NIXME23.36 &0 v/ +ueW THY, DRI —rd +ru=r(—u +u) e W.
MOMmE23.3.6 L0 [ru] =[ru] 2155.
2): IRELD —u/' +u,—v +veW THH, DRI

—(u+v)+(u+v)=(—u'+u)+(—v +v)eW

TH57. ULizho>T[u+v] = [u +2]. O
PV E ORI &G A Y AR B TIT D RO LS 2 2:
—(uFV)V+ (utv)=(—v —u)+(utv)=—v +(—u' +u)+v

€V +WHv)=—v +W+W)=(—v' +0)+ W =[-v +v]=W.

AR TIE—IRIZ (W +v) = (v + W) IZBIE T, EORBBEFT SIS (W +v) = (v+ W) 2KET 2 HEN
HBH. ZOFERELEEL T, EFRIMOML OS2 RMTERI LITRD.
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L DOHEEIZ MEDu,veUBEIVr eRIZOVWTROAREIELARDSND Z L2705,
[u + v] = [u] + [v], [ru] = rlu].

0] = W € U/W 2Btk H/atE, i 24.1.1 TED= U/W LEOHEARZ M IVERO A 4 i 7
TILIIBRG IO ONG. LD > TU/W I ER L 72 5.

Rl 24.1.2. 5B q: U — U/W IIELE2HTH D, Kerqg = W.
Proof. $#EVE (iii) IXFE S IZHERTE 5.
q(ru+ sv) = [ru+ sv| = [ru] + [sv] = rlu] + s[v] = rq(u) + sq(v).
¥72, (0] =W ILEET 2L,
u € Kerqg < q(u) =[0] &= [u] =W < uc W (i 23.5.1(3)).
Thbb, Kerg=W. =
R 24.1.3. ARZOCIPZER U 8 X OHAZEE W c U 22V T, dimU/W = dimU — dim W.

Proof. #5H q: U — U/W XU TRIERARZFEHATIEE V. g D2HMELD U/W =Imqg TH 5
Yy, ¥ Kerqg=WIZERETIZL

dim Im ¢ + dim Ker ¢ = dim U
dimU/W 4+ dim W = dim U
dimU/W =dimU — dim W.

O]

8 24.1.4. U ZERRTIEZERIE U, W 2 Z DA EMET 5. W OHEIE wy, - ,w, 1IZWL D0
DR MVEMFMAT wy, - ywp, wy, - Uy % U OIEEE T [ug], -, [ 1 U/W OHJE L
5. ThERE.

R M 23.2.6 L RMKOGMEZ - ENIX L V. BIEE D dimU/W = dimU — dim W = (n +
m)—n=mTH5. #2023 XD

Img = <Q(w1)7"‘ 7Q<wn)7Q<u1)7' o 7Q(um)> = <[0]7 ,[0], [ul]v"' 7[um]> = <[’u’1}7 ,[UmD-
WZIT [uy], -+, [um] 1EImqg = U/W 24T 5. HIZ, @@22.3.3(3) &0, dim U/W EDH [wi],-- -, [wn]
B U/W ORETSH S, 0

24.2 #RFBFEIE

#123.4.2 TRARZZFEOFMIRDOEY TH 5. ZOEHEEZIGHT I, wztobokdsLL
%, [FRIEMR F O (E8) BB TERWEEIZ 1232 ehL v, £72, RECAFIZBVWTI, BHO
FHEWSTHEELLZZLW SWMIIESLEFWSNEHETHS.

EIE 24.2.1 (ERRER). SEEHR f: U - VIZOWT, U/Ker f & Im f IZAEHEIITH 5.

Proof. 54 F :U/Ker f > Im f % F([u]) := f(u) LEDBZ N TES. ZOEHRMPREILOHD /5
ZEohnwZ e Thabs Nul = 8o f(u) = fv)] THEILZMHRL LS. FEE [u] = v] 425
W —v+ueKerfTHY, 2N f(—v+u) =0y ZEKTS. 20 —f(v)+f(u) = f(—v+u) =0y
THY, f(u)=f(v) 2G5.
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WEED FORRPRTH S Z L 2mE 5. £THBME (i) IZRDO LS TR TE 5:
F(r[u] + s[v]) = F([ru + sv]) = f(ru + sv) = rf(u) + sf(v) = rF([u]) + sF([v]).

o, & f(u) e ImfFITRLUT, F(lu)) = f(u) THE205 FIELHTHD. RBICHEFEEZRES.
[u] € Ker F &3 F([u]) =0y, $7405 f(u) =0y THY, Lo TuecKerf THD. DRI
i 23.5.1(2) £V [u] =Ker f = [0] TH Y, Ker F DB TLDOATH DI L BN o7z, ThbEF
THHNTH . O

% 24.2.2. FOF :U/Kerf — Im f OWERIE, v € ImfITFLTHE f~H(v) 2RI ES
BHRTHD. 22T, EE f o)W U/Ker f Dt 72d Z &ldmd23.1.4(3) 12k 5. FEB, fH(v) =
a+Kerf=[a]cU/Kerf (z7ZLac f7l(v) ThHH, 20z FIZRATHEZ F(la]) = f(a) = v.

HE 24.2.3. K ARZHWT, U PERXITCOGE BT 2EEH f: U — V OHEFRRLEH O JiGE
%52 XK.

B i 24.1.3 BEXORTARELD dimU/Ker f = dimU — dimKer f = dimIm f. UL72h> T
U/Ker f & Imf DRICIFFELL, WRAIZINSIXFEETH 5. O

ARRRITDZEMIZIRENIE, ED X 512 U CTHRBEHO ERT 2B RBMEIRCEBL» S E S I
MoTUED. Udio T, ¥EFEE O E ORI h & b, 2 HId MRtz M %2 64 &
T 50, 5 WIXEHOFEIHICEN A G F 2 KERZHEE T 5 L5 Bfl2Z2 T hiER s m0n. L
DU, TOBEHEFRO FHEHGFRE BER T, TD & D RICHHZ FiHT 2 D3RS HR1 S W Z & T
b5, 2T, ZITIEROHIZBRDIZHDTEL.

Bl 24.2.4 (REBED ORIEE). H120.4.5(2) 1I2BWT, WS EHZE D : C°(R) — C®(R) (D(f) := f)

D% Ker D DYERBBEARIC -T2 2 %2072 DF 0 C°(R)/Ker D 1%, EEBEEZ T D 7% % B
U-BBDREMTHS. T7405, B fe C°R) BLIPEHC e RIZOWVWT,

[f(x)] = [f(z) + C] € C*(R)/ Ker D.

DZEHWZ ImD = C®(R) TH O, THIZHERBIERZEH T HIXMEEE D : C°(R)/Ker D —
C®(R) (D([f]) :=D(f) = f') &145. DDHEHT : C°(R) — C®(R)/Ker D I&, & g € C®°(R) iZxt
UTHEE D (g) (T7bb, g DB EAR) 26 S 254 THS. 2T g DFBKDO -2 G
ZHAIE,

Z(9) = D '(9) = [G] = G + Ker D € C*(R)/Ker D.

JFARBEEUC X R BB DI T EREDR D 2 DD, I(g) IXFERBEBOETHITKS TITHRE S
C®(R)/KerD DILTH 5. S7ZA L(g) & f OREMIS & LIFh, RS FTIEROATRKINS:

/g(m)dw.

5 L THX L, REMED D C®(R)/Ker D ~NDFIEEHRE UTEHIND Z &, & ITREBS DIRE
Wa135. 728, #20.4.7(2) THATZHE I, : C®(R) — C®(R) IXFHEEBO D% 5 X 2 54T
HoT2PZ, q: C®°R) = C°(R)/Ker D 25 ETIIET = qo I, ALY L D.

24.3 ZTERINEETELR
EE 24.3.1. FEEHRDF]

LN Un-1 = Un Jn Un+1 LN Un+2 nez, (24.3.1)
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&N € ZIZDOWTIm f, = Ker fr1 2723 & &, TN Z2TEL2XRY (exact sequence) &\ 5. 7z,
KD &K 5 2R IR AE BB DS

L

id (0} id {0} fo 1174 fi U f2 v I3 (0} id (0} id
EZHELTRD LS I12EL:
0 fo W fi U f2 v f3 0 (24.3.2)
CDHNREERITH D L E, TNEFETELY (short exact sequence) &\ 5.

2431 WREERIITHZLE, Zuc U, IZ2VWT f(u) € Im f, = Ker fri1 A fra1(fu(u)) =
0u,,, CHD. LI o TEHME frp10 frn: Up = Upgo 13, EFBO TN TOLEZECIIETEHRTH
5 (D% fup10fo=00,,,). 7z, SEHEDH 2432128 WT, WO GH fo B LS f3 3L HIZH
HARBEGD R EZE D S5V DLWV, fo EFLE2FZLICETHILEGSRTHD (DFD fo=0y),
[IETRTCOILEFBTICETHILESRTHS (DX D f3=0).

e RFDEBEN S ROMEENELIZHRES .

i 24.3.2. LG HRDF] 2432 1ZEWVTRPED LD, &£ ITF] 2432 AR THD L E, Th
SOMEMKD > TWVD.

(1) Imfo = Kerf1 — f1 W S UEHRHTH D (Oi hWw ek Imf1 6i|ﬁjif'é)
(2) Imfg = Kerf3 e f2 U= VIEEHTH5B.

Proof. (1): ITm fo = {0y} WA, Im fy = Ker f1 <= Ker f; = {Ow } < f1 [ZHS}.
(2): Kerfs =V WA, Imfo=Ker f3 <= Im fo =V < fo T84}, O

ML GHEE DB L, NIGT TR 2525 NTES:
Bl 24.3.3. (1) EEOMEEL f: U — VIZDOWT, RiFEZELFTH 5.

id f

0 —— Kerf U Imf —— 0

(2) U DEHZEEW BLXOEEG q: U — U/W IZDOWT, RIFM5ERFITH 5.

id

0 > W U—25U/W — 0

Proof. (1) THZ oNT-EHFIDFERFITH D Z L %R0, il & D RO=DDMHE: id : Ker f —
UNPBEHTHEZ L, BLUidKerf)=Kerf, f:U - Imf BEFTHEZ L2 RZFIXIV. LArL,
INSETRTHSHTHD. /2, FEMH qIZOVWT (1) 2MEHTEL, @EH24.1.2 X0 Kerg=W @
Z(2) 2195. O

FEEEINIIE W THERBERZEH L TAHALD.

foRE 24.3.4. 55544

0 w1,y L,y 0
WZHBWT, fi OEFMHL O WU OFREMEARTIENTEL (W ~Infy CU). TITW &
Im f; ZF—@3THE, U/W & VIZRRTH .

Proof. Tm fy = Ker fo BEC fo DRIMEICHEET 2 &, fo 10T 2 HRBEHIC & 0D REB S

V=Imfy~U/Kerfo=U/Im f, =U/W.

PRECF T, HEZRZER {0} 2 0 ZIET OMMER & 5T WS,
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TERIDIRFENIRAEIR

SEERIN DR 788556 T b 5 K552

fi f2

0 w |4 0

ZRICRADIRTHATHAEL D . BHFIEER fo: U - VIZET 2RI ARITED,

U

dim U = dim Ker f3 4+ dim Im f
=dimIm f; + dimIm fo = dim W + dim V.

ZORADS, FMERHOhRIZAET BEM U BPEADEBW BLUOV I THMEINTWDE LR
nNad. FEEE wy, o w, W ORE, vy, v, BV ORKE TN, fo OREFMELD f(u) = v;
(i=1,---,m) ZH7=d u; € UDEND. TD&E EM23.2.212L0 uy, -, uy, fi(wr), -, fr(wy,)
U DHETHS. $2bb, WOREL VOREZBLTUDEEEZ5X5INTES.

E72, #124.3.3(2) B L OE24.34 12 &N, 522 525 Z L ITEEMEZ G52 L DOF W
ZATHZR S 70\, PR E2 525 2 2, MIPEMOEZTE HWIZKDSBRWI IV —TIZRET 2 %
BIRL, 2HIEXFED ORI ONHETH 5. FER2Fh S ErN D 0 RE TR IE BRI, V DIED
ABSADW EERZMBIZE>TU RO IhT WS,

PEDZ En o, Bl dMRBEEDO Rz RIRATH L e nrsd. —HOTRRINZDONT
b, WR2FFEDORMAR I TR VWD DD, HEFEOAEEZGZTWEEEZoNL S, EEE, #ix
g% &0 Al R R U CHfRT 2 L WO EANLEZ DB LT, REFEE2EHT 5% < O
FRFIIBWTEERIBFEbLNT NS,
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- EO BB (BT B LMADTH).

N

SERRIID 2T REWED DI frp10fp =005, ZOLIIZAKTEHEHATLESE
BIIDOHNZDOWT, ZZTDEFEHATE IS,

B 5 2EM EOREARKLREITH LT, 2Ok (B 20X 8EEZEZ 5. —MIT n RocD
MEO#%IEn — 1 R5TIZ7 5. DE D, n RILDERE AT LT, Z20#&%% 0,(A) LEITIX, 0,(4A)
n—1RTDOHETH L. FIZIEHBIZE U T I OEELZ ZHIFEZTERD LS I1L425:

02 81
GRS GRS 0

I M %

&
o>

1D < DHIZH L THmaeNIn I 2 8/EZ 2MEVIRTEHATLES 2ehnnb, 228
BiznTaEE 0 L ELETNE 0,100, =0%1755.

L DRG0, & KRB D R RIFFHIAL T & & TE S, 2] X ITHE S Nz n KotD
BN ERIE L TP EME C(X) & T2 &, HEDOMOEHRELEMH L UTHEET 5 Z &1
X0 (MRE20.1.11 5\ F 22.5.2), BILEAR 0, : Cp(X) — Cp1(X) 2135 (ZNEBFAEHEL
L), 20D & S EH DS

On+2 On+1 On, On—1

—— Cp1(X) — Cp(X) —— Cp1(X) —— -
12 0,00,41 =0 %729, ULBULAENS, BT EOFNXZEERINCIEHR ST (DF D Imd, 1 #
Kerd,), Im0,41 C Ker9, THBIZEBER\. £ T, EOBEBKRDFINENIZITER2RHD 5 HN
TWEDEFANDLIFEE UTE%EH H,(X) = Ker0,/Im 0,11 52515, H,(X) IZHAERY—
BELIEEN, ZRI X IZEDL SWRDBDVWTWENEZEHDIBETHDI N ONT VWD,

EIAT, AT HEHADEHBDS L, HMLRAFROBAE THRMIFIEDEVWZITMTH A S
. BEOHLENRFBHEKF THEIRDOATH 5.

rotograd f =0, divorot F' = 0. (24.3.3)

ZIZT, AlRZ bV grad f 8 KR MVEO[EEL rot F, X2 MVEOFH div g 1K TED
S5NE5DTHo 7
_ (9f of of
grad f := (830’ oy’ 6z> ’
. <8f3 Ofy 0fi  Ofs Ofs 8f1)
rot Flo= | =2 — =5 - 22 ~22 “0 )

- g1 | 0ga | 0Ogs
dlvy::%+87y+g7

72720, RIZENSBEBIET RTER (v,y,2) € R3ZNRTA—=RL L, fid OB, F =
(fi, fo. f3) BEL T g = (g1,90,93) 1E CO-R2Z MV TH B, £iX, 205 DEHIINEOKE
Wit X5 B4 L &M% TR, AlLE & ORER FEHUIIMES & FIEN 8 FHI & > T —
HNZREIR TN D Z L 2RITARY MUV 2B L CTERZ 12k d. Z U T, BWREAZE L Ml O
R DO S L BE D CHfRT 2 2 812705 (R - I—LDEH). Zhll EFELWIZ &1k, ZRE
B KO EADHEMFZ I Nz,

%3 24.3.5. FOEHEZE L12K (24.3.3) 2R X,
orf  0%f

by b C2ARBEED 2 R DIEFE L BRTE S 22 (FlAE = ) &AW K.
oydx  Oxdy

~
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25 MREHEEDITIIRT

n RICARIEZEM U X2 —2 Yy RE-R LR TH-72P R, UILBEWTHERS NS HIEZEM BT
BRI TARTHIERMT U > R" 2@ LU TR OBRKIZESHZI SNBZITTHS. AfiTiZ, UD
ETOMEFEEICET 215 R E R OIFRICH AN Z DEAMIZDOWTHHT 5.

25.1 REHEEDHEEITI

N7 MO ORIEAEG 2 VIR VR UL 5 & Y EleA E=8IZHN, SN I3IERE ICE M
WWRATUES. Iz 2FEE LT, NI MVOIEA A 21782 HOTRTFHEEEZEAL LS.

R™ O nfADXZ MVOM wy, g, uy 1I22WT [ug,ug, -, uy] & (m,n)-4751 2 (n, 0)-1751
A=lay) LOMZINE ZLNTES:

ail aig | ... | Qyy
as1 | a22 | ... | ayy
n n n
[wy, ug, -, Uy . . . . = [21:1 a;1U; Zizl A 2U; ... Zizl aiéuz} .
Anl | Gp2 | --- | Gng

EOHLIZIE A DK jIIRD 2L T D uy, - u, ICKBEIEREE D LEADOMABENT VWS, £Z
T, R™ DIt L IR S W — R OFEZAERH U 1281 52 bV & MART5 ™ w1, 09, ..., v,] & (n, £)-175F]
A= [ai]’] C:;ﬁbf, 1M6®ﬁ%itlﬁlﬁbiﬁ&bé

aip | @12 | --- | G1g
az1 | @22 | ... | G2
— n n n
[’Ul, Va,... 'Un] . : : . = [Zi:l a;1V; Zi:l a;2V; ... Zz’:l QUG | - (2511)
Apl | Ap2 | - .. | Qe

X 0 HRINZE T,
[On]n=1, nlaijli=1,- n, = [Z az‘j’”z’]
J=1,8 i=1 G=1, 0

X (25.1.1) 1282 [v1,v9,...,v,) BEOGRIZU EOXRZ ML EARZMTH > T, U =R™ THW
RO ZNSIITHTIIRWZ LICERER L. 72, AWHIRT MV THBGEEI, X7 bLVOKE A DR
SRRSO 2 RS 5T

I

n
[ul,--- ,un] :leul
i=1

Tn

3 21

Bl 25.1.1. (1) [vb"’z][l ~1 4

] = [3014-'02 201 — vy v +4vs|.
(2) [Ul,'UQ,"‘ ,’Un]E: [Ul,’UQ,"‘ ,’Un].
RZ MVOFIZBIFBHEAD T —EELEDTE I S:

o [v1,vg, V] + (Wi, Wa, ..., wy] = [v] + Wi, V3 + W, -V, + Wy

o (v, va, Uy 1= [ruy, TV, ..., TV,

R M VEARBEBZH Y TRYZDEI NI EDSRNI LIZT 5.
Y wiws EEVTH IWH, EHITIERAD T — R ELAMICELS. 20X RHEENS, RT MLVOR K T — 18R A
i=1
CELTED DB,
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25.2 N7 RMLVOHETIOEREOEREE (115%)

A TED7ZRT MVOK L FHI ORI LRI RHE SRR, Ah T —@2iHE-3Z L 2BETIEH
LZDMERLTHE IS, EBEOHETIE, ZhoDWMERE#RTIZ e HwLoNETHAS.

Rl 25.2.1. ALV OXRZ MVOM vy, .., v, BEO (n,0)-1751 A, r e RIZKH LT
[U1,...,0,)(rA) = (r[vl,...,vn])A:r([vl,...,vn]A).

Proof. A=la;;] B rA=/{ra;] THY,

Yompan(rvy) Dot ap(rvy) ..., Z?:laiﬁ(”?i)] (ZOXIF EOFERDAIZHY T B)

n
Yom L anvi Ty i @igVi ..., rzizlaigvz}

(££38) = [Z" LTAIY; D TARU; ., o Taigvl}
=r [ZZ 1 @§1Y; Z?;l a2V; ..., 2?21 aw’vi] = (Eiﬂ)‘

il 25.2.2. MPEMV OXRZ MVOM vy, ... vy, BEO (n,0)-4751 A, BIZx LT
1, .., v A+ [v1,..., 0] B = [v1,...,v.) (A + B).
PTOOf. A= [aij], B = [b”} eH< t,

(F£38) = {Z?zl ailv; Yoy GV ... Yoy aiévi} + [Z?zl binvi Do bigvy .. >N, bw’vi]

= [Z?zl anvi + 30 binvi 3oy aiovi + 30 biovi - DI v + 0 bwvz}
= {Z;Ll(aﬂ +bi)vi Yo (a2 +big)vi ... D (ay + biﬁ)'vi:| = (H:14).
]
R 25.2.3. SBEMV ORZ VO vy, ..., v,, BEO (n,0)-1751 A, (¢,r)-475] B2 LT
([v1,...,v,]A)B = [v1,...,v,](AB).
Proof. A = [a;), B = [bj] £ BT, (n,7)-175] AB = [z;] DEKD IFITHDOMDERE LD 25, =
Z§=1 aijbjk T})é
(F30) =[Sy anw: .. Sy i B
= _Ul ’u,g:|B ’U;y .—Zaijvi (jzl,'-',g)tjgb\fi)
_ l n
= Sty o Y Jrua} = Zbyk:uj = | D bik (Z%‘vi)
k=1,..r J=1 =1 k=1,..r
i l n n l
= Z (Z a”bjk'vz> = Z Zaijbjk'vi (WJ 3.2.4 %ﬁﬁb\f")
_j:1 i=1 k=1,...r =1 \Jj=1 k=1,...,r
i n l n
= Zaijbjk v; = [Z zikvi] = [’Ul, . .,’Un} [sz] = (Eiﬂ)
=1 \s=1 k=1,..r i=1 k=1,...,r
]
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25.3 REEEEE

RIS SIS B WL DD EEARK M- IZ DOWT, 25.1 IHTED 17512 & B 31k %2 F\w 5 31450
SHEETS. HIZIE, ME 1813 IFRDIIIIREINS.

e 18.1.3 (Fi#8). Fuy,...,u. Doy, ... v ODMEFESTREIN, £72% v, v Pl wy, ..., w,
DIIEAELG TRINDE B SIE, Fug, ..., u. Fwy, ..., w, DIFEHEETEINS.

Proof. £ ui,...,u, Boy,..., v DFEFEETREINDE Z 205, (6,r)-475 B ZHAWT [u,...,u,] =
[v1,...,0]B &E TS, £72, Kvy,..., 0D wy,...,w, AOMEAEAETRINEZ D5, (n,l)-175]
AZHWT [v1,...,v = [wy,...,w,]A EFITE. DZIT,

[u1,...,uy] = [v1,...,0B = ([wy,...,wy]A)B = [wy,...,w,|(AB).
ZORIEFH ur,...,u, Bwr, ..., w, DIFEHEETRINEZ L Z2EKRLTWVWS. O

WEDFEHR S, up (k=1,---,7) % wi, ..., w, DAL TEL & SIEHN DB, 175 AB O
FEIEDIZHE LW DR h 5.
RiZ, BED T &I 18.2.3 2 EiRT 5 H DI 57\,

1#E 25.3.1. vy, -,V € UDKMEHNITHZ L U, A, B% (m,n)- {75 T5. ZOLE [v,- o)A =
[v1,-- o BROIEA=B %5 L% Y.

BB BIELUT [v1,- - ,om](A—B) = [0y, ,0y]. A— B = [z;] £BE, &M% HIKT I
j=1, niZOWTY ", 20, =0y TH Y, vy, , vy DFIEMIMEL D 2, =0, DED A-B=0
135, O

RIE, HEA T LK (i) AR RTH B.
RE 25.3.2. A% (m,n)- 158, f:U > W 28GR LTS, uj,v, e UIZDWTRZRE.
[wr, - up] = o1, oA = [f(ur), - flun)] = [f(v1), -+, flom)]A.
BB A = [ay] &30, RELD,

[ul,--- ,Un] = [221 aj1v; ... ZZZI amvi} 1%675‘5,

Flun), - flua)) = [£ (2 anv) o (D @)
= [Smanf@) o S anf@)] = [Fo), - fom)A

RO, i 17.3.5 2 — RO EMICIR L2 DTH 5.
il 25.3.3. vy, -, v, € (Ul UR) T D ZDEE m<nBoIX vy, v, FERETH S.

Proof. IRFE XD (m,n)-1751 A Z VT [vy,...,0,] = [u1,...,up]A EFTD. n>m KO 1RS
B Az =0 ZEHATRWE 1, -+ e #0Z2FD. ZDEE,

Cc1 C1
v+ eUp = [v1, . | ] = (U, un]A
Cn, Cn
0
=[u1,...,Up) || =0u; +---0u, =0.
0
HIHTRWEBIERIGR YN cju; =0 03D DD R vy, , v, BB RETDH 5. O
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fHE 25.3.4. FUBZER U OREIZE T B2 MVOMEBAEEDORD HIZk 52 & (A 22.1.1)
Z Rz W TRE.

B wy, - Uy BE R 01, v, BENTNU DHEIEL TS, RKIZm < n &THIERIMEL D
Vi, ,Up i‘f?ﬂcﬁiﬁ@ﬁ?&‘ofl}i5. WZIZm >n TRIFIXRSZRD. u, -,y & vy, 0, D
VEEANBEZLZETn>mbREIN, LEZA>Tm=n. O

25.4 #SFMIIMEDHE (2)

—fRDRT PVER U BT R G 2R R TSI LT, U ILBT 2fEMRE1—2 ) v K
2] L OMIPBIRICTHABZ OGNS Z L2 R ED. uy, -, u, 2 U DEEL U, Fu;j) = e; 2 58FH
MF:U—R"%H5.

m
U : up, U2, -, Uy V= Zi:l il
Fol ] l l
) m _t
R™ e, €y -, ey Yoy riep =" r1, e T

UIZBWTHARZNRT MVDOM vy, -+ v, e UDNFGZ N E, ZUIRINT S F(vy), -+, F(v,) €
BFARDZE VWD DREARLGHTHE. WEur, -, upy FFEETHENOEK v, v 1w, Uy,
DHpEIES TEIT 5!

al a2 A1n
v = (U, Uy | |, va=ur, e uy] |, e, U = [, Uy

am1 am?2 Qmn,

IhEEEDTE DT, (m,n)F75 A = [a;] = a1, , an) ZAVRIE,

aill a2 e A1n

asi ago e aon,
(1, va] = U1, Uy

am1 | Am2 coe | Amn

ZOLE, [Flvr), -, Fon)] = [an,- - ,an] ThHB. EBE, LRI F 2132 21E, #08 25.3.212 % 9
[F(v1), -+ Flon)] = [F(u1), -, Flup)][A=EA=A=ay,-- ,an].
MR 20.3.6 £ D vy, , v, DEEERE F(v1), -, F(v,) (T8ROS5 ay,---,a,) OMEERIEAE
TH5. 250, ZwcUBLU sy, ,5, ERIZDNT

w = Zsjfuj = F(w Zsjaj (25.4.1)
j=1

BE D D, ¥4I, n=m OBEIE ARESGHITH Y, EMIT36C KD ar,- -, a, OHIEHTM
(LEdioTop, - v, DRIEHOIIE) 13 A OAMICRE S 2. ULOHEL T LS L

R 25.4.1. uy,-- ,up, 2 U QHEEE TS, X7 MLVOH vy, v, € UIZDWT [vg,---,v,] =
(w1, up] A EFTHULRDKD SO,

(1) A= [a1,~ . ,an} tBCﬂi, Z?:l civ;, = 0y < Z?:l cia; = 0.
(2) n=m D& ERMRLDLD:
v, O RN (L7225 T U OREIETH D) < A T
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BR: QD <=IBVWT vy, ,v, WU ZERTEILIIME2233NSEHEIINNEILTHEH, ROLS
CEERTZILETES:

[V1, -+, v,] = [ug, - u,|A DRGLIZAERS A7 ZHENI NI [ug, - ,u,) = [v1, -+ ,v,]A7L UFzhio T, %
JE uq, - Uy DERT MUT vy, v, DEREETET2PDX, ME 1813 LD vy, -, v, 1ZU 2HEKT 5.

AIHTHBAR7ZHEEZHNT, ~BOMPEMIZET 527 MVOMOKREIMIMEZ HETE 5!

BIRE 25.4.2. uy,...,us 2 U DEEL TS, KTHEADBZRT VO vy, ..., v5 BEREHAI N E S
Z&k. F, INS5DRY MVTEBRINDEDZER (vi,...,v5) DEEE KD K.

v =u] — U3+ 2ug +us, v = u+ uyg+ us, V3 = —U] + U + U3 — Uy,
V4 = Uz, v5 = —2u1 + us + ug — 3uyg — us.

s H. EORIERS G 21782 WA RRICE SERIT,

10 -10 -2
01 10 1
(v, ,v5] =[wg,---,us] | -1 0 1 1 1
21 -1 0 -3
11 00 -1

ERCENBT5NIHE 173312805 A=[al, - ,a5] IT—HLTW5. ay,---,a; DPHEREIIL TR
WZ L IHIE17.3.3DBY TH Y, UL7zh > T, i 25.4.1(1) £ D vq,. .., v5 (FHEIEIEL TR,

F7z, Bl 1733 12 & N0E a1, a0, a4 IFEREHILTH D, ZHUHNADRZ MLiF as = —a1 + as,
as=—2ai1+ay—ay EEFD. U oT, BOM@mE25.4.1(1) £ D vy, v, vy IFKREMITH D, HIZ
X (254.1) 16 v3 = —v] + v, V5 = —201] +v2 — vy EFIFDIEDGND. PLEIZK D, v1,v9,v4 1
(v1,...,v5) DHEETH 5.

25.5 EEDOEHIT

HIEIZC, U EDOERT ML v 28UEAT 2 HikE Rz, 22 THEETREE, Bk Elix
IR F OED HIZHET 28, WA NEU OREOH Y HITKET I 2 ThHhD. HEEHL
DINZDT7=NZLABTDREIZ X B EWMPRIINL 72 0B KD TREERAETH 206, FHEDH Y £
ZIZED v OBMEANED XS IZET 20 %2FHRTEIZS.

WE, UEn Rt TH2L L, ULBVWTMOIEE uy, -+, u, BET ), ul, BEZSNTVWS
E¥5. ZoeE K, u, e URKE -, u, OMEKETETS. ZhzATcER:

/ / / n n n
[U17 Ug, -+ 7Un] = [Zizl ;1 Uy, Zizl appWi, ..., Z¢:1 AinU;
all a2 o | Qlp
asy ago e aon
- ['U/I,UQ, e 7un]
Apl | Ap2 | .- - | Onn

T 25.5.1. LRICHNDITH] P = [a;;] ZFREE uy, -, un TEDEE W), - u), OEBITIE WS,

%% 25.5.2. E25.4.1(2) IZ X DEBITHI P IZFHETHS. £ I Tluf,ub, -+, ul] = [ug,ug, -+, uy,|P
DEGLIZAHERS P~LENT DI LT [u,ug, - ,u,] = [uf,ub, -, ul]P~t %2185, Thbd, HE
uy, e u WK BHEIE uy, - u, OEBITHNE P TH .

5l 25.5.3. wq, - ,w, ER" ZHKL TS5, EHEREEK e, - e, ITLDIEE w, -, w, DEHITH]IX,
[wy, -, w,] THB.
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%% 25.5.4. R uy, - ,up, TEDEE ), u, OEWITIE P LS. F1:U—>R"%2u; % e
WETHMPRME L, U 5 R %2 u, % e, (CGETRBAEE L T 5.

R*>x | Px cR"

Tp

BEXRZ Mo =), - u)xeU (72720 z € R")IZHIET 5 R DItiE, [ B 2HVWEL FB(v) =
ThHO, AR ZHONE v=[u), - ul]e=[u, - ,u,|Pr £V Fi(v)=PxThH5. ZDLZE,

Fy =Tpo Fy, Tp = FioFy 1, Fy=Tp-10F,
MDD Z LI EORRDRSEBIZSNS.

%8 25.5.5. LOMEICB VT Tp=FoF, ' ThHdILiMALT L.
fREH: SIEHERIK e; € R IZDWT Fio F, (ej) = Tr(e;) THE I L R2MENPONIT L. P =
[Py, D, EETIE, BHITHIDESRDS )= [ug, - unlp; THS. L72D3 5 C,

FyoFy'(ej) = Fi(u)) = Fi([u1, -+ ,un]p;) = [Fi(w1), -, Fi(un)]p;
= le1, -+ ,eq]p; = Ep; = p; = Pe; = Tp(e;).
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26 MKEROKREITI

MIEEHR f.U -V 2a2—2Y vy REFORBOFIEEL (T2 B475]) IZE S 2 HEITDONWT
AR, BIEIORIS AR, 22 THEX BN REDID HIZEKFET 5 Z 2 IZFERZ LRI IR S
AN

26.1 XIF1T
UDHEIK up, - up, VOREKv, - 0, ZHONUOEZATEL. MIEERT U -V % (m,n)-
TH AL BRIEEMR T, : R* = RMIZEERT 5 HiEE2EBZ LS. vy, , o, DEETHDHZ L0 56,
B T(uy), -, T(uy) lE vy, v, OREAEETEIT 5:
ai a2 Q1n
T(up) =[vi,...,vm) | |, T(ua)=[vi,...,vn) | + |, ... T(up) =[v1,...,0n]
am1 Am?2 Amn

SED, (m,n)F7H A = [a;] VT £ LHTHEITIE,

aiy | @12 | ... | ain
a | ag | ... | a,

[T(w1), T(u2),...,T(u,)] = [v1,02,...,0n] : : : : . (26.1.1)
Qml | Am2 | --- | Amn

EF 26.1.1. LOREICHIT DA (26.1.1) 2723175 A= [a;] 2, U DEE uy, - ,u, BEOTV D
HE vy, o IZETE2T:U -V ORBRTNEZIZTINRRZEND. ADEHEEZRD LS IZE 0
ZATHELW:

ADHjH = BIREE T(uj) =) aijo; KENBEEAEW RSN B,

i=1
PR M 253102k 0, R (26.1.1) 2723175 A 1ZME—DIFE(ET 5.
Bl 26.1.2. (m,n)-175] BIZ2WT, R® OFHERKS K R™ OFHERKIZETS T : R* - R™
(Tp(x) := Bx) DEBTFNIE B2 —HT 5.
Bl 26.1.3. (1) uy, - ,u, 2U DKL TS, EHRBOHEK uy, - ,u, BEIOCEIBOHEE uy, -, u,
WRT A EEES idy - U —» U OREUTHIIENAITH E TH 5.

(2) g, -, u, U DRERE L, vy, 0, 2V DREL TS, & u & v (TS
f:U=VIZOWT, UDEE U, ,u, BEOV DRIE vy, ,v, IZEHT B f ORBUTHILH
RifTH E TH 5.

B8 26.1.4. ROKMIEEMGE L OHEIZDWT, REUTHIZ KD XK.

(1) Ta: R? = R? (Ta(z) == Az), EL A= i _1(; ]
o 2 L 3 B 1 2
R BRI L BT 0 = H’ vy = 1] park
i ol

g8 —10 1 —2
= = —2

-2 0
0 3

g —10][2] [6
— || = 0wy + 30s.

] THY, Ty DRFTHNIZ [ _3 0 ]

W AN [Ta(v1), Ta(v2)] = [v1,v2] [ 3
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D : R[z]s — R[z]s (D(p(z)) := %p(x)) HE: EHRB I HIT1,2,22, 2% LH &,

D(1) =01 + 0z + 022 + 023, D(x) =11+ 0z + 022 + 023,
D(2?) = 01 + 22 + 022 + 023, D(23) = 01 + 0z + 322 + 0a3.

WA
0100
[D(1), D(x), D(z?), D(2°)] = [1,2,2°, "] 8 g 3 g
0000
0100
) 0020
TH D, Kb B REUTFIA '
Kb 5 KETH 000 3
0000

BE. Loiidlz AL BIFIX, A =0Thd. ZNE3IRZEKXZAMBRTHE0T 012452 LITxf
L TW5.

b
Iy : Rlz]s = R (Ip(p(x)) == / p(z)dz). 7272L a,b e RIZEH LT 5.

Rlz]s OEE: 23,22, 2,1. R OEE: 1.

i ol , ,
Iople) = 30| = 30 =0t ) = |32°] =50 -t
Ly(z) = Bﬁr = W), Ly =[] =0-a)
L7z ->T
o) T Tosl@), ToplD] = 1] [ 104 = 08) 50° =), 507 ), b

TH Y, kb BEBUTIN (1,4) 4751 [L0* — a®), L° — a®), L(b? —a?), b—d].

5%, &< Lp(azd 4+ cox® + sz +cal) = e1lup(23) + caly p(22) + e3lyp(z) + sl p(1) = %(b4 —at)+
2 —a)+ 2 (b —a?)+ea(b—a). EBITHAFREITIBRS, 2OXSITKRIHILITHMA T 2D TH o7,

Bl 26.1.5 (F&JE). Bl 18.4.6 (2 TH X 7=, BHIZERI RN 125 1) BN R IR 8E4S B = {e,|n € N}
ZDOWTC, V=(B) LEDD. RD_DDY 7 MEHZE

S : V-V Sy(x1, 22,23, +) = (0,21, 02, 3,24, )

S— : V — V S—($1a$2,$3,“’) = ($2,$3,$4,$5,$6“‘)

DOEJE BIZBT 2 RKEFTHE, 132D AT LTEZ AL BIZZNTNFEL

0 00 O 01000 O
100 O 00100 O
A=101 0 0 , B=]100010 0
001 0 00001 O

S,OS+ = ldV @))';\_ BA 6i$1’ﬁﬁ§ﬂ%ﬁiﬁé éjfl‘, SJrOS,(QSl,IL'Q,.’Eg, . ) = (0,1‘2,%‘3, e ) @)Z SJFOSf ?é
idy. 2F 0 ABIZHENATHITIEZRN. ZOXD BRI EVEEZIZERITIE, HENERESTHELZ L (D
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E OB REMDBERKICTH B 2 L), T LU THREADL S (AE 19.6.1) L3R40, RES B2 S
B HEA~OHS (B 25V IEEG) BERFHI R 2 LIXRS Rn e WS FERBERL TS, EE, KD
MDEE S, |p: B— BIXBEHETHY, S |p:BU{0} - BU{0} XEHTHSH, Znsixning
LEPTIERV. ZTUT, B S, BLU S_|p 2 2MEKITHER U 2 GG TN TN S BL T S_ T
H5. S IFHHFTHY S_IZEHTHEH, ZhoidnTnd & TR,

RBITIDIRZ A
wuy, - upy 2 UDHEKE U, vy, v, 2V OHEL TS, £72, TS OHKIZHET 2L 5K
I
T:U—VORBTHZE ALTE(DFED [T(w), -, T(uy)] = [v1, -+ ,om]A). z= | | eR* &F
Tn

UL, TIERZ MV [ug, - up]e €U XY ML [vy, -+ o)Az € VIZETEHRTH 5. TR, MM
(i) & ¥

T([wg, - uple) =[T(ur), -, T(uy)|x = [vi, - ,vp]Ax.
DFED, RDESBRNAE/S:

U 3> Jup,-,uy)x —L [V1, -, o)A € V
rl ! l le
R* > T —Ta Ax € R

ZIZT,F:U—R"IFF(uj) =e; Zifi7z T HMEAMNEL, G:V - R™ & G(v;) = e; Ziii7=$HIER
REBRTHD. uy, - ,u, WU DEETHEI 0o, UDEEDITIE [uy, - ,uy)x DETHRES Z
LIZHERET N, LOMA»SELIZREHES:

BZucUIZDWT, ThoF(u)=GoT(u), Thbb, TyoF=GoT.
TpoF=GoT MWL THELE, ZNERDL S BHATET.
v 15 v
Fl lG (26.1.2)

Rr 1A, gm

ZD &S MR FTHEK LTINS,

26.2 Hom(U,V) & M, ,(R)

Hom(R™,R™) & M,, ,(R) WA TH % Z & % 213 EIZTIZR72HY, 25 A Hom(U, V) (72721
dimU =n, dimV =m) LFARIIZRE 2 HBBITREBING. UDHEE uy, - ,u, BLTV OHE
v, Uy BHATEE, TNODEKIZESZREATH ZWHIGIELEGH T : Hom(U,V) = My, n(R)
PRERARIZ 5252 2R E 5.

BV ER fU -V ORBUTHZ T(f) £35. 2£0, T(f) I

[f(ul)a T 7f(un)] = [Ulv T ,Um]T(f)
BT (m,n)ATHICHB. Eho, TNLEWIZ, % (m,n)-A781 AT LT, BRS(A): U -V %,
[S(A)(U1)7 e 7S(A)(un)] = [’01,- o ,’Um]A
Zi7z SRIPEBREED B (2D & D BB EAIRME 20.1.11IZ K DFET D). RFERX VSN T
HA55 (L LRD7OREHZFLT):
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o HAEMun(R)IZOWTT(S(A) =A (PFD ToS =idy,, @)

Proof. S(A) : U — V&, [S(A)(u1), -+ ,S(A)(uy)] = [v1,-+ ,von]|A Zhi7=THRIEERTH D,
ZDEHS(A) DRIBUTHIZATHS. 37205, T(S(A)) = A. O

° %f S HOIH(U, V) IZ2OW\WT S(T(f)) = f (Oi D SOT: idHom(U,V))'

Proof. 3FIT(f) W&, [f(wr), -, flun)] = (w1, o] T(f) Zi7=34550CTHS. —F, S(T(f))
U— VIE[STU)) (), -, S(T(f))(u )]:[m,--- ) T(f) 2T MIBEHETH D, 2o

ZEDENL, [f(ur), -, fun)] = [S(T())(wr), - S(T(H))(wa)]. S(T(f)) & fi2 U DI
uy, U, ERAUZEIRENTNE LV R, S(T(f)) = f (fE 20.1.10(2)). O

U735 T, 1944 &0 T, SIZEHHFP O T 1 =S THD. ThoDEEHRTH S Z LIFBHIZ
MR TE 5:
&Y 26.2.1. ECTEDA T : Hom(U,V) = My n(R) BEU f,g € Hom(U, V), r,s € RIZDWTR%E

R
I (iii): T(rf+sg) =rT(f)+sT(g).

R [f(wr), - flun)] = [v1,- - o] T(f) BE T [g(ur), - g(un)] = [v1,+, vm]T(g) TH

[(rf +sg)(u1), - (rf + sg)(un)] = r[f(ur),- -, flun)] + slg(ur), - g(un)]
=rlv, o] T(f) + sfvr, - o] T(9)

[v1, - o] (rT(f) + sT(9))-

I 2T 2521 BLU25.2.2 2 AW,

_’II

LXK S EL r f+sg DRBUTHINE r T (f)+sT (9) 1IZF LW, T7005, T(rf+sg) =rT(f)+sT(g).
L]

% 26.2.2. (1) UDHEu, - ,u, BEEV OHEE vy, 0, KETB f,g: U — V ORBUTHIN
—HTEHROIE, f=gThsb.

(2) BEHESLEIZBT B £ R — R™ ORBTHN AR SE, f =Ty

Proof. T DBEIMENS (1) IFHHS 2. 72, (2) DIREITHWT, A FEERKIZETS f L0 T O
RBTHDZ, (1) &b f=Ta. O

L ERDE K & RBATH OREIZDOWT, ROBBRIKLT 5.

BRE26.2.3. f:U > V,g:V = W EEESRL L, U, V,W OREZZTNEN UL, ,Up, V1, -, VUm,
wi, -, wp U, TNSDRKIZEAT S f,g DRBUTHEZENENA BLT5. 20L& Zhodk
Ec:%@?é go f DRBUTHIL BATH 5.

Proof. IRE XV,

[f(u1)7 7f(un)} = [’Ul,' o ,’Um]A, [g(’l}1>,-~- 7g(vm)] = [w17"' 7w£]B

ThHD. fE 25321 cxEETE

lg(f (1)), -, g(f(un))] = [g(v1),- -, g(vm)]A = w1, -, we| BA.

WZIZ go f DRBITHIZBATH 5. O
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% 26.2.4. UDHEE u, - ,u, BEOV ORE vy, , v, ICEATERERE f: U — V ORBTTH %
AT, ThSDREICETS 1.V 5 U OXRETIIZA T THS.

Proof. W =U & LU THiMmEZEHATS. B% f71:V = U ORBTH & THIZ,
E= “dy:U—U®DRBTH = “f~lof:U—UDEKERITH” = BA.
MU TCAB=EtR&N5%. D0, Bl ADWITHTH 5. O
F#26.2.4 1%, REUTHIDOERZP SEBEITRTILHTES:

%26.24 DREEH.  [f(ur), -, flun)] = [v1, -, v JAITHEL f71 2128 2T HE, #H 2532 &0

[wi, s un) = [ w1), -, fH0p)]ATHS. ZOMIICEDS AL 2N T (o), -, fH(v,)] =
[wy, -, u, )AL 2185, ThbL, A7V - ORBUTHITH 5. O

U,

U=V eL,UVOHEEE LTHIZu, - u, ZID E &, 8 26.23 1 T (9f) =T (9)T(f) ZEK
T3, $ibb, $IFEE T : End(U) — M,(R) 1%, TS5 cBAMTEHS. ME2157L0ED
RDMES .

% 26.2.5. T : End(U) —» M,(R) Z L CEALFAME TN, FREROZHA V(L) 8LV f € End(V)

ZOWT T(U(f) = U(T(f). $mbE, UDEE uy, - ,u, T2 f OXRBITIE A L THIE,
U(f) € End(U) OEBUTHNIE U(A) TH 5.

26.3 HEODOEW M =ICL BRIRTHIDEWL
WEEBRT .U -V ORBUTHDIEEOW O ZIZ L o TE ST H20ELL LS.

UDEE:  up,-,u, BT uf, - u

s Yn

VOREK: v, ,v, B v, -0

mo

El,up, o uy & vy, 0, KBTS T ORETHZ A, W), ul, & o), v, ITETET DX
B a B35, 7z, K uy, - ,u, X DHEE ), - ul, ODZHITH % P, BIK vy, 0, 12
FBHEE V), v, DBHITHE QLT H. ZDEE,

8 26.3.1. LOFREDH L TB=Q 'AP.

ZoElE, TNETNORBATINCE T 2 iM% X L O ROTHEHANPSIEEAEHS LD
EA5.

R 2y B, Re
TBl Tl lTA (26.3.1)
R &2y G, gm

ZIT, F, By, G, G iZROX % BIE S 2B HESRTH 5:

Fy: F1<’I,Lj) =e€; c R" %(ﬁf:?g@, G1: Gl(’lji) =e; € R™ %(ﬁf:j—g{%,
Fy: Fy(uj) = e; € R" Zili7= 3G, Go: Go(v)) = e; € R™ Zifi7= 5%,
EORRZBVWC R o =Tp BV G1oG =Ty THB. ZNEFERITHOESR»SELIZHES

N5 (FELIHMEE 25.5.4 2 R &), WX (26.3.1) 2B 5 £ EDO R 225 £ T D R™ NOEARDGEE
LA ) CRERZENS T =Tg-10T40Tp THY, THIE B=Q AP TH 2 Z LTz 5w,
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M 26.3.1 DI, FioFy ' =Tp BEUG1oGy =T TH Y, RO AR Y 2D

R™ Tp s R7™

Wl |

R™ 12, Rm
AR (26.3.1) 225 EOAHEAPIE»NZE Z 8 (DF D TaoTp =TooTp) HEFL A LHS L TIED
M, —ISHERLTHE IS, GroT =TyoFy OMHUIENS Gy 2 BT HILTT =G oTyo Fy
2195, £, AT =Gyl oTgo Fa TEHB. Gyl oTaoFy =Gyl oTp o Fy DMGLIZENRS Gy
EEDPS Fy L 2N ENAKT 5 &

GlonloTAOFloFgl:GloGgloTBoFgoF{l

idgrm 0T’y o Tp = Ty o T o idgrn
TAOTP :TQOTB.

WA 2133 X0 Tup = Top BLV AP = QB %185, ZOWMLIZAENS Q7L 2N TB =
QAP TH 5. O

EHOFRAOHEEMET 720, ETEMAEHWTHAL 2. SRRV ELFhEZATI Y
SDTHNE, RO KD HFEHE H 5.

e 26.3.1 DRIGEH.  [T(u)), - ,T(ul)] & @0 OHIETEHET L. (), ,ul] = [ur, - ,u,|P
2T 21X T3 &ME 25.32 &0

[T(ull)ﬂ o 7T(u’, )] = [T(u1)7 o 7T(u’n)]P = ['017 T ,Um]AP.

—J4iT,
[T(ull)7 7T(u, )] = [U/b"' 7v{m]B = [Ula"' 7vm]QB'

n

PEEXD [v1, ,om]AP =[v1, ,v,,]QB TH 5. #2531 &0 AP =QB. L7zh>TQ AP =
B. O

AT .U - UIZBWTC, T TETZLIZEORT MU TDAEDS ES LT 2hE2RE5DT
HNRE, EHEHEBIBIZB VTR —DREEZRN>THELL ZEREX LWV, 22T, EEHOEEw,, -, u,
BLHIBDORIE uy, -+ u, (ICBT 2 T ORBATHOZ &%, PUF TIEHUTIE wy, -, u, BT
T ORBATHEIEIZ L2 L & 5. BifmEORRGEL LTR%2HE5

% 26.3.2. T:U - U 2BEME L, U OZHMOBK uy, -+ ,u, BLO ), ul, G50 TWH
5895, ZDEE uy,-,u, TS T ORBATHIZ A, u), - ,ul, 1TSS T OXEITH % B,

r'n

wp, o, up (ZE DU, ul, ODEMITEE P 23X, B= P 1AP TH 5.

n

I G4 % DT B350 6 1%, BEUTINCENS ROV D E 0EMTHRWI EDREE LW, D28
WIERELZ ETROBIBED D D, KELAETIE, G2 oNEEA B e HMED L WRE, T7h0bbRE
IFHIDEHZ R S WK D RILEDEL /i #Z5%d 5.

EF 26.3.3. WUV 1 XDIESITH A, BIZBWC, B=P 'AP %/ 3 a[Wi175 P BWE/ET 5 & &,
A & B3 (similar) TH B &\

T A, BB TH B L &, TN IXEL B JERZ @ L CRIUMIEA#EZR LD LA B Z L
MNTE5. EBE B=P AP ¥ I, EHEEKICET 2 Ty OXRBTIIZATHY, P DRI b
DR SR BHIEIZ & B Ty DRFITHIEI B TH 5.

HE 26.3.4. —ODTHIMBHLTH B 2 WS BERIZEERBZRTHS. ZhizRE.
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foRE 26.3.5. IEi1741 A, B D3ELLZ 51F, tr A = tr B.
Proof. IREE LD, B=P AP &} 5. i 20.4.3 2V,
tr B =tr(P'AP) = tr (PT'A)P) = tr (P(P'A4)) = tr A.
O

b L — AT AIE D W CRE R BIEEAR T O | FIBIZ DT ARZ A (I 2 1R DL b
R U2\ RN 2 R B Y 55 2 L 255 ([0l RRECEOEMMAETE 5 5).

26.4 1x1DO%GE AR

— RO GG T %2 RBUTH A ZHNTHFARBIZH > T, T HFOME L Ty BWROMEEDHEET
HHZEHBUTBDBELDS. HIZIX, ROLSWEE2 THREDI L L Ty DI & IXFEET
Hb:

B R BRORTA, ORI .
I o ORMEMEDAH X (26.1.2) B2 2HHN F,.G 2B L TEIPNS Z L 2HRLTHEI 5. LD
WODHEDIEFNZE, e RVFEAEMHE D8, BLOEAM N BT 2EEZMORT, H 5\
— A ZE R D RITIZ DWW T ABRD N G 2 REILAR T e 5 Z L1272 5.
K22 DR A DI T L BT 2 FARWRFFE L U T, ROMENELD LD,

R 26.4.1. ROAHKANHED ZoTWDB LTS (T4DE GoT = SoFWEYHILD). ZIT,
U, V,Rn, Ry ZEATH Y (MLEMTRLTEELW), T,S,F,GIZEH{TH 5.

A,

r| le

R, — R,

FBLUOGNHERHTH D & ERAWY LD,
(1) T=G toSoF, S=GoToF L
(2) TI3HS — SITHS, TREEH — SEFeH, TREREHEN — SIIRHH.

3) X CUIZ2WT, T(X) = G*1<S(F(X)) )
(4) Y cVIzowT, T7H(Y) = FH (571 (G(Y))).

Proof. (1): GoT = So F OWiIZEN»S G E2ERTNET =G LoSoF 2185, £7-, Widicf
o Flaza8dhiXS=GoToF L

(2): BHOBRIEEH THE 2L, BLOLHOBENRHE RS T EHS, (1) £V EBICHS.

(3): BT =G loSoFItBI2 X ILkB&ELT, T(X) =G oS0 F(X) = G*1<S(F(X)))
Thb.

(4): WEHR G I DY I BHEIZONT (G (V) =GY) THDZ LITEELT, T =G 1oSoF
BT Y OFBERS L, MmE19.5512& 0

T=YY)= (G LoSoF) YY) = F‘1<S_1((G_1)_1(Y) ) ) - F‘1<S_1(G(Y) ) )
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fi%: (3) BLU (4) DFFHIZ F ORBHMEIZEIIAETH D, ZThold G OEFED AP SEIrNS:
G DHEMED AR %E = (3) & (4) DHIFER.
(3): GOHEMNELYVE B C VIZDOWT G YG(B)) = BTH5 ($H 19.25(1)). SoF = GoT &V
)

0 G(T(w)=Gy) THY, GDEFUENS T(w)=yeY. Lizh>TweT YY) Th5. O

FOWMEDISHE LT, —ROMEEHLRT : U —» V OB EEEDPIREUTINZ DWW T DRIEELR DG & #
ZEINENIETH I 2R LS.

i 26.4.2. U DRK uy, -+ ,up, BELEV OHEE vy, 0, ITETET U -V ORBTIZ A L
AU, RO D LD,

(1) ImT ~Im Ty, (2) KerT ~KerTy.

Proof. "I (26.1.2):

AN v

r| le

R™ Ta RrR™
WIZDOWTCHidEZEHT 5.
(1): X =U 2>\ (3) Z@M 3 5 &

T =T(U) =G (TA (F(U))) =G! (TA(R")> = G 1(ImT).
(T ZZCHim@E (3) ZH\Wz)

Thbb, ERNESE G InTy — ImT BPFEETIDZ, TNS AL THS.
(2): Y = {0y} IZD\WCHIE (4) %3813,

Ker T = T~ ({Oy}) = F~! (Tgl(G({ov}) )) = ! (Tgl({o})> = F_I(Ker TA>.
(T Z ZCriaméE (4) 2 W)
MIEEREMSR F1 . Ker Ty - Ker T II2& D, ZTOW S XA TH 5. O

Ty :R" = R™IZETBRuEHIE, #23.2.5 TAZE S IZHEN 1 RGRROHEEL OBGR» ST
b, I EOTREZEHLEDZ LT, ~MOMEEL f: U — VIZBIF R0 AADRIGEH %
75,
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27 EBEHEECEBEXRY ML

FERZRFERIZ KR BN MVORREEZEZ XS, MEElT 5 —RNRE NI, EHRR2 bLE X0 B
MR NVIZHRUBRZ R IZT B IZH D, LU, BRI MLE—STWoThH, % FEHE
WCHHIARDONRE WS BEREHAS. TIZ T, 2ITIEROZ@EY D HEZREL LS. —DI, EHER L
BEZAONDBRI NUADBRETH D, &5 =235 AN EHBEAED L WRT ML AD T
»H5.

HIH O H MBI 2L R DN MVEFHERRIZAMT 2L WO DTH L. £72, T FETER
BB O ENBEAE T DL RO —D L EX 5755, HlxiE, 74 5 —DHEIZE T B EIARIED 0
WIRT 2 Z & 2 DD D Z LT, RO K S BRERBIER (71 7 —JBH) 2195

n

. G (71)71 2n+1 = (71)71 2n x = L
Slnx:me y COS.’E:Z (27’1,)'37 y e :Zﬁ

LEDZODFFIIIC ETEPNHT 2 Z RIS N, 2 =i I LTINS Z2EHT I L TROE
ADVEPND. 2T, i \FEHRAL (Thabb = -1 23K £95.

EH 27.0.3 (A1 7 —DRA). e = cos@ + isiné.
ZOES I, MEOSTRIC kB OMRIC & 5T =B SRR O EERAED 5ND. T,
FRIBUEN f(2) =) apz™ IZOVWTRD & 5 %7

n=0
d > e = an ., N
%f(a:) = ;nanfc L /f(x)da: = HZZO e Hio (ClMAER)

LEHIRTE20THDN, ZOEIE 2z DENTND DD X GHENERITIR S . n BRI RIS HE
SRS —-LTHB.
Z T, WaEHFEL KO HEEORWEEIZ X 22X EZ 5N 5. HIZIX, K [, 7] % & &
ETBHBMDELIZIRD LI IR TELZ RS NT WS (77— T/EH):
flz) = Z 2n€". ZIZT, & 2y = % /7; f(t)e ™ dt 1FAEHRE.

n=—oo

torE %e” e BEFIERI Y LT HRD O kR B 5, LBHEEL T BT,

o0

d S . inT d" Y % inx
%f(x) = n:zoo mznpe ", daT”f(x) = n;w(m) Zn€

B EPHIfE S, BBBEBIC X 20 RIFZHNIC K20 E D SWOERHBELHER LW &2
REIN5.

DX, BRASNIIEEHEHEMED JTWRZ MLIZ X 202 W DT 2 00RO ¥ E
L%, i, ZOMBEISSIEE RO KRBT 2 WHICHRIZERT D, L\W0WHE D —DORARNZRE
LEBIIEEL TS, FTIR IO OOMEDEFE,» S U &5, IR T, #BER U »5 U 8BS
NOMIEEM, $72bH End(U) DIEDAEZEZ D LIZT 57,

O f WEBUEBB DG AL, 717 —DARITED ™ 2 =ZHEBICHOMUTERT 20X RNTH 5. EE, ©EH»S
Zen W&z DRBRBRERETHY, an = 2n+ 220 BE T bp = (20 — 2-0)i FHITEHIZR S, ZDL &

inx inT

Zne + z_ne

THDIEIIAEBITHEND SN, =AREBURR

= ay cos(nz) + by, sin(nz)

flz) = % + g (an cos(nz) + by sin(nz))
2155,

TR H OIS & IO RE & Bl 4 1TIND 2 E BT E N K5I, BEUTHIETIICNG ZE B TE, LERSTHL &
MU BBEI L B, 1 26.1.3(2) HZ O REATH S,
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27.1 BEABXRZ ML

ETHRAR A ERFICN T 2D L 512 f(u) = au 27T X2 ML u 220V TOHEMIL,
FOTHEWRTZ MUZDWTOHGLIODBHEMTHAOI I LIFHATHS. ZDLSHR7 MLEEAE
RZRIVEESD.

EE 2711, FIEH f U - UIZBVT fu) = M 2T ANERBEIUCERT MLVTHRVu U
PIFET DL E, N % fIZBT5EHIE (eigenvalue) & W\, u ZEGMHE N (T2 f OBENRY ML
(eigenvector) &\ 5. 7z, n RIESTTH A I K BB EI T, : R — R" OEAGES L CEARZ b
NeZhTh ACBBEAHB LTEAENZ RV LIS

u € Uﬁ‘f D& A fE Ai BT BEANT ML v; WZfRIhb e %7 Thbbu= Z?:l a;v; &M
L E f(u) DIEIZRD XS ICHHIZFHAETE %

flu)=f (Z ai”i) =Y aif(vi) =) aidwi,
i—1 i—1 i—1
FAu)=f (i ai)\i'vi) = iai)\if(vi) = i ai\i*v;,
=1 =1 i—1

f3<u) = Zai)\i‘gw, ey M) = Zai)\invi.
i=1 i=1
A
Bl 27.1.2. (1) n XX ATTH] B = . BLIUP R ODFEHEXRT ML ey, - e, D2WNT
An
Be; = \ie; THD. PRIZ N\ T BOEAMETH Y, e; 1 B OEEME N IZBETAEEXRZ MLT

H5.

(2) UDEE uy, - ,up, (I22WT, & u,; BEPIEEM f € End(U) OEHE N, IZB$ B EA~2Z bILT
HBHLTDH. ZDLE, f(w) = \u; THEINS, HEEuy, -, u, T2 f ORIATHNI AT
A1
5 Thb.
An

Bl 27.1.3. HBHERBn IZDOWT [ = 0 &7z L LH%Z BE (nilpotent) THD WD, 7z,
A" = O 2731152 BB TH D L\ D . BELHROREAMHIL 0 DAIZRS.

Proof. 300 f DEAMELBREZILERTD. ¢ #0857 MLE—D2NE f(z) = 0D X,
HELEEBE mIZOVT fm(x) 00D frHl(z) =02%5. ZDLE, y:= fM(x) #0 & TN,
fly)=0=0-y. 2FYD y FEAEOIZEHTIEANT ML THS.

—H, x A0 ZEAENCHETS fOFAEXRZ LT 0= (z) =Nz THd. WEFx£0L
LTWERS N =0THH™, DxIZA=0. O

Bl 27.1.4. (1) #2044 THER7ZT T MEHE S RY = RY (S((@n)nen) = (Tn41)nen) I2BWVWT
P o SN R 2 EHBE 2 = (a\" ey & S DEAE N IZETEEAERZ MLTH 5.

(2 y=eMeBLLY =AM THD. ULizD>T, MOEHEZE D : C°() — C®(I) (D(y) :=y) IZ
BOWTEB A XD DOEAMENICETIEERY NLVTH B,

EAMEPEE L 2 WA # S 5 5.

TBIIZ A" £0 2 T28, ZOWEEE e =0 DEIZIELY X =02L R0 FFELTLES.
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~ _ °  —si ° -1

Bl 27.1.5. (1) Vi R2 1285 5 90° [l &350 4 — | 590 —smd0m 0 B
sin 90° cos 90° 1 0

W, FxcR2 (727720 x#0) 1k Az L FATTRVD R Az # Az TH 5. DXIAEKR EOKRE

72 & UTORMBER Ty : R?2 - R2IZEAE R PIVIFFEL R,

(2) FINRT FIVERPAR T —(EIZEB B2 HTLEE2EZ LS. (1) IZEITS AIZOWT, KC LD
MIEZER e U CORMIEEB Ty - C2 — CPIXEARZ MV EFED. FHBE o« = [
BT AEAENRT FIVTH B:

L
1 0|1

HE 27.1.6. A\ x EH17F ADEAEME T 5. ZEHNA V() 1T LT, U(N) 275 U(A) OEHHEIZZ
5zt

WEAR: W(t) = at? + bt + c DBEIZTDVWTRE D (U(t) B—HD n ZIHADLEE T L HERKIZL T
RED). KELD, BEAMHENCETE ADEERY Mo £ 0DBFEETE. ZDL X,

i 13 A DFEAEE i

U(A)v = (aA? + DA + cE)v = aA*v + bAv + cEv
= a\*v + D \v 4 cv = (a\? + DA + c)v = T(\)v.

WZIZ v X U(A) DEEMHE V(N ICET2EERI ML THS.

27.2 BEBRYI MIHISLRZEKEETINONAIL

BRI MVEBEBRZ MVOBEAEG TR T L P ORRGICHATE S Z L 2HifficR7Z. Zh ek
W, HATTFH BIZBWT BT %2RkDDZLIIRATH 5:

At At A2 At oA
An An A2 A An"
FiL, KD DD
(i) SIBEBRDEG R M Uh S 755 HE R KD 5,
(ii) GA6NFEFITH AU T PAP St ffi5l & 725 & 5 el #4751 P &2 47,
WZOWCHU B Z L IFRDERICL > THETH D Z D015,

(I) (i) ZHAWT (ii) 2@ <

EHFH AL T, K e, - ,e, T Ty : R - R* ORETHIZATHS. ZZ
T, Ta DEERT NS BEKp, - ,p, BTN HEKp, -, p, ETE T, DR
BifT5) B3 27.1.2(2) i L O W AfTFITH L. £/, e1,--- e, (KD py, -, p, DEBITHI
P=[p),  ,p,| THYH, TOLE%R232&L0 B=P AP TH 5.

(ID) (i) Z AW T (i) ZfE<

UDHEE uy, -, u, T3 fORBUTIIE AL T 5. HBAHTH P =[p, - ,p,) IT2VT
A1
P1AP = LB 61E (q, - ,q,] = [u1, -, u,|P TEDSNDH 775
An

WEiebb, g, = [u, -, unp;, TH5.

197



HIES0q,, -+ ,q, \CET 2 f ORBFTHNIE, 3 26.3.212 & 0 A175] PLAP IZE L. RBIT5]
DEZEDS f(q,) =Nigq; (i=1,---,n) THH, PRITHK q; \ZFEAME N, 1ZBT HEHEXT bLT
»H5.

B =P AP X175 Th 2 L &, B" DWRB IR TELZ L6, A RO XS IZFHETE 5!

A" = (PBP Y= pBpP~'.PBP"'.PBP"!.....PBP™! = PB"P~L. (27.2.1)

EE 27.2.1. EHTH AR LT, PTIAP SRAT5 & 70 8 & 5 w55 P MFAET 5 L &, Al
SALAIRETH D & W\, PLAP % A D¥Ffa1k (diagonalization) &\ 5.

TN DX AL FTRENEIC DWW TIEREI TR <SS 5. TP LBOEG T bL2nniiked
L%l & 5.

27.3 $FMHZIER

MIPEM U 2B 2HEERidy e End(U) 2 1 L FELDTHo7z. $EM f .U 5 UBLTNER
WZOWTC, 2z cU (7220 #0) BNZHETIEANRY MVERBEMIZRDEIIZEVRZEZ &M
TE5:

flx) = x <= I —f(x)=0 < AN(x)— f(x)=0
< (M —-f)(x) =0 < =z € Ker(A\ — f).
UZedio T, BEAEM N IZBET S f OEHANZ MVBEET ST 213, Ker(M — f) # {0} LFEMETH D,

ZOLENIHETIEERY MVEBIEKROBRTEAIL, Ker(M — f) 226 0 ZBRVZEEIZFELY. U EZ
Frovdl,

8 27.3.1. SR U B L f € End(U), A € RIZDWTRIEFAETH 5.
() NE fOREAHETHS.
(2) Ker(AI — f) ZEBITZRW, 372205 Ker(M — f) # {0}.
(3) M — f IZHE TRV,

ERICU=R"BEP f =Ty 1220T, M —Ty)(z) = (A\E— Az TH Y, Ker(\ — Ty) BHIT
BN X, ARBRA(NE — Az =0 DEHFATRWEZ S DI LIz s2n. Zhid, €8 6.221240
ADHHTHRNI L, $hbb AE— Al =0 LFAMETHS.

Frz, D n ROCREZEF U I2BWTH, U DRE uy, -+ ,u, T2 f ORBIfTHZ2 AL Th
W, N — f ORBUTINIANE —ATH D (1 RZBEAN V() = A —tIZDWTHR26.2.5 Z#EHEK). \[— f
DEHICTRNZ LI Thpa DEHF TRV LIZFAETH D (i 26.4.1), ZHIE [NE— A =0 L FfET
H5.

A EDELEDN SRHFKD NLD:

% 2732. neNBEITFNeER LT 5.
(1) n RIEFLTH AZDWT, RO D LD NFADEHEMETH S < |\E— A =0.

(2) n ROERILER U Ob 2 HEICHT 3 f € End(U) ORBUTAE A &30,

M fOEEETH S < |\E— A =0.

SO 25.4.1(2) I2& D qp,- - ,q, 1Z U DEETH 5.
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PRIz &Y, B RD B ¢ 1CBIT 5 HERA UE — Al = 0 2RTIEE VI LD h 5 7.

EFE 27.3.3. EATHIAIZHUTEZHR O (t) = [tE — A] 2 A D% RN (characteristic poly-
nomial) 2% WIZEBSER LITR. 7z, ARIGCHILER U 2B WT, £ O LOKEL f € End(U)
DEFZHA Op(t) 2, U DHDEEIZET S f ORBATHIOEALIHAE UTED L. ROMEIZ X
D, Op(t) IFEIEDEGHIKSTINRESLLIHATH 2. EELHADFERERT N0, =08
FUDs(t) = 0 ZHFMEARER (characteristic equation) 15 .

R, B AREROM, TRbbEEMED I & 25 R (characteristic root) 2 WIIFHRB LIS G ELH 5.

R 27.3.4. f:U - U ZEBE U, HK uy, - ,u, 12& D fORBUTHIZ A, FK o), ul, 1T
&5 fORETHE BTN DY = Pp.

Proof. & uy, -+ ,up \ZKBHEE u), - ul, OBHITHIZ P L THIER263.2 %50 B=P AP M
DD, ZDEE

®p(t) = |tF — B| = [tP"'EP — P"'AP| = |P"'(tE)P — P"'AP| = |P"}((tE)P — AP)|
= |P7Y(tE — A)P| = |P7Y| - |tE — A| - |P| = |tE — A| = ®4(1).

DN SROEFELErND:
% 27.3.5. HERIESTAIORMEZIHAIZEL V.

B 27.3.6. A= |" "|izowT
C
t— b
oat)=|" "“ = (t—a)(t —d) — (~b)(—c)
—c t—d
=t — (a+d)t + (ad — be) = t* — (tr A)t + det A.
ai
ag *
) 27.3.7. E=MA155] A = . ZOWT, fl11.1.2 &b
O
t—a1
t—as X
Dy(t) = ‘ =({t—a)(t—az) - (t—an).

O ) t—anp

TROL, ADWMKTIE ADEEHETH S

1HE 27.3.8. n RIEHFTHI AIZDWT, () IEn REERTH D Z & 2R XK.

FRED: tE — A = [by] DITHIR Bl = 3 cq, 580(0)b15(1)D20(2) * * - buo(n) PEHD DB, t D n K%
HAPEN S DI o = id (2T B sgn(id)by1bag - by = (t — a11)(t — ag2) -+ (t — app) DATH Y,
OEHIZET 2THIETRTn - 1 XU TOZHAL LS. DAIZINSDHIEn REHATHS. O

RE 27.3.9. HRIGGHIEZER U LOMIELES f: U — U IZDWT, ZDEALIHN @ /(1) DREUL
dimU IZF LW Z & &2 RE.

fRED: no=dimW &9 5. W OHEKE —DHD, TOHEKIZET S f ORBTHZ AL dThiE, A
En RIEFfTHITH D, LizhioT Rp(t) = Pa(t) 1F, #MiE 2738 X0 n RZHATH 5. O
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*

B

8 27.3.10. A% m RIEHTTH, B % n RIEATTHIE T 5. m +n RIEATTH X =
T Ox(t) =Da(t)Pp(t) Zamt.
8 27.3.11. IE 175 AIZDWT &y = §y 2R

IZ2Wn

27.4 BEBEZEME

ML EMOER R MV ETRTRD B FiEE2HERX LS. 213 HOEEHTM U2 L 512, MELH
FiU—=UBLTNERIZDWT, Ker(M — f) # {0} THB & E, Ker(Al — f) 15 0 RZ b ILER
7RG f OEAEMENCET AEAENRS PRI —HT S, £ T,

EFE 27.4.1. NeR%Z f € End(U) DEAHEL TS, ZDEE, U DHIZEM Ker(M — f) % f DEA
i N 1281 5 BB ZEM (eigenspace) L IO, KETIXINE W(N, f) TERT. £72, n RIEFHITH AL
DWTC, Ty R* —» R* OEAMHE N ZB T 2EAZEREZ W A) EL. T0bb, WA A) I$5# 1K
FRERX(AE — A)x = 0 OfRZER Wyp_ A TH 5.

-1 >
8 S]uowf,m®%mugzi.
t—8 10

0| |8 —10
t 5 7 -5 t+7

=(t—8)(t+T7)—(=5)-10=t>—t—-56+50=1>—t—6 = (t — 3)(t + 2).

BIRE 27.4.2. 175 A =

(1) A ORHESIER @4 (1) % R .
fiA A5

DA(t) = |tE — A =

(2) ADEEMEZTNTRD L.
fREH: HFER PA(t) =0 2N Tt=3,-2. %273212&D,3& 2V ADEAETH 5.
(3) A DFKEHMEIZET 2 EA 2 M % kD & (BEHZEMEZ ZDOREIC & 2IMENEFL TRY).

Rl A DREIRHE N = —2,3 1IZ2WTHEHN 1 RARKX (NE — Az =0 2 2N NMEFIEL V. »
EFOA(N\) =0IZHEREUTAE — ADffifLEITS &

B B AT 1 4T
g [ A-s 0 5A+7] o
5 AT A—8 10 A-8 10 0 QAENA=8) 4 g
T, mED (2,2)-557 1%
AETIA -8 1 1
(Jr)5()+10:5(()\+7)()\—8)+50):5<I>A()\):O.

L7zDioTA=-2,328F5 (\E—-A)z =0 DfRIZZTNZTNRD LD IZ75:

rER}, W(3,A):{r[i] TER}.

1 vy — i LI T B, T RIEATIE

W(-2,A) = { r

FOBIBEIZB T B KEAEMOIEIC XL 2o, =
7, MR U@ 28.1.1 IZTRT. v, ERZDEETH Y, ZOREIZET S Ty DEBTHI%

B UEHI27.1.2(2) (& b EARKIC I 26.1.4(1) kb B = | g] LB, E 7o, BMERE o), e

Kié%@mﬂumﬁiéﬁﬁﬁﬂﬁpzwhwp:E ﬂ?%é.@zt%%32;OB:P4AP
2155,
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8 —10

HIgE 27.4.3. A= - ] IZDWT, A" B3R K.

WM B — P-LAP & 3UE, R (27.2.1) £V A" — PB"P-1 ThB. P — 1 i L3N ETH

-1 2
-1

‘02 2] THD. 7, PO EHETIE Pl =

LAl ehd B=
(=2 o] [-1 2
0 3|1 -1

o |12
11
b

&8 27.44. A= | d] WZBWT Oy(t) =0 DIED A, Ay TH D L &, A DREIAEZERZ KD XK.

] Thbd. £-o7T,

=2 o203 -1 2] [—(-2)m 423" 2(—2)m—2.3n
B (G = A I S § B R S LR L C L U

C

fREH]: cA£0DEEEL c=0DEHEIIRITTERS.

(1) c#0DGE

NE_A_ | N —b]_>[ e N—d
—C /\i—d )\i—a —b
1 —(\—d)/c 1 (N —d)/c
_>[A,-—a —b]—>[0 —b+()\i—a)()\i—d)/c]'

Dy(t) = (t—a)(t —d) —bec &V, EOFEARERIZE T BRED (2,2)-H5 1%
()\Z—a)()\,—d) _ —bc—l—()\z-—a)()\i—d) _ @A()\Z) 0

C C C

—b+

D ZITEAME N (i = 1,2) (BT 2 EAERIE, WA, A) = < [(Ai _1d>/1 >

2) c=0DHE: ) =(t—a)t—d) £V M =a, da=dE LTIV bR0NE I HTHEIIEES
FET 5.

o b =05 AITNAITHTHY, a,d P ADFEAME D, a=dDEEIE Ty IZH{RY
MV % a3 254072 53, EAMHE o (2B 2EAEMIZRZEM W (e, A) =R2TH 5.
a#dDGEX, W, A) = (e;) (i=1,2) &2 5.

e bA0DL X, [HAHEa 29 5 [EAZEMIX

0 -b 0 1 01
— —
0 a—d 0 a—d 0 0

0 W(a,A)=(e1) THB. HiZa#dDHEHITOWT, EAMHE dIZES 5 [EA 220 I%

d—a —b]_}[l —b/(d—a)]
0 0 0 0

aF — A=

dE — A =

X0 W(d, A) = <[b/(d1_ “)] >

201



27.5 —MROREEHLRDOEEZEME

— DL GHROEEMHEE, R 27321 X VAR EZMS Z e TROoNS. fFOEHFRT bV
&, TOERIYTIIDEARZ MR PITHIGIT 5N 02 AL TE I .

R 27.5.1. U Z n RoufBZERIE U f 1 U — U Z8EEKE 5. HIZ, U DEE vy, - ,v,12& 3
f OFRBFTHIZ A L FTIURDIK D 31D,

(1) x e R*" DTy OEEENZETE Ty DEART MLVTHE I LY, y=[v, v,z € U W
FRENZETS fOBEAERZ MLVTHD I LIEFAETHS.

(2) A& fOEAEELSTE (LER>TARADEAGHETEDH D). FINT MLDM @y, - 2 € R™ 2
DWTC,y, = [v1, v (=1, k) ETNX, yy,- Ly, DWW\ f) DEETHEI L L
x1, L,y MWW A) OEETHS Z LIIFAMETHS.

(3) dim W (A, f) = dim W (A, A).

Proof. (1): v, €U % e; e RTINS EIMEFAMEZF:U R 35, ZOLEg=\—fDFK
BTHIE5R26.25 KD NE-ATHB. 7=, i 26.4.2(2) DFEHHIZ LiE Kerg = W(, f) & Ker(AE —
A =WNAWK FIZEoT1IX1IZHEd 5. 254 HTHRARZZ 212 XL, Fid (v, o]z Zx
RSB SMEAELRTH D, Lzd> T,z e W(NA) THEZ L L vy, ,v,]x € W(N f) T
HBILIFFAHETHS.

(2) BEU (3): ETHRAEIIE Flwon g : WA f) = W A) (v, vp]e = x) BHERETS
5T ENSH LD O

WE. EO (1) OFFHAHRIAE S L KU 2 5H81%, RO K S REMEEF 217> THERLTH K\

ﬁ)ﬁ% 27.5.1(1) @ﬁ”%ﬁﬁﬂ r = t[.%‘l,-" ,J,‘n] bl < Yy = [’01, cee ,’Un](l: = Z?:l T;U; ThdZ k., Bi()\%{ﬁﬁ—‘
FIDEBED [f(01), -, flon)] = [v1, -, vn]A ICEET S L,

yENZETS fOEENZ MLV THDE — f (szvl> =\y
i=1
— inf(vi):)‘[vla"' ,’Un]w <~ [f(vl)a"' 7f(’0n)]$: [U17"' ,'U’n]()\a:)
i=1
=  [vy, -, vn)Ax = (v, v, (M)
= Arx=)dx <= zFENIIETEADOEERZ MLV THS.
(1 22Ty, v, OFIEHNIMES L OHRHE 25.3.1 2 A7z

O
Bl 27.5.2. $IEER D : Rlz]s — Rlz]s & D(p(x)) := %p(m) CEDD. HIK 1, 2,22 23 12T S DD
01 00
- 0020 . .
HEANS, P 26.142) X0 A= || 0| THB. LEBST p(t) = tE - Al =t T Y,
00 0O
D OFEAMHEIZ0DATH L. £7-, A DFEAZERMIL, 7 1 XSGR (0F — A)z = 0 2T

reR

o O O
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Thd. ZHIRIET 5 Rlz]s DI ZEMD D OEAZER W(0,D) £75. W(0,A) D&

2R % Rz)s Dtida@ 27.5.1 &0

1, z, 22, = =714 0z 4 02% 4+ 023 = r1  (EEEE)

o O O 3

THB. DD, W(0,D) = (1).
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28 EBEZEERHEETIONAL

AIEIZBWT, A f .U - U OEIEES K CEERY MV ERD 2 HEE2 527, £72, U D%
N7 My ZEERT MVIZHIRET B L f(u) DFFREPNEZ LDzl ULPLARRS, 207D
WZIEEDRZ PVDEERT MV OIEAES TEIT 2085 1OMEIC R 5. Bakh S —ROmIE
BHIZOWTZID LD BN TE DD TIERL, REITIE, ZORMRPRETH 57O DBEA+75
L AN R

AT, FAEERD DI ARR O, (1) =0 2 < Z NI L > TH D, FifE R FR#
R WEE T, B ZIXITHI T H LB DHIPH 2 ERZEU AT 721E D DGR L WAL H 5. 72
72U, TOBIZERD % EBUZR - 7255 D0, H 5 WITEBERE TR TWD D0, D XA % Bk
IZUTIER SR,

ZTZTAREIMUBIZBEVWTIE, S5 KTR2COWTNREERT L L, MEER L I3MEK K Eofirse
MDZ e, TRbLbBEANT—HFBELUTK LDz E 5. £/, THEIEK DLz &R ITEED
FHloZ 33, bbAA, MEERD 2 VIXELTHIOFEEHEIZIK OXTHD, ZHALITK DI
EREBUCRIDZHADZ L ThHh L. 72, ZHRK O(z) RSB IND LIE, N,y e KEHWT
) =(x—-M)(x =) (2= Np) BB EEDD. LEDHZEDH LT, K=RDEFHLLT
A EFTCICRRTEZZ LI K=COEEIZBEWTHED D,

PBEONEIZBEWT, BRI I3EEZROWTNNICRET 25 DIZONWTIE, ZOHE, KA3Es 5
THHHHMEIZ L ETiHT 5.

28.1 BEAERY NILORFIRIIME

ROMEL, BAaZBEEHEICETIEERY MUBEDLISITHEINT WS 2HET 55 2 T
AR RBZEFETHD. TIZT, AHTIEIEICDEZ>TINEZIHFHL LS. TTREERZ PLOEHX
ZHl> TWNIXFGIEHEZ 52 5.

i 28.1.1. f: U — U 2P U, TOMHERBEGMEEZ Ny, N\ 2T 5. F/2dimW (N, f) =
ny A=A, ) T 2O E EEAMENCOWTEAEM W, f) ORE uy 1, urn, &
—HAZHERIE, TNSEEDZRT PVOM B = {uy; | A=A, Ay i =1, ,my FERBHNLT
H5.

Proof. BOMEEIETH B LIKEL, FEERTD. by,--- ,by€ B% (B) DEEL T 5. B HE I
WEDPZ, by, by DVWITNTHRWVbE BANS. ZZT, &b, (i=1,---,0) \ZFEEME~; 1ZBT
BEANY MVTHBEL (3 CFEELR DL ARENES HB), 72 b 2E A (BT 2EA~Z L
Y35, b=3" b L, ZOMLIC fEIEEIT L,

J(b) =c1f(by) + -+ cof(be)
b =c1y1br + - - + cvibe

’Y(Clb1 + 4 Czbe> =c1y1br + -+ coyeby

¢i(y —7i)bi = 0.
i=1
by, - by DFIEIHNIMEL D ci(y—v)=0(i=1,--- £) THY, &LITvy &y BELIZEHMBETHN
Ey—7 A0QX ;i =0%185. LEd>T, A b=3"_, cib CENBE8 e D55, 0 TRV
DiEy; =y DEE, T7bb b € W(y, f) DHBEITHS. Z0OEI7% b BEUbIE, upt, -, Uyyp, D
WEFNPDORT ML THS. @B 1T.25 £D uyg, - Uy, BBERBERD, ZHIE uy, - Uy,
ZW(y,f) DREEE UTHI- 722 EIZFET 5. O

% 28.1.2. A% nRIEAITHIE U, ZDHBRDEAMEE A, N &30UE, D1 dim W (A, Ta) < n.
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%% 28.1.3. £, f ORMLIHADPMHELRD Ay, N € KIZTDWT ®p(t) = (E—A1)" (t=Ao)"2 -+ (t—
M) EIRBARI NS & & BICEIEM 3211 XX dimW (Mg, f) < np DIERALT B, EH
32.1.1 (BN BRI W (i, f) & W (g, f) 2HHEMELTER, Lo T, dimW (g, f) <
dim W (\g, f) = ng 2135

HHEIZ X BEEIHICIE, MED RN T 2R TP VE — DO R NE ZADH S, £ T, mEH28.1.1 %
HHEEZHWTIZRLUTALD.
8 28.1.4. f OMERLEAEE N\, N\ 2 T5. v € WA, f) (k=1,2,---,7) DD v +vs +
ot v, =045, vy =ve=---=v, =0.
Proof. Y _1vp =00 f #IFETTIETY | _ Mo =0%12. ZORTHIZ f2IFEIE
3 Mo =0TH Y, ZOBRIERNERIED KT Z L TROER2E %213 5:

vit+ve+ -+ v, =0,
A1+ Avo + -+ Av, =0,
M1+ APva 4 -+ NP, =0,

)\1T_11J1 + )\QT_l'UQ + -4+ )\Tr—l,vr =0.

1 )\1 )\12 . )\17“71
T X A2 o N “

2%, P=| ' . LT |vg,--- v ]P=]0,---0]
I D VD VORI W

B IR DEAEELTWEDPR, 1<p<qg<rBSid N - N#0THD. LA >TT 7T
VEY FOFFHIR (L 11.22) &0 |[P|£0. 2F0 PIIAMETH Y, [vy,---, v ]P=[0,---,0] DL
EDPS PLENFBZETlv, - ,v,]=[0,---,0] 2135. O

FOFEHATIEEBAORARN (V7 TLEVROAR) LMz RESE TS, ZOAXEHWRW
AL e AHiDEETHA 5.

i 28.1.1 D BIZEAA

Z ( Z CA,ﬂh\,i)O

A=AL A \i=1, 0y

X D %‘ A= Al, cee 7/\7" IZ2DWT V) — 0 "C}) D s @Zﬂ: Zi:l,---,nA C)\iUN G = 0. UN 1, " 5 Urny O)%ﬁﬂ%ﬂ
MPEDRS ey, =0 2135, O

AR, X, ME28.1.412H MBS M 28.1.1 2AFHAT 2 LI, BEMAOML &2 @0 C—Kige LTH
LondEDTHS. FFLLIE315Hiz2 R &,

28.2 XtA{LABERHE

ROEBISETATIION AT OBE DRt 2 525 & 812, TOAMIZEWTH A E K
DB HEBRRLUTVS. GEHO— ((2)=(3)) & 272 HTHRRAZZ L L EHET 50, T2 TIEHEES
HRTHRRTEZS.

EIE 28.2.1. A % n RIEFf7H & T X RIKEME.
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(1) ADHEZZITRTOEAMHE A, -+ N\, e KETHUE, Y dim W (g, 4) = n.
(R ZORMITFR2812K0 > _dimW(\, A) >n LRETHS.)

(2) ADBEHRZ MV 5745 K OFEEIFHET 5.
(3) AIFALTE S, Tibb PLAP WHAITHI L 725 & 5 w475 P BWMFEIET 5.

Proof. (1)=(2): X=X, , A\ IZ2WVWTny =dimW(\A) &EL. W(NA) OEEEZ —DHD,
NOEEDTB={ur; | A=A, A, i=1,--- ,ny} TN, @E28.1.1 &0 BIEAIEMSITH
L. 2, HELD BOTOMEEBIZn IZHE LW X BIZK DEEL RS,

(2)=(3): #INZ VO py, - ,p, & ADEBRZ MLir57225 K OEJEE U, p; IXEHHE ~; 12
BT 2EARZ MV ET D (DFD Ap, = vip;). P:=[py, -+ ,p,) LEDNUX, EH17.3.6 XD P iEw]
WTHD. ZOLEPIAP P AfTHl L7825 Z 1% 27.21H (I) TRARZE TH S0, ThEitHic
Lo THERLTALS. Pe; =p, BEXU, ZOMIIZEDNS P71 2RI THEONDS e = P lp, IR
ERgIES

“PYAP D i §|H” = P~'APe; = P! Ap, = P 'yip, = viP'p, = viei.

W Z Iz
g4l
P_IAP = [/71617 to 77714671] =

Yn
(3)=(2): V¥,
4!
PlAP = =B (L7z®»H>TA=PBPY)
Yn
ThHBEREL, P=[p, - ,p,) £BL. 5, RTMVOMl q,--- ,q, €K' ZRTEDS:

[qla"'vqn] = [617"'ael]P:EP:P:[pla"'7pn]'

ZDEE q,-,q, TK DREIETHY, 7z q; VEGME v OEERZ ML s Z ek, 27.2
(II) THRAR/ZEO TH D, HEVIE, q; BEERZ MV TH B I LIFRD LD BEHEDP S EMRTES
(Pe; = q; \IEET 5):

Aq; = PBP 'q, = PBP~!(Pe;) = PBe;
71
=P e; = P(vie;) = viPe; = viq;.
Tn

(2)=(1): ADMHRZZFTRTOEAMEE Ay, A 2L, qp,,q, €K' & ADEARZ MLHS
RBHEL TS,

3 dim W (A, A) > <“qi € Wy, A) Bl @Mﬁz”) > n.

k=1 k=1
LEOREFR2812%GHDETY | _dmW(\, A) =n &2/55. O
LOEHIZ, K OFANZ MV ADFEAEMOTIC L > THRTED I L L ADVNAITTRETH
52 ENBEFTRTHE L 2BRNTWE. —fROTFINZDWTIE, ERDRZ MVHEHF T bz

fRcE b TiERV. Thafd ke UT, BEaEZEMZD UL 72 —BEA2EE O & > TEED
R MEDHETHHEGERH . FEUIE3IBLT2HIZTWML 5.
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% 28.2.2. n RIESHITH AN n HOMELDEHME N, -, 2ROH S, ABHALTRTH 5.

Proof. HEGME N, DEA R MUIEARLSEE—DIFFHET S, LzdoTdimW (A, Ta) >1THY,

Sho  dim W (A, Ta) > n. WAITHIER L O Aldd Ak TE 5. O
% 28.2.3. A= |" Z IZBEWT Oy(t) =0 DIV A, M THDELED. A\ # X DEH: R 28.2.2
C

E0 AZHAATRETH S, —F, A = X DHEEIL, ADBKANMIETH 57-0121E dim W (A, A) = 2,
DED WA, A) =R2 TRFNER SN, ZTDdITiX, ADEA AT TRINERS RN &
WHE 2744 D505,

T, MO D FIEIZOWTEEHTHE I S.

&2 (HEOILES) N
n KIEF 0 A DR LTTREME DR, B X O A DHALIERDO T & > TS5 h5:
(1) BHESIR B A(t) = [t — A| %Reb, Btk TR ® 4 (1) = 0 %< .

(2) ®A(t) =0 DHEZRDME N, - M\ (ITDWT, ZEHZER W (A, A) = Ker(M\ I — Ta) DRIC%
RKDB. WA, A) 1ZH# 1 RARRN (A E — A)x = 0 DFRZERIO Z L Th b, Z OIEEIIHIE
18.3.3(2) L FkKIZLTRDSND.

(3) EHL28.2.112& 0, S, dimW (A, A) = n e oiX AT AILATRETH D, 25 TRITNIE A
A ALTTRET AR,

(4) ADKALARETH D L F, (2) TROZZZFEEZEM W (Mg, A) DI Z WAL, ZHiEn fHD
R MVOHLp,, -, p, THY, EH282.112BT 5 (2)=(3) DAHIZ EHUEP = [py, -+, p,]
IZDOWT B=P AP 30 AfTH & 75 5.

L (5) ZD& EXNMITH] B D (i,1)-F &, p; (R IET 2 EAMEIZEL . )

U EDFNENS, A ZXA{ET 570D 455 P DY Hi2i&, BEANRT MLV 573 HEEDED
FHIADEBHED DL Z D3R5,

EIZAT, HERX DA(t) =0 2812, n KABRRXDMDAREH VDD, Du(t) % LF < KB
Ui s in., —#I2, A RAFD n RABRRIZOWTIIBE S L WHIEE DO AIZ X SO AR H
D, 5REAEIZDOWTIEZD LS BRARNIFEFEELBVWZ DS NT WS, 3RE L4 RXRGERNDHED
ANADEHE X, 5 KA LD HFERDMEE NHITRD B 02 &\ S RBISKRE A EZ O 2 2 572, KE
T EDOHEIZELNTDIZED, 2N EF®/LUBEZNWI 2127 5.

BIRE 28.2.4. RDITHIDH FALFTRED & 5 W& X, MALATREZR S 13 b K.
5 6 0

(1) A={ -1 0 0
12 2

FIEAME KD, ZEAMHEIZET B EAZEMORITCERDS.
t—5 —6 0

DA(t) = [tE — A = 1 ¢t 0=
-1 =2 t—-2

- ((t—5)t— (—6) - 1>(t—2) = (22— 5t+6)(t—2) = (t— 2)%(t — 3).

t—5 —6

L |62 (ERI251 RN

B AR 4N =02V T, A=320 ADEAETH 5.
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o \=3DEHFEM W3, A): HERXGBE - A)x =0 2f# 72DIZ 3E — A Z2f§ifkd 5 &

-2 —6 0 1 30 130 10 -3
3E—A=| 1 30|—|-2 60]|—|000]—]|01 1
-1 -2 1 -1 -2 1 01 1 00
3
DA (BE — A)x = 0 OfRZERIE, W (3,A) = < ~1 > THH, dimW(3,4) = 1.
1
o A= 2 OEAZM W(2,A):
-3 —6 0 00 0 120
2E—A=| 1 20|—|120|—]000
-1 -2 0 00 0 00 0
—2] o
DAz (2E — A)x = 0 DFRZERIE, W(2,A):< 11,10 >’6360,dimW(2,A):2.
ol |1

MUEED, dimW(3,A) +dmW (2,4) =3 Td 5. L7zh>T AINMLATRETH D, &EHZ
D ELE % Wi R 72 1E 54751 %

3 -2 0 300
P=|-1 10 i P tAP=10 2 0
1 00 2

FE. INETOHEMICE D, P 2RO TE PLAP OB ERAF 5. BHPDEFHHEIZ I AN 20
LG A K, Ak B = PTTAP OWGIIZAEN S P 203728 PB = AP DD LD E S & il
ATL2L IV (ZOMEAE, PLE2RDTLEFTIIENTED).

1 3 2
(2) A=|0 -1 0
1 20
t—1 -3 -2 -3 t—1 -2
PA(t)=tE — A = 0 t+1 0 |=(-1)|t+1 0 0 (1F& 2FDANEER)
-1 -2 -2 —1
t+1 0 0
t—1 -2
=(-1)?| -1 t—1 =2 |=(+1) L
-2 -1 t

—(t+ 1)((t— 1)t — (_2)(_1)) S (D)2 —t—2) = (t+1)2(t - 2).

o \ =2 DEHZER W (2, A):

1 -3 -2 1 -3 -2 1 -3 -2 1 0 -2
2FE—-A = o 3 0|—1]0 3 O0|—10 1 0| —1]01 0
-1 -2 2 0 -5 O 0 1 0 00 O

2
WA (2E — A)x = 0 DfFZERIE, W(2,A) = < 0 > THH,dimW(2,4) =1.
1
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o \=—1DEHZER W(-1,A):

-2 -3 -2 1 21 1 2 1 1 01
—-FE—-A= o o Of|—|232|—]0-10—1]0120
-1 -2 -1 0 00 0 00 0 00

~1
WZHRRA (—E—A)x = 0 DfFZEflk, W(-1,A) = < 0 > THYH,dimW(-1,4) =
1

MUEXY, dimW(2,A) +dimW(-1,A) #3TH5. L7z >T AEA{LATEE TR,

BRE. 3/km75ﬁﬁJA®%r$%Iﬁm=¢>A():( N(E—7)? (272U A £ ) ThBEE, %2813 105
WCFELEC L ARDS S, 1 < dim W(A A)gl?aJ:Ul<d1mW(7,A)§2“C%Z> LB, D
£0, dm V0, A) =1 L5852 LEAEETEE B, A DRI E S 21, dim W (v, A) DD
AZEoTHRES. LA 5T, BT dimW(y, A) D 9_\’7573“9%6 Y i?#ﬁ'ﬁf)‘&:b‘

H 27T 15 IZHNITHNZDOVWTHD TEZTALD

& 28.2.5. A= [ ? _(1) BRHALFREN E S B X K.

fREW: dat) =2+ 1 KO AR PA(t) = 0 EFEBMEE 72720, LdoT, ADEANY K
WIE R?2 BICIIFERET, ERERD L2175 P Z2HWT PLAP 20175352 I3 TER
W, IR ERERDLGEIL PAt) = 0Dt = £i DY A DBEEETH D, T OEHZEH

FENEN Wi, A) = <H> W(—i,A) = < 1]> ThH5H8. YWRIZP = ! _;] c3nid
piap=|" °
0 —:

28.3 —MROBELEHBRDIZE

INETONEZ —IROMIPEMOKRBETINET 2 ERICESHRILLRDESI2h5. ZOEH
DFFHD—H 272 HTIM U7 Z L L EHET DY, 22 THHTHERTHL.

EIE 28.3.1. n KoukEZEM U LOFILESR .U - U IZDWTRIEFEMETH 5.
(i) fOMBERBEAMHEE N, N ETUE Y, dim W (g, f) = n.
(i) fDEAERT P55 U DEEITFHET .

(iii) f DEEOERBUTINIALATRETH 5.

(iv) f I f AL AT RE 72 K BUT 41 % 550
(v) fIERATH & 722 X 5 RERFTH & .

Proof. ()& (il): U DEIE uy, -+ ,u, (BT 2 f ORBUTHIZ A L 3UE, DKM (D), (i) 2E20T
NEH 28.2.1 2B B5M (1), (2) LFEMEIZARS. EBE, ()e(1) BLY (i)e(2) FmE 2751128 5.
ZE (1), (2) DFEMEYEL D, Zff (1), (i) BEMETH 5.

(1)=(iii): U DEEIE w,- -+ ,up, Z—2HWH, TOHEIZET D f ORBITIE A 95, WEERME (D)
ERELTWADR, @i 27.5.1(3) £ AIZEM 2821 1B 554 (1) 272U, Lz > THRALL
TE5.

LS OFFRIRSE 27.4.4(1) HOBELIZHD 5.
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(iii)=(i): U DEE uy, - ,u, — 20D, TOREIZET S f ORBUTHE AL T2, KELD (i
ERALFRETH D, UL7zhi> T AXEH 28.2.1 1B 5544 (1) 20729, e 27.5.1(3) &b, Z
A (1) 2729 2 2SR 57,

(iii)=(iv): BH 5 2.

(iv)=(v): 27.23H (II) Tk AR7z@ D .

(v)=(iil): U DEJE uf, - ,u), (TS f ORBUTHIDZINAITH B THD LT 5. U DEEDOEE
wy, o un (TS f ORBUTH AP TED I L 2RED. BEuy, - u, (KD ), u),
DEHITHZ P 3T, £263.2&0 B=P AP TH v, Lzh->T AWML EETHS. O

i)
g

% 28.221ZX T B ERIIRDED TH 5

% 28.3.2. n SN U LOKIBEM f: U — U2 20T, KA @4 (¢) = 0 0¥ n DM HE 7%
BIENL, - Ay BB DO, fOEAERT V575 U DEENFLET .

Proof. 5P U U ODEEE —~DEZXTEE, TORKIZLD f ORBITSIE ALTEH ZOLE
Pu(t) =Pp(t) BLUR2822 K0 ABHAAIRETH D, Lo TEM 2831 &0 fOEAEXT b
V5752 % RS 5. O

8 28.3.3. #i27.5.2 TEDZMILEM D : Rlz]s — R[z]s (D(p(z)) := %p(m)) &, AT E S
LD BRRBUTH 2R ONE I PEZ &

fE: D OEAMEIZ0DATH Y, ZOREAZEMIZ 1 RKLTHS. dimW(0,D) # dimR[z]; = 4 &
D, XN HFTHI L 7B Kk 578 D ORBUTFNIGFEL . O

Bl 26.1.4(2) DFE TR &L 512, LD D (ORBUTH) I3HEETH 5. FiE, —Miwe U TRIK
URVASE

i 28.3.4 (FBRE). XNAMLATRRFEZETINIZ O IR 5.

Proof. n KAEFEFTH AL TEE251E, ADEHEXRT Mupy, - ,p, 3575 R DEENH 5.
#2713 &0 ADBEEHEIZODATHEPZ, ADNANIZPIAP=0Ths. ZOMWLIZENS P
Z, Ao Pt ENITA=0. O

284 T—Y—- NI IUVOEHE

=) — NIV MVOEHLIZ, ROAARDZ L 2T
T 28.4.1 (F—V— NIV

(i) n KIESFTH AIZDWT, da(A) = O.

(i) ARRuRRIE 2R EORIELER f: U — U IZ2WT, &4(f) = 0y.

M 21.5.3 THo 72 & D1, F7H DY A XAUNZ T IERT FR U 72475026 U CE 2l D TR
LT TRRDEND RO SND. UL, TDXIBRHEFIARDIEL S DARSNZEITHD,
F MO E AEGEICE S AR BEA S Z 1. _@iitﬁﬁ%ﬁ%®—9®%iﬁfi%é
HEDOD, TENEEHOWNZ2HOSPUORURTE DITBL - Z i3\, £ ZTARIETIE, M
NELR %wtaéﬁxA#ﬁ%k?%abilﬁ«?b»«@ﬁ%%%bfﬁﬁ@%%ofﬁ@#%#
NHEZ e zHlL LS.

FU Iz, EEOD (i) & (i) BMFERUCERTH Y, LD > THADAZREIE TN TH S Z L 2
ALTHKL.

ML 2841128175 (1) & (i) OFREYE  ()=(i): U DHZEEKICET S f ORBUTHZ A & THIE,
Dr(A) = Py(A) = 0. 262512 K DILLEH O, (f) DRBUUTINE Op(A) =0 THY, LizdioT
Or(f) FERDRZ bV % Oy IZESTEMEGHETHS.
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(ii)=(@1): fTH ANPSEE S HRBMEEGMH Ty : R® — R U T (i) 2HEHATIE OA(T4) =
Or,(Ta) = Ogn. DEV, MEH O A(Ta) ZTRTORYZ MLEFERZ MU DT EBGHRTH 5.
PEHESLIRIZBET B @A (Ta) ORBUTINE P4(A) TH Y (U =R", f =Ty \ZDWTHR26.2.5 2 &),
T Tp,(a) = Pa(Ta) ZEEKT 5 (55 26.2.2(2)). 1751 ©4(A) D j 51 Da(A)e; = T, (a)(ej) =
@A(TA)(ej) = Opn. KDZ)_C:, <I)A( ) IETHTH B. ]
frE 28.4.2. n KIESG1T5 A DB ATRETH D L &, Da(A) = O.

Proof. A DXL FRENED S, K® D& ICIE A DEAERZ PILVOFHEREGTEES. Lizdio> T, FEA
RZ P oIiZ2WT (Ao =0 %2R0 THS (ME 18.1.4). v ZEAEMN IZBTBEHENT ML
U, @a(t) =S art® (272U a,=1) 25 5. Av= NoBLU dy(N\) =0 ICEETE

A = (Z akAk) v = Z(akAkv) = z": ak)\k <Z ak)\k> v=>4(N)v=0.
k=0

k=0
O

WEDFEHIZEHTIEH 25 DD, EHE R MUDRERINEEFVPVE—DRITIHRVEED WV
LZEEAS. FIT, BHROBROEED S LEOMEDK L EZ D 5D UL K FARTHAZ . HilZ2 134
THIR1AIFERDESIZRBZ N TES:

WA 28.1.4 (FH18). f OMHBRDEAMEE N, N\ 2T 5. up € W, f) (k= 1,---,7r) 2D
u+-Fu,=04851F, u=---=u, =0.

PTOOf. (f — )\kI)(uk) = f(uk) - )\uk = )\kuk — )\kuk =0 G:Ei%:\j—é L‘ib’%, U+ F U= 0D
WHARE L (f — \ed) (K =2, ,7) ZIRIFEZ T L Tug, -, u, DHPHZ T ug DEHDOAD
BadZEERED. r —1RZBERN U ()=t —A2) -t - ) &, k=2, 71 IZOVTHDOLIHA
Or(t) ZFHVT U1 (t) = Op(t)(t — \p) EDIRTEB. ZDL X,

() () = (O = WD) ) (ur) = Ox(f) o (f = Ml ()
= 00 ((f = MD(wr) ) = Ox(1)(0) = 0
Thb. DAZup +-+u, =0 OFEHLITKIE AR U (f) 21T 2K

Ui (f) (w1 +- ) =0

S W () (ur) =
k=1

D) + 370 () () =
k=2

U1 (f)(u1) = 0.

e, k=2, riZ20T (f = M) (u1) = Muy — Mg = (A — M\p)uy TH D, TNEMEREED K
& T

0=(f) (f =dol) o (f = AD) ) (wr)
f=XeD)o--o(f =X _1I)o(f —AI) (ur)

o (F = AaD) (= AJur )
f=al)o -O(f—Ar_zf)((Al M) = AJun )
== (A=) (A — A)uy.

\
>/
]
3

= (
=(f-
= (
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&N BHRRBETHDZ (M —Aa) (M —N) A0THY, LIzA5Tu =0 Th5.
RIZ g+ A u, = 0D (f — M) (k=1,3,4,---,7) ZIRIFE 2L, FAEOHEIZLD
Uy =0%21G5. TS EHLMDOFERZE Uz, -, U, IZO2VWTHDITWV, uy=---=u, =0%2155. O

FOEHOBIX, BERIEEE (f — ) DDEWICHHIZR 2 22 12h 5. KB, MIEE&R U (f) =
(f=XaD) - (f = M\I) (BT BEHRDNES 2 ANEZ T, Ui(f) 2RA I O (f)(f — M) (I2FREZZ
EDRFNT WS, WE EFAMKIZ LR A#EEZ WS Z 8T, ROMEI RO ND.

@& 28.4.3. n RIESFTH AL RETH D L &, ADHERLZTRTOEAMEZ N\,--- N\ 2T
I, ZHR o(t) = (t— A1) - (t = M) IZDWT ¢(A) = O.

Proof. (RFE LD K" DETCIX A DEBERT MVOMIEAEETRESL Z 96, ZEEEXXZ Ml v €
WAk, A) IZDWVWT p(A)v =0 ZR"EIX T2 TH D (HH 18.1.4). o(t) 1F, r — 1 RZEHKX O(t) AT
Pt =O)(t—Np) EEIFBZL, BET(A— ME)v=Av— Mo =055

B(A)v = O(A)(A — \E)v = O(A)0 = 0.
BAEX D ¢(A) = 0. O
AEI O BB IR E U TR [RNBGEH (BRE 28.5.3) 725, finiH 28.4.2 DHIGEMH A E 1N 5

e 28.4.2 DRIGERH. A DHERZTNTOREEME A, A\ U, o(t) = (E— A1) (t = \)
ETNE, MO KBEEZEHA T 2EH 0T Ou(t) = U(H)p(t) &FEIT D (R 28.5.4). DRIT Py(A) =
T(A)p(A) = ¥(A)O = O. O

FIZBER7ZR G2 RBIE BT HROEHTINIBITET7 =Y — - NIV MO ZRTITIE, —
EEAZEE DRI DOV TEIBENH S (32.2HEAK). T I TIEFMHAREZINEETIZTE 2 EHD
AHE 52 THEZS.

e FOAL (TF—1— - NI b rOEHDMEE > 72 BifiF)

—RlITBEROAEFIZE>TT =) — NIV VOEEIPRINZNEZIEH, ZHIXIEL
7R

~

Da(t) = [tE — Al 12t = A RRALT, d4(A) = |AE — A| = |0] = 0.

ZHZH EORBRIZBIT 2L PA(A) En KIEFTHITH Y, HHD 0 IZEHTHE2 5, ZTNTIE
TR E VWS RIS E2ERNTHATLE S22 81245, VORI, K Dite M, (K)
DEERFALZZEIZHD. DN, ZHR o) IKIEATH X #RALZHEDDN Oy(X) THD
CHAALTLE S EEoTH IV, O (X) DIEMERERIT, B 21.5.1 THERANZX 51T, Da(t) 12
BIIAEBORE " 2 X" IZEESHZ, €HHo % o ITESHMA A TRINETHDI L THo7-.

N

Foas B sEWEREL, 72, 77— — - NI b OEHORIZFHD - DUEfi L LT,
End(U) Oz ln & 2175%F 2 &5, End(U) ORUIZIEHIEERERINTWZD R, K 250 L
T 25056 L RKIZ LT End(U) 0 D750, 8, 78RR EVPERTE 5. HIRIE, X = [g;]
% End(U) 54> D n RIEFFTH & 00X, £ D75

det X := Z sg1(0)(910(1) © 920(2) © *** © Jno(n))
oeG,
X End(U) OJt, bbb o PO EMTSH 5.
T, KA DI DWTHEH L2 Z 2 2 W T LT L5 Z & T, End(U) B/ 07514 5% <
DMEPFOND. ZITHEETREZ L, TAROMEER EDFFHIZ B W TEES E S LORD ]
M (ab = ba) Z AW DRNL DD H 0, Al HMEDEL D LD L IZR S 2\ End(U) i3 DIFFNIIHEWT
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W, NS ZBEHTERWEHTHS. LML, HWIZHHAR DA R KD & T RN T500AEEZ S
DTHNIE, ZORD TIEAWV. FIZRIE, % g;; € End(U) BEWIZAHRTH 5 & &, IEH175] X = [g4j]
IZOWT, ZORK T %2 X L3, 13 2HTHLZZ L LAMBIZLT

det X
XX =
det X
N ARVASN

FEPRE 28.4.1 DFFEAH. (i) 2R3, U DEE uy, - ,u, I2XD fORBTII%E A = [a5] T NI,
[flwr), -, flup)] = [ur, - up]ATHB. THDDH,

f(u1) = anur + agius + -+ - + an1uy,

f(u2) = ajpus + ageua + - - - + anauy,

f(un) = a1pU1 + a2pU2 + - - + Appy
TH5. LOENRNEBIEL, 2/-EEER T Z2HATHOIUERD XS 1I2EIT 5

(f —anl)(u1) + (a2 l)(u2) + - + (—amI)(un) = Oy
(—a12D)(u1) + (f — ag2)(u2) + -+ - + (—an2l)(un) = Ou

(—a1nd)(ur) + (—agnd)(u2) + -+ (f — annd)(uy,) = Op.

ZZT,End(U) Ditg &, UDitu DFE%E gu = g(u) LED, End(U) Dtz KD & T 2175, R
MLV ERSS & T 25 OO EZBEATNIE, EOESIRITRD & S ITRE 5!

f—anl —anl - —ap11 uq Oy
—ai2l f—agpl --- —anal uy || Oy
—aind —agpl - f — appl Un Oy

FEORBIZENEHE X L THUE, X OFBEAEEWICARTH S (i 21.5.6). 7z, End(U) B4
DIFFNY, Z, BEOU BHDFINRS ML DREORIZ DOWTHEERY (Za) = (YZ)z BHRD D2 L h
K A5 0854 L FBEIZ LTREN, LE>T EOmEIZAED» S X ORNTHH X 2hF 52T

det X uy Oy
N e (28.4.1)
det X Uy, Oy

2#13%. — 1, ROFHEIZED det X = @4(f) TH 5:

det X = “GIHR Ouy(t) = [tE — A DEBRIZBIT B (" & fr ICE SR 7254
= Quy(f) = a(f) = @y(f).

U7z2io TR (284.1)1F, & j =1, ,niZDOWT Op(f)(u;) =0y THDIL2EKTS. Thbb,
IR @ (f) 1T T RTDILE Oy ICETERTH . O
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28.5 ZIHAEABRADMEICEAT HEXNME (F8%)

K #EDLIER, BL O n RARROMIZET 20 OBz O WTiFICMHL T <. £
NIZETENEDOZ L 2BHOGE LKA LT, T TRERFEMERZIEIZLELD:

EFE 28.5.1. KEBBZHER O, LI2O00WT, PR EICE->TEW YN L E, Thbb, H5H 0D KEZEK
ZHAV ZHNT, () =£(2)V(x) &FEIT DL E, %2 & DRATF (factor) & L. /2, ¢l ¢ 2EF
ICED2EWVS.

8 28.5.2. ZHA O(z) K1 RK (x — \) ZINFIZFDRSIE, (2 — ) ZRFITFRZ0WEHA U(x)
ZHAVT &(x) = (z — )" (z) &FIT 5.

Proof. ® D& n LT NIE, IREL D n— 1 RZHEAN U ZHWT O(x) = (z— NV (z) &FITS. Z
ITU(2) DY (2= N) ERFICHR LT NEEREZES. £ TRVWEEIE, n—2REEX U, 2 HWT
Uy(z) = (2 — NWs(z) &EIFD. 22T Uy (z) B (z — \) ZRFITREZRITNE O(2) = (2 — V)2 Ty(x)
EUTEREZRS. 25 THRVWEGE N -2 REHA Vs ZHWT Uy(z) = (2 — \)Us(x) & HITFS. Z
DFNEEMEKIE D KLU THSNDLIHN Uy, Uy, U3, - - XKD —DF D> TWL . k8| H D@ (72
ZUE<n)IZBWT (z— \) ZRFIZRZ20 U, BB, O(2) = (2 — N (2) 2720 EiRE2E
5. H50EnFIHETHOET ZENTE ARG U, IR0 DERC L7250, d(z) = Cz — \)"
2195. O

EIE 28.5.3 (WHEH). KRMLZER O(2) 1I220WT, A e K2 &(z) = 0D UL, &(z) 1 (z—N)
%K IZRED.

Proof. ®(z) % x — X\ CH|>72f% U(x), RV %Z R(z) £$5. WEz - AP 1R THBI 05, i
Fn—1RK ROIFZORK, TH0bLERre KTHD. 2F0,0(x) = (- NV(z)+r &FIFS. Z
DHHLIZ 2 =AZRALr=0%2/55%. LEXD O(z) = (z — \)U(z). O

% 28.5.4. O(z) 2L HAL T B, HERDIB N, N BDENTNHER O(2) = 0 DL S IX, 5
n—rREHEA U (x) ZHVT ®(x) = (z—\) - (x — \)¥(z) &FT 5.

Proof. ®(\1) = 0 XX U CTIREER ZHH 3 UL, n— 1 REHEA Uy () ZHVT, ®(2) = (2 —\1) V()
EETD. ZOWHIZ N ZRATDHE (A=) P11 (A2) =0THY, RKEELD XNa—A1 0D A Ty(\2) =0.
CNIZHRBEE 2 BT IE, n — 2 REHRK Uo(z) ZHWT Uy (x) = (x — \o)Wa(z) &FHITS. L7
NoT, d(x) = (x—A\)(x—X)Ws(z) THD. TNEIEXMEVIREL, &(z) = (x— A1) (2 — \) V()
2155, O

ROEHIFFFERGRICBVWTEHAL R EHMTHD. ZOEMERTITIE R OMHIZEET 2506, »
B W) TR A R BB BUZ D W T DR BB L 72 5 1= D AE TIHGEH 2 HIE T 5.

EHE 28.5.5 ((REFZDOEAEH). LED CHREn REEHKX O(x) IZDWT (272U n € N), FRERX
O(x) = 0 1 FTERBOME BT FED.

REFDHEATHZRD L &, (ERDOLHAVHREAMTEZ DI L0 5:
F 28.5.6. LD CHEEn KEHERX O(2) &, B(z) = (z — M)(@ — Aa) - (x — \n) LHBARTE 5.

Proof. n REZERX O (x) IRBAZOHEAEIIZL VN, € CE2FD. DAITKHBIER D S n— 1 RLIHAX
Uy(z) ZAHVT ®(x) = (z — M) Vq(x) &FIT D, £72,n - 1 RAFRA T () =0 13fE N\ € C2FEDWD
Zn—2REHAVy(z) ZHWT Uy (x) = (x— X2)Us(z) EFITIDZ, () = (x — M) (z — \2)Us(x)
Thb. INRIEXIEDIRL, S O(x) = (x — )@ — X)) - (x — \,) 2155, O

BEBRE B LT 575020V T, 228222 RDELDIZEVHZTH I\,
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% 28.5.7. n RIESTH AITB T 2RMEABRER O4(L) = 0D CIZBWTEBEZFF WS, AIFHE
RBOHPFHTHALIRETH 5.

Proof. %285.6 &0 ®4(t) = (t— A1)+ (t— M) EIHBDETES. EL D, Ay, -+, A (FHHERZ
BEEBDPZ R 2822 &0 AL TES. O

FHURED n REERIT BT DERME ZDOHBZIZOVWTEBRRNTE IS, HER z=a+bi (7272
La,beR)IZHLT, z:=a—bi & z DIEBREZEBE VD, 2+ 2B XV 2z 1FHICERTHS. £7=,
tw=z+wBL0 7 w=2-w, 2" =" BKDLD. EriZOoOVWTr=rThs.

EE 28.5.8. RARED n RABRAK @(z) = 0PEEM 2z ¢ C2Fo%0lF, TOMKRLEELZ B
() =0DfFTH 5.

Proof. ®(z) = 2" +ap 12" 1+ taxz+ag £BL. P(2) =0 HEL, PEZ)=0%2EZS
) =7"+apn 172" 14+ FaZtay=2"+a, 12" 4@z +ag

=2"+ap_12" M+ F+az+a=2"+ap—12" L+t a1z +ag

RO 32 iz W, FEMOGFHTHWS
8 28.5.9 (FE). HERD N\, N e KBIY, KB INZLHR 0(z) = (2 — M) (2 —
A)"2 e (x = N\)" DBEZONTWE LTS, & PROFME2TT KEHZHA n 25 0T
O(x) =E(x)n(z) LRINZROIE E(x) = (z — )" THD.
(i) &i=2,3,--- ,7IZ2VT, &(z) 1F (t —N\) ZRTITHR 7272000,
(i) n(z) & (t = A1) ZRFITR 72720,
(iii) &(z) DEGERDBEIZ 1L TH 5.
Proof. 0 =®(\1) =&A1)n(\) TH O, RBUEH & & (1) KD (M) £0THDEH5 (M) =0. 57
ZORBERIZED L(2) 1 (t— ) ZR TR D, DRAITHBE 28521280 (t—\) 2R IR0
ZHA ((2) ZHOWT EL(z) = (2 —\)"C(z) & FEITD. ZUhbm=n BEIT((z)=1%RZD.
WX, ZHHA O(x) IZROZEDIZRETWS

(2= A)™ (2 — M) - (= A)™ = (2 — \)™C(2)n(x). (28.5.1)
CITCRIZM <n EUTFHFEZEZ S, EROEIZE (2 — \)™ TEAIE
(z = A)" (@ = A)" - (2 = A)" = ((@)n(x).
ZOEBIZr =M ZRATHIX0IZRD. —FHT, ((z) &nlx)ld(z—\) ZRFITFZRNZ 205

EROAHTIZ N ZRAUEIZOITIFR ST, ZHIFAGETH S, RITm >n Z2EL, A (28.5.1)
DA% (x — \)™ TEAUR

(z — Az)’” s (:c —A)" = (@ = M) ()n(z).
EROWIIZ 2 = N\ ZRATIUE, 1010 TERLSALIZ0LRD, RIEVINEREHTHS. B
ZIZm=mn, T Tﬂifa\bﬁb\.

RIZ, C DR LB ERSIEFEIELB I E2RED. £(z) = (x— )" ((2) THY, ( DEDS
BLOG) &0 A, A TN AR ((2) = 0 DETIE AW, ¢ OREAD 1M B SiE, REFD
BEARTHIZ LD AR ((2) = 0 1FEZM N 25D, 22 Ta =)\ %2 (285.1) OMLITRATE, A&
BIZ0IZHRSTAHLIX0IZRY, REHEED. DIIZ (DOXREBULX0, DF D ((z) TEBTHS. ¢ DI
HRDBEEBR 1 THBZ L, BEUTE() = (v — A\)M(z) 25, ((z) = 1 TRIFNER S v, BLEX
D, &(x) = (z— )™ O
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29 FRWEIEER

EARZ ML ADODIRIZ X B E UT, Al X O 28 LU T RO —fREOE S, L
TEBRBIRIC HE W R R DML % 5 RIE DGR - TS 2. AREiE RENZ B 1) 2 EmOHI, &
7 MEHZE S ®WAEHZE D OFAXRT SIVDOERDH 5N UDRPR-oTWE7d, B RFHEDE & T
EAMES ARENTEBICEGRY MUAORE, T7300b —REY —BEORRPBOND L T AT
H5.

ARET TR DI 2 ROWALRDIREIZOWTHEN L, BET—ROERDIGEIZOVTH LS.
BB, INE TR SfEmAHE 2 0%, BEARAVERZEFZRVHBEIIRONTWS. K
MHRADVEMRZ RO, 32HTHRANL —BEART FIVADFEZEL T—RIHOEXRBF LN
% (FEULIE323HEZRK).

29.1 #REEtRXEEEE
BRI a1,a0 e KIZE > TED SNS 2 RO

Tp+2 + @1Tpt+1 + 6oy =0 (29.1.1)

EOWTHU & 5. Wik (29.1.1) 2572 BRI KO R TH S EHE Fc KN 2 EE, S KN - KN
%S«%%m>:@Mﬂ%NTibév7b¢%$&?6.S%FK%?%%$%@$%@W%44K
HBAR7ZBOTHD. &I, S(F)CFThHO, S|pld F EOMEEIE Higd2DTh-o7-. £, FD
Rtz il d 5.

frRE 29.1.1. dim F = 2.

Proof. HIEM 1 THE2HN 0D F Diti% wy, YIHNPOTHELEN 1D F DLz uy &30 RO F
DIt uy, uo DAYEAEATEIT B, FEBE, v e F OWEZ p, B 2HEZ ¢ L THUE, v = puy + qug DK
DL, e & ZOMGAOHIHE 8 2 FIFE L <, Wifb=X (29.1.1) 2372 $BGNIMH & 25 2 TS Ak
DI 3THLROMEIZEBICRES>TLESI NS TH S. O

SDEEFERT MIVIERD LD IZEBIZNND:
8 29.1.2. S KN S KN DEAE N €c KICHETAEARY MVIEZAE N 2 25 HEBHNIZRS.

Proof. #F1TMD 0 THRWAL N OFLBFINREERT ML eb Z L IZHSPTHE. —FH, Bz =
(Tn)neny % S DEIGME N ICEAT2EARZ ML eTE, S(z) = A, 2F D (2pt1)nen = AZp)nen 2
KON, #n e NIZDWT zpy1 = Azp ERD D% x 1IN\ OELESNTH 5. O

Wb (29.1.1) &2 72 985 O —fIHIFR D S EHZi > TET T 5!

—MRIRDEED Tt I

Slp: F — F OREERZ SVIZELBIIOATH D, FITH 1 Ak N LS O—REIE A\ & B
KMo TWVW5B. bf:?bS‘O“C, S‘F D [EH Al AL, Ao MR E D, AL # Ag 713:661, —DODEF )\1n_1 Bl
NV FOREE RS, OFD, WbR 22 TEIO—RIEIZ, s e KZHWT rA\ "+ s\
rEIFZ,

Slp OEFMHEZRD &S, S DEFRZ SVIFFEBINZRS Z 256, RIZBF 2, = "1 HYi{LR
(29.1.1) %2729 & 4,

BneNIZOWT, "M 4t +apt" 1 =0.
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EDEMIE R =1 DGHEITB 72 ROEMEFMETH 5:
t2 +ait +ag=0.

EROADIZHNZLIHR O(t) = 2 + a1t + ap 1FMHER (29.1.1) ORMEZIER L IEIXH, HRERO(t) =0
% ZOWALROBEEARR L VI8 Rk AREADME A 3 2FHBHIN S|p OEAGRT MLV TH
D, U2 o TERAIIREH5:

R 29.1.3. Wik (29.1.1) ORME AR RDVEMZ 2T, TOME A, A & TN, Z Db % i
S EEOBIO—IEHIZ r, s e K ZHWT rA " L4 s\t eREns,

Rtk HRE RV EM 2 /OGS, TORBAMHIZET 2 S|r OBGEZEMORTIE 1 THSE. DD, F DT
BOTEBEART NVOMIEEGTERT ZLIETERY. ZThe T 28.3.1 205, S|p OERBUTHIDK
MILTERNWZ D005, ZO5ADOHERO—IHIE, —MEEXZ MVADOSfRE UTHRT (EHE
32.3.4).

BIFE 29.1.4. RO D —MILZE KD K1 apto = ang1 + ap.
gl R EHRIZ 0) =2 -t —1Th Y, d(t) = 0 DI

1+V5 5_1—¢5
2 2

E A o, IS DEANT MLEZNTN

xa = (1,&,0&2,0537064,"'), mlB = (17/85B25B35B47‘ : )

EBITE, WX apio = ant1 +an ZH72TEI 2 = (2n)ney & EOFRBEOMEAES TEHIT S, T
mhb, FElp,qHNT

x=px® +qx’,  LIEnIHIZOWT 2, = pa” !+ gL

p,q % 21, w2 IZDWTHEZ 5. LT n=1,2 ZRAL7zHE 1 XA
x1 :a+/87
z9 =pa+qB

 my—x1f8 T — T2

P=="2"5 9T a_p

EIRL L,

W 2K D 2B D —fRH %

T2 7P et | IO T T2 gy Ppl oo LT Y5 L-V5,

= a—f a—f 2 B = 2
FHZ, 21 =0, 20 =1% ERITRAT DL (a - B = V5 IZHEET D)
_ o -t

L7izoT7 1Ry F8410,1,1,2,3,5,8,13,21,--- D—fRIHIZRTEZ 5N 5:

n—1 n—1
I w1 1 (1445 1 (1-+5

82521%, @ 13 S|p ORISR 05, 12T 5. FELIF 203 HEAL
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29.2 EREIIDRHDREET

W EHER (29.1.1) TN B8 a1, a0 DWEETH D, U UAds o Rtk HRE R0V EUR % K72 72 0
GBiaEEZLD. FEARRNOEZEIE o, LTEB =a KD LD (M 28.5.8). ZD& M
29.1.3 TRINBIBHNIEFZ B TH S, ZOHRTEBIN L 225DIEXED XS BBITHR BN, T THR
HFLTHBIZS.

BB 29.2.1. p,q EEHL U, a c CEERTRWETS. Bz, = pa" ! + ga" L DIEEFH L 725
= DBEN M T p =1

Proof. #FE M panrqa ! ZFFRE B OIREL , BEHPFEIZ0 LR 550K S Er, 0,41, a2, b1, bo
Z HWT

a=re?, a=re ™ p=ai+bii, ¢=as+ b
EEEIFD. ZELr>08 L, BERHNILa & aDBHEEANFEZLILT,0<0<m e LTLN.
Ty = prn—lei(n—l)é' + qrn—lei(n—l)é

= pr"(cos(n — 1) +isin(n — 1)8) + ¢r" ' (cos(n — 1) — isin(n — 1)0)
riﬁl =(p+q)cos(n—1)0 + (p — q)isin(n — 1)0
= ((a1 + a2) + (b1 + ba)i) cos(n — 1)8 + ((a1 — a2) + (b1 — ba)i)isin(n — 1)0
= ((a1 + a2) cos(n — 1)8 — (by — by) sin(n — 1)6)
+i((by + bg) cos(n — 1)0 + (a1 — ag)sin(n — 1)6).

bf:fﬁ’)f, p=9q (Oi Dby =—b BJ:U“@ = a1) ol ERIXEHE LS. 5\‘93&:, ERDRELES

(b1 + be) cos(n — 1)0 + (a1 — az) sin(n — 1)0

HneNIZEST 0845 720121%, BHIDHM cos(n — 1)0, sin(n — 1)0 ORIEISIMEEL D by + by = 0
Day—ay =0 TRIFTERS V. EEE, n=1%2RATHUX (b1 +b2)cos0=0&D by +by=0Td»
D,n=2%MRATHIL (a1 —a2)sinf =0. WEO<I<TELTWVWBEPZsing #£0. DAiZa;—az=0
21585. O

p=qD&E, LOMEDIEMIZ LN,
zn, = "1 (2a1 cos(n — 1) — 2by sin(n — 1)0)

MDD, 201, —2b) RUHT Oy, Co LEERBT 2 LT, Wilkish (20.1.1) &7 5B 2, O
JHIZRD & S izkHE 5!

2, = 1" 1(C cos(n — 1) + Cy sin(n — 1)0) (C1, O I MMERER).
ZIT,r BLCO RN o OMIES K ORMATH 2.

29.3 BEROEFEENX & RRTH (RR)
RIZ, &0 EROFRICARE AL A
Ttk + Qp—1Tpik—1 + Qp—2Tpygp—2 + -+ a1%py1 + apry =0 (29.3.1)

ZOWCH L & 9. HARREZFIIEZED 2 ROGHE L Ebo V. ERAEZBIEL T, XOX%E2H A
TH RV

Ttk = —Qk—1Tptk—1 — Qk—2Tntk—2 — ** — Q1 Tpt1 — AOLr. (29.3.2)
b= (29.3.2) &ilifb X (16.3.2) TIIRBOFF SRR S Z L ITiEEE K. oWz 572 852
KOs zEME F, cKN Y BEE KETIXINE F = F, L& T 5. BB S S(F) C F
ThHY, S|pld F LOKEE L Rt s.
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e 29.3.1. dim F = k.

Proof. XD K57 kfHD F Dxhr o5 bMluy, - ,u, ZE5ZED.

U = ( 17 07 R 07 —ap, apdg—1, *°- )7
U2 = ( 07 17 Tty Oa —a1, —ag+ ai16p—1, - )7
k y Yy sy Ly Ap—1, Qf—2 Ap_1, .

Tbb, Zu $FELHETOS BEHED 1 TENUANDIHB0TH Y, k+1 K 0 ik (29.3.2)
WEoTIERSZDONIBINITHSE. NS F ORIELRLZILEMAL LS. 9, B LIHEET
DD S, wy, -+ up ORI T TN 5. KIZ, K v = (v1,v9,v3,--+) € FITXHLT,

k
UV = E ViU
=1

MDD, ERE, EADHELDORIEIZOWT, FEHEEIFTHELWI L IZHSRTH S, £/2, F D&
Jel, BB EHE COMERDTU F ZITLUBEOIHOMEIZHEX (29.3.2) ICk > CTHEMIZIRE>TL X
5. DF D BRI £ HEIUBES —B U T hiER s R\v». ZOHEEDH AN ZRGEH %/ 29.3.2 £ LT
BEZTCBEZH. EZED, up, - up lE FORJEE 735, O

B & = () e VXU, & O kT TR 2 GWA % o), LB DD alp = (21, 25)
Th5.

8 29.3.2. Fu,v e FIZDOWVWT, ulp =v|p = u=mo.

Proof. w = (ui,us, ), v = (v,v2, ) LEL. &Fn € NIZDWT upry = vpypn ZREIEEIN. T
ZnlBTARNEIC LD RED . k+n—1UTOENA—HLTVWE (DFD ulpin1 = V|gin1) &IK
£ L, bR (29.3.2) &0

Uptk = Qg—1Untk—1 T Qk—2Uptk—2 + -+ A1UR+1 + GoUR

= Qf—1VUptk—1 T Ok—2Uptk—2 + -+ A1Vpt1 + AOVUn = Upgk-
DFEDu,vDEE+nHE KT 5. O
29.1 TR Rz Z & L [RABRIZ, S|p OEIAEZE KD 5121,
O(t)=tF + ap_1t" 14+ +art+ag (29.3.3)

ko TEE S ERARAO() =0 2FHEL V. BREEEDL-DIZZZTIEALEIVALELT, L
D &(t) B S|p DRMEZEN O, (1) (BT EHZ 2R KD #2931 THERA FOEK uy,--- ,u,
Z2WT, ZhThz SITRAT R L

S(ui) =(0,---,0,—ag,apak—1, -+ ) = —aoUy,

S(ug) = (1,---,0,—a1, —ap + arag_1, - ) =Uu; — a1,
S(u;) = w1 — a;quy,
S(Uk) = (07 e L —agg, a2 + az—h co ) = Uk—1 — Ap—1UL.
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LD o TRIE uy, -, u, I35 S ORBITHIX

0 1

o 1 O
A= . (29.3.4)
O 0 1

—ap —ai - —Okg_3 —ag—1

S|p DRHESRER Og), (1) := Pa(t) 131 13.1.4 12 L DRDA TR SN D:

S _
¢ a1 O
Dy, (t) = [tE — A| = =t* Fap_ 1 t* 1+ b art +oao.
O . 4
 ap a1 - ag—2 tHag—1 |

£ 29.3.3. Wik (29.3.1) OELIZENT, Ky (=0, k) ZHITESHMIDZLIZE->TH
SNBLHAO(t) (X(29.33) DI &) %, ZOM{LNDFESER LR, EOFERIZLD, THiE S|r
DFEZ TR Og), (1) IZFE LWV, HREA () =0 %2, T O LRDORMHERRER LIFS.

S|lp 2Ly EkHOMERZEAHEERDLE, ZNOITHIET 2 LADEAERZ ML (THhbH
E A% A e T 2 EBE) 252 5 MIZME 28.1.1 KX DAUEHNITH D, L7=h> T F DKL
ALY
Rl 29.3.4. YIH 1A\ OEWEFI% 22 L T2 (DF D 2 = (1, A2 03, 1). Wik (29.3.1) DF§
PEARERDPE RS LEDIR N, -+ N 2RO 51X, ZOWbR 272 SRS © = (21)nen
Fa=YF rah b EED ZOLE O MEDER T 1, =38 1\ THB.
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30 FEREBRFBMDAHIENX

TEBURBRRIE H I RO Z F R DG G IZR > TR T 5. 20.4 SHTHA L2l bR & Mo
FHRER ML, & <12420.4.6 TH X =3 0BRY &, M0 HRERNOMEIXHIHI Ci# U 7zt X0 — %
HOEHELWITLUTHU OND I EMWRBINS. 2 UEHMERDIGE L& W, Mo R 2% <12k
WMATEDFH 5 W IIEEBEGROAGL L ETH 5. AHCIREREZITB ) 2 WRESEDORFRDO AT
MR T E B OVWTIHIEHE S X, TNE2BZ AP OWTIXEEHZIE L 72, F 72, BIE O & HiIk
HRELTWED, Zhz —oOBXME T & LThRKICERDEDSNEES S,

30.1 HREEHIAREXEEEE
HIE & FIRR IS, ETHDIZEEIDE a1, a9 € RIZE > TRED SN B lH L 2 RO FHiFE
y"(z) + a1y (z) + agy(x) =0 (30.1.1)

DIFEIZDWTHHAN U, BETROERDEEIZOVWTH L 5.

FRERX (30.1.1) 2572 T EBEE DR T C°[R) OFDZEM%EZ W &L, D : C®°[R) - C°(R) %
D(y) =y TEDBIWIERHFZ LTS, DX W IZBHY 5 EARKZRFLIIN 2045 1287280 TH 5.
eIZDW)CW THY, D)y (& W OFIEEH L RikE 5.

W DRI 2 THHZ LIFEDISICUTHETE L7255 0. HEKX (30.1.1) DA% n [0 U
TRBETLHZEIZLD,

Yy () = —ary ™ (z) — agy(x)™

2195, D0, WIZEEhDHEEUL, yo) BELP Y () DES 2R ENIX, THUABED n JEREK
Yy (), y 3 (z),y (), - DS LD LRIZE > THEMIZIE>TLES. Thbb, 8 y™ ()
bR (29.1.1) 2572, §EE2 ARV T LT 572D W O FNa=02BWTT 1 7 —RHT
XBLLED. THL, WEDEZEDNS, WND ODBBMN T 3 hE» 3 SIZE T 2RO ME
WA BRBAENETN—HT ENENPTIRETES. &<, (ur(0),4)(0)) = (1,0) ZifE7= T ui () B
KT, (u2(0),u5(0)) = (0,1) Z 7= 9 B ug(x) X W DHUZIEIET IR, g, ug DWW DEEE L7025, T
DHEFE DA 7LAEIITHIZ 5.
RIZ, W ERHZE D OEIERZ MLV (I zBERRETIGEEH D) 2RO LS.

8 30.1.1. MHEHZE D : C®°(R) — C®(R) (D(y) := %) IZBWVWT, D DFEAERZ bV ae® DI
DEDIZROND. 72720, a A0 IFEHTH 5.

Proof. y= f(z) 2D OEAMHENZETIEHERNY ML THER61E,

dy
W\ 30.1.2
g = ( )

BT, SRREBHMROMN AP R, ERXEER U7 Ly = Mo OWHLICRS S & A
ZZETIRITA. 25 LAETESEYLINSHHEZ I I TIRIEDE-TH LS.

y(z) PO IMEZI S AV e FUEL, R (30.1.2) ZBBLAER LY — N 2B0T, Znd % z OB
A U THADFERD % & iE

/13?/dwz/mxzm+cl. (Cy RS 80
y €T

F/o, EROEDFEHMAIARIZL VRO LS IZER I NS:

1d 1 -
/'zwx:/@:bgm+@. (Cy B H80)
ydx Y

DLEX VS ERE Z2ONE, loglyl = e+ C THB. 2F 0, |yl = M0 = 0. M DRITHK
rERIZDVT y(x) =e¥ M Fzidy(x) = —eC - M THD. 22T, RDEHEED SR D LD:
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i 30.1.2. (1) y(z) DD B 20 IZDPVWTIEDEEZINZ 51, TRTD 2z e RIZDWT y(z) > 0,
(2) y(z) BB 5 21 TOVWTHDEEID X 5IE, TRTD 2z € RIZDWVWT y(z) < 0.

HEDIEH. y(zo) >0 THdE U, (1) ZEHEIZLVRZES. RiCylx) <0 %27~z cRPHB L
LS. ZDLEyn)#A0THDNS y(z) <0 THD. ZDL ESHEMHEDOEHIZLD, y(a) =0 Zi7
TacRMag & x OBITHAET 5. ZHIEEE y(2) R0 ITflEZR L SRVWIEITKT 5. LEA>TH
Zy(x) >0 TRIFNIER S 2. (2) BHEUDOMETRT I N TE 5. O

DEXY, y@) ke c ROMEIZLSTIZC - M B h, HDEVIE —C .M i d, O

R, LTI y(z) B0 ITMHEZ L 5RNWZ L 2BEL TWe, —75 T, 0 fHEBBEBUIA (30.1.2) 277
LEHAAZNIEC®R) DEXRT VDA D DEHNRZ MVTIRZRN. 72, EHEBERWT 0 IZEZ & 5%
TR (30.1.2) 25723 L DIFFEL V. R8RS, 2O LD BB, 0 1ZflZ & 5 2WEM 2 DWW T EDFE
DL £eC M RBHELTEY, ZOXREIIRELTOIHE & 205% DL 5 & MHfEEEIC 2> T L
E5056TH5.

—IRAEDERED FHE I

Dlw : W — W DEAERZ MVITERER A OEBEDATHS. LzA > T, Dy OEAEHE A, Ao
MRED A £ N BHIE, M el 3 W DHREL RS,

Dlw OEAEZ KD & 5. AKIZ y(z) =™ € W & T HIT,
(em)" + ay (em)l + aget® =0
(t? + ait + ag)e’™ = 0.
e A£0ED 2 tat+ag=0%78%. ZHANO{) =12 +at +ag BLOSHER () =022 Th,
W AR (30.1.1) OFMEZIER, AR L IER. D)y OEAMEITREAREADOMIZEL W
R, JEOBZIZ LAUIEE] (y"1(0)), oy = (0" Hnen FHIER (29.1.1) 272 9. ZOFEDS S 2 +art+ag =
0DfFoN 5.
fR, Wb XOGE L FB U2 ROEEE2E5:
8 30.1.3. W AN (30.1.1) DR ARV EMZ 2T, TOME A\, 2 € R TN, ZOH
DHEAD BRI r, s € R ZHAWVT y(x) = reM® £ 56’2 2RIND,
2
PISE 30.1.4. B HER %y(m) _ %y(w) +y(x) BT
FRE: R LRI @) =2 -t —1ThH DO, &) =0 DRl

1++5 1—
) >\2:
2 2

=

AL =
W 2T AR D — i1
y(z) = (3’1el+2\/g

T+ 0261_7\/596 (ri,7o ‘i{f%ﬁiﬁ)

ek R A EM 2 KOG E 1, IR TH U2 & L EBIZ W OEED T2 EAE R N ILVORRIEAS
ATRTILIFTERY. ZOHEO—BRIE, —BEART FMLEHWTRRT S (EH 32.3.3).

30.2 FMZEANIERMEZEOGOICE T 2REE

29.2 TH & FML DB DI ARACBWTE R T A I 2ME LTHE Z 5. ERBEBUZET 20
NEMUDZEIZEY, WMo AER (30.1.1) ORMEARAPEEMIN N 2FOL &, Z0MH ARERD
BREHE U TCOMIZME 301312835 rs 2EHIABRE L TNEZ L THROND I EDNRHONT NS,
DRI ERERALUBICERE 5 A 500542 E 2 LT, H2 3O HERX (30.1.1) DFEHK
e L ComEES.
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W 30.2.1. ¢1,c; BEUNRBEREBOEE U, y() := c1e™ + c0e™ 2T 5. By : R — CHFEK
EBIBUZ 72 2 72D DB ST, 0 = 6.

Proof. 8 a,b, a1, B1, a2, B2 ZFAWT A\, N, c1,c0 %
A=a+bi, A=a—bi, c=a+pbii, 3=+ Poi

LBL. A1 T—DAK e =cosh +isind ZHWT y(z) &2 =MEBIZHET NIE,

Y(@) = 1 @HT o o cla—bie _ ¢ gavgibe | o) paw —ibe

= c1e™(cos(bx) + i Sin(b )) + c2e®(cos(bzx) — isin(bx))
( c1 + e2) cos(bz) + (1 — @)isin(bm))
= ¢ (a1 + a2) + (B1 + B2)i) cos(bx) + (a1 — a2) + (B — B2)i)isin(bx) )
= eam(((al + ag) cos(bx) — (B1 — B2) sin(bx)) + i((B1 + B2) cos(bx) + (1 — o) Sin(bﬂf))>-
L7223 T ERDFER 2 12D\ T y(x) BERICRD Z 2k, TO/EH
e ((51 + 2) cos(bx) + (a1 — a2) sin(b:p))

WEIZ0THBI L LAMTHS.
WEDBEDDS, ¢ =1 BT L FIT (o) PERMEBIKE 25 2 213 IR B, T, y(a) B
FEMERI L B2 L E =T L BB IEERTD. ¢ £0 %D, Zhik

HZr e RIZDWT, (B + B2)cos(bx) + (ay — ag)sin(br) =0

KT 5. BBZERIZE W T cos(br) & sin(bz) IR THEZ 6, 81+ 62=0, 01 —az =0
21958, DFD o= THDB. T, ZDLE

y(z) = 201" cos(bx) — 21 sin(bx). (30.2.1)
d
RN (30.2.1) IZ2WT, 1 =20, 19 = =20 LEZRET I L TREGS:

% 30.2.2. FERELBEE T M AR (30.1.1) DR ARV FEMCTRWERBUZ L2/ )\ )\ 2 F5D
ETB. ZDEEN=a+bi (72720 a,beR) ETHIX, ZOMD HERADOELMEIIRTEZ 5N 5:

y(x) = rie* cos(bx) + roe®” sin(bx) (11, ro IXMEREL).
RE 30.2.3. WA HERy" + 2y + 3y = 0 &7 T RBUAR L Z KD K.
FREH: R ARER N 20 4+3=02M< 2, A= -1+V2i THB. > TZ DMWY HFERDFEHKE
e UTofEix
y(x) = rie % cos(V2x) 4 roe~% sin(v2z).

30.3 BEROEFEBDLARER (BE)

FRDEWS SRR

y(k) (x) + ak_ly(k_l)(a:) + aj_oyF2) (x)+---+ aly(l)(:r) + agy®) () =0. (30.3.1)

c:m\fﬁfp%ﬁéa‘é LOTRREADMEERZ W, C CP(R) LEE, KIHTIZINEZ W =W, LIEET 5.
BRISBR7ZESIZDW)CW THY, Dy 1 W ORIEER L Hid 5.

dmW =k ZRIT7-ODIIHBELRIZHELRZBITTCHEI S, ROEHEOIEIIXMS HRERGROEMEIZ
D

BHIZIEr=0%2RATEIETL +B=0%B5. v=— ’i’ﬁ)\@_é Y Tal—a=0%175.
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T 30.3.1. a € R%Z—2EET 5. z(z) € WA (2(a),2(a), -, 25 V(x)) = 0 i T%2561E
2(2) =0, $7205 2(x) 1Z0HEHEKTH 5.

FOHEENS W DIEE — 1 RATOWMARBIZ L > TIRESND Z LRG0, Thbb,

% 30.3.2. (1) ae RBEXUE(n),n(z) € WIZDWT,

(2) dimW < k.

Proof. ¥#0 B4 G : W — RF 2 G(¢) := (£(a),€(a), -, - V() &ED B, EH 30.3.1 12 XNIE
Ker G IZHMTH O, ULizAi>THE 2034 &0 G i%%f@@é TN (1) DERICIED RSB, £
7z, M 22.4.5(1) £ dim W < dimRF = . O

&Y 30.3.3. LOFEEZHAWTHE30.1.1 ZxrE.

fREB: E(x) % D OFEIEMBNZETZ DOEARZ ML ET 5. A:=£0) 2L, n(x) =AM &8
. ZOrE enide Mo ARy (z) — \y(z) = 0 DFETH D, £(0) = n(0) 27T, DRITH
30.3.2(1) &V &(x) = n(x). O

T2 T BAINTIE, WD ARRRDOEDO AKX E U THAER W IZEB 1T 2P kOB OM % 5 %
5 (EH32.3.3). TOZ NS dmW > kDB »0, BIORLZdmW <k &EHETAmW =k 215
5. ZZTIX 293 EHTH AN ERMF CRY O» 0 ZDDHEE uy, -, up, IHIET 2 W C C®(R)
DEENED XS 2B TH DD HE L LS.

WE, BB EDOH e RZ —DH->TIRDTHL. TDalFEHEH EO LY DOHTERbR W, & <IZ
a=0&UTHERDLELUBORITNVL IANEICRD. WX (30.3.1) OMiL%E n BEHIT 5L
Tt (29.3.1) 2155, §7205, Fy(r) € WIZDWT, ila TD n A HREDI %

y = (y(a),y'(a),y"(a),y" (), -,y " (a), )

T, By 12293THIZBIIA FOLTH 5. ROEXRZ2M-T W OXh 545 kLHEOBEKDM
ur(z), - up(z) 2H A 5:

(uk(a),u%(a)7 . ’uk(k—l)($)) = (0’0, - 71)
SE D, BB w() &, k- 1BEETOMa LB BHARED S B, i BB RN 1 TEASA0
BB THB.
EE. EREMET S &5 BB ui (), -, up(z) DIFAEMIZI S 2 TIRAWV. LALUKFOMIZE 2R, Bigic
BREMOARELTOW ORIEEZF/L 206, ThoDEEEGE EFAIMBDZ L i2& b LOZM%2727

IR B A RT3 2 EATE D, 2 Tlou(2), -, up(x) DIAENEZ BB S HIELTH 2 5. filx
RO (b )mens DAL (29.3.1) 2379 & %, I8y %

EBIZS. 758 EAOHAPEPIMATHET S Z L300 FEIXRITZOEMEICHES), EXD i BRERK

y(z)(l,) _ Z n(n — 1)(” — (7’ — 1)) ) bn(x _a)n—i _ Z (nb_nz)'(x _a)n—i _ Z anri ({L‘ _ a)n
: n=0

n! n!

n=i n=t
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o =a%2RATEILT (yla),y(a),y"(a),y"(a), ) = (b1,b2,b3,by, ) 2155, 7=, FHHIMATREM:D
5, 2D y(z) WA (30.3.1) G729 Z &b s, EBE b, BRX (29.3.1) ZHi72FT 2 ED S by + ap_1bpip—1 +
ag—2bpyr—2 + -+ arbyy1 +agh, =0 TH Y,

¥ (@) + ae1y* V(@) + a-ay® (@) + o+ ayD (@) + aoy® ()

_ i bn—i—k + a'k:—lbn—i-k—l + ak—an-i-k—Q +-- 4+ a1b7z+1 + aObn (Z‘
n!

—a)"=0.
n=0
ROZDDMEIZLD, ui(z), -+ jup(z) F W OEE L2 5.
8 30.3.4. uy(x), -, u,(z) IR TH 5.

Proof. % 30.3.2 DFEHTE X 7254 G lE ui(z) & e, \ZD DT . e; DFREMIMEX D u;(z) HFEIIT
% (fidH 20.1.7). O

W 30.3.5. K y(x) e WIZHLT, yla) = 20, v D (a)ui(x).

Proof. y(x) & S8y D (a)ui(z) D a BT B k- 1 BETHMBEAE LW LIRS TH B,
THIZH3032(1) 2o, TNSIEFUEBTHEZ LR 0h5. O

K ui(z), - up(z) IZETE D W — W ORBATHZRD XD, ZD7DITIX, & D(uy), -+, D(uy,)
oy, uy OFIEREE CTRR U BEOREE R Ko,

uy D a lZHTFBWMARE5: (1,0, -+, 0, —ag, agar_1, - ),
Uug 0),'ﬁak ‘)’ ?m V%éﬂ@ﬂ (0, 1, cec 0, —a1 ,—ap+aiag—1, ‘- ),
up DR a (2B BMMMEES (0,0, -+, 1, —ap_1, ap_o+az_q, - ),

ThH Y, D(u;) DWAMHREDFE u; DENELEIZTSLEZHDP R

D(ul) @,'f—ia Ké’ﬂj‘éﬁ‘;"ﬁ(ﬁj\{%ﬁﬂ : ( 0, tee 07 —ap, agGr—1, - )7
D(uz) Dl a BT BWHHRE5: (1,---,0,—ay, —ag + arag_1,- ),

D(ug) DL a lZBFBWARES . (0, -+, 1, —ap_1, arp2+aj_q, - ).
U7=h > CTHiE 30.3.5 & 0
D(uy) = —apug, D(uz) = vy —arug, -+, D(w;) = ui—1 — aj—1ug, -+, D(ug) = up—1 — ap—1ug.

ERAD S, Dy ORBUTHNL 29.3IHTRD 7 S|p DZFNE —HL, R (20.3.4) THA S D475 A L5,
72, Dlw OREZHEHAIZRK (29.3.3) TH A 72 @(1) IZFE L.

EE 30.3.6. W HER (30.3.1) DELIZBWT, & yD(z) (i =0,--- k) & ¢ ITBEEHZ-LIHR
O(t) = th +ap_1tF 1+ art+a % gwwﬁﬁﬁﬁwﬁﬁ%ﬁﬁtﬁ& INETOHRLD, 2
NI Z R D]y OREZ IEU %u\. RAERXO(t) =0 %, 2O AEADREARERX &L,

i 29.3.4 L [AKEIZ LT, KA D LD:
Rl 30.3.7. W SifERX (30.3.1) DRMEZEHAZ & L §5. bk RGERXO(t) = 0 VHWVITER S kD
ﬁfl: >\17 R >\k %*#O t 3‘7}’11631, Z @Wﬁﬁﬁiﬁ—ﬁﬁﬁﬁii Zf:l Cie/\”” VC‘\% E)
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BEEBUEBEE UToMan HfER (30.3.1) DS ELFABORRMPESND ZEDBHISNT NS,

- ED BB (B AF—FTHIR) N

ARIETEZ7ZFEBOM u, - -, OIRIEMSIMEX, 20 S O REUE M AR 7251 ORI IHAT M A
SEANT (Wi 30.3.4). TITHWE#REZ L0 —MRABESIETL & 5. i 30.3.4 DIFH
ZHB LT, k— 1B TRe BB OM f1(x), fa(z), -, frulx) PEIEMIE S 2R TITE,
INS6DEk— 1T O REZN ATz B 2RXT BV

fi(a) fa(a) [ fx(a)

fila) f3(a) fi(a)

Ya)y || M@ || )
_ff'“_:”(a)_ i é’“‘:%)_ _fli’“‘:%)_

DORIEHNIMEZ RBIE D TH D, ED ERRZ MIVOIEHAIMEX, @ 17.3.6 1IC& W RTHEZ S
FHIARDEN 0 THRWZ L L AETH 5

fi(a) fala) - fi(a)
Wi fore o . £2)(a) = flfa) fgfa) fk:(a)
£ 7@ - 1)

TR W (f1, fo, -, fr)(a) ZEEBDOM f1, fo, -+, fr DBV ZF—1TFIX (Wronskian) &\ 5.

R, M f1, fo, o, fr PREHNITH 2125000567, TNODERE EOE R a ITBVWTHIZT Y AF—
THRBEZ2HEE6EH5. HIZIE, f(r) =22 g(x) = o|lz| LEDIIE, M £, g IFMHITHD. L LA
o

a? alal

— 92200 — 902n] —
2 2ld| = 2a”|a| — 2a*|a|] = 0.

W(f,9)(a) =
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31 AEHRDEEEBFTEHOZER (RE)

INET, MEEM f: U - U ORBUUTHI 252 B8, EFLEERZEATE D EHETRORET
Hafdd HEZDOWTHm U TE 72, M 28.2.1(1) DERMEDD & TiE, REUTHNINAITFNICENDG. —
JiT, EH 28.2.1(1) D&M &7 X R VBB BRI LT, ¥ 2 FTREUTHIZHHICTE L0155
D BEuy, - u, KD fORBUTHIZ AL LES. AIRRTERINBTHITHT-.

ADEF = WG f(u) = Zaijui BN B REE i RZF R 27 b L.
=1
L7235 T, A% K DR HIZE K & WS BRBEIE, fluy) = D0 aju; KBNS HREBDE < 20
0IZTEZNE VWS HBEIZREINS. AHiTIE, ZOMEBEADHRLT 70 —F & UTAREES B
FOEFHROEEOB RN ELINL I 2R 5.

31.1 AEZHD 2

UDEER uy,- - ,u, £95. ZOLE jEHDRY Fbu,; EUT f€End(U) DEIBRY ML E
B, fluy) = My DR fuy) 13 uj HEOMZEBHMUMESTETT, L > TRBUTHIDH j 51
KT Ne; 12705, 22T, u; BEART MV THE-ODERMAERRDE S ICHEEPZLNE I L
IHEEL LS.

f((ug)) C (uj).
ZITEOEME—BILL, U DEE uy, -, u, D—E UTROSMEZ 2T M wp, werr - ueny %
FZ5:
S, wepr -+ wesr) C (e, wegr -+ Ueyr).-

T5E, & fluy) (=0, k) 1T up, wuprr - upr DA X SEPEFEATEHIT DDA, KEUTHIDOH
CHID S 0+ k FNF I R i 3 127 B (2R, 0,0+ 1, -+ 0+ kR PIANE 0 & 70 5). Z0EM
—MRINRNIE N O IBER K S LT NITRDERICES:
EFE 31.1.1. MYBEH f .U - UK LUT, fW) C W 2573 U OMDERW OZ L% f ORE
84322 [ (invariant subspace) X \5. 2D L & WL f-AETHDI LBV .

U DN DODD f-REMMDZERNI MR TE 572 51F, ROMEIZIBR B & 5 BRBEFTHEO NS, Z
NETOEENS ZOMMEDFRIFFAS N TH B0, — a2 ERTH I 5.

RE 31.1.2. U 2 AR EME U, f € End(U) &35, £ Wy, W, XU O f-REH 21
THO, Wy (y=1,,r) DIEE wy 1, Uy, ZENTN—DRY, TS 2T RTEDLAT ML
DB ={uy;|y=1,,ri=1-- ny } PUDEEIZRDLTSH. ZDLE HEBIZHTS f
DERBITH A XKDV 5
Aq
Az

Ay
ZIT,&A (y=1,--,r)3Y A Xdim W, = n, DIEATHITH 5.

Proof. dimU =n &3 5. B U DRELHBEZ NS nzzzzlnv Thb. ZZTng=0CEIT,
Fji=1, niFROESIZHIT5:

J=no+ni+ng+---+ny_1 +Ek (722U, 1<y <rH»D21<k<n,)

BADPRTREFZADE jHIHDOEI DS EHng+ - +ny 1 + LR OHng + -+ +ny1 + 1,
SR DIEPIISTRTOIRDIETHS. HEBIZBTL j=ng+ - +ny1 +EBHDORZ ML
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Uy €W, THY, Wy D f-AERIEDS fluy,) € Wy, THD. DE D, BE B OFIEAEE T fuqi)
ZFR VBB B RED 55 0 THRVBDIE vy, Uy, DREUIIRSND. LIz o T, A DK
JHIHIZBNBED DS H 0 THRVEDIE w1, Uy, (CHIET DD, THRDEHE ng+- - +ny_1+1
R OH ng + -+ 4+ ny1 +ny RAIROND. O

% 31.1.3. LOMBEICBITLE A, BE uqy1, - Uy, ST D flu, : W, — W, ORBUTINC
L.

M3LL¢UﬁWEEM()@IﬁNﬁbw#6ﬁéﬁruh~1%%%OK%y§Wf:mﬁ@U
D f-AREHFZEETHD. oIl UTH@mEZEH T, & 4; 13 (L, 1)A75TH Y, f ORBUT
LUNESSPEEFRII R A SY

31.2 EFIHHLEME

AHIDIHDIZHR U 7@ 2 fiIHE 3RO/ EP S C & 5. BT, BE L WEEOWE 2 E 72
U, ZOWEDE & TRETHD B RIZR S Z e 2 Rz, RETIEINEIESED /A S MEHs
5. 9§ b, REATHIDEHBELEZ L TWD EREL, £D & SITEEDN G723 R SPEE I % A~
TWwL.

ST EMIANEILIRBU DEE uy, -+ u, & EFSHD Z LT T (u)) = Y0 ajju; BN S HRED
ZLEVWPIZ0IZTESLNTH 7. ZLUT, REMBEDPRWGELIE, u; BEARNZ MLV THD L E,
Tabb f(u) P u; HEORIEA TR BHETH . ZANREDRVET B4 5E, RIZEZS
BIH MR, vy HE L, HEZLTHOE S —DDRT Ml u,; L DMEAERIZ L - T f(uj)ﬁfﬁ
’d‘%’)i% ThH» 5. ZITHEIZEAAALT, & f(uj) D, uj E—DBEDXT bL u;_ DFJEFEE TEH T

L8%6, $hbb

fluj) = sjuja +rjuy (G=2,---,n)

LB GEEZEALS. £, HEOOIC f MEC LOMEERIZE T 2MEEMTH 256525 5
LN, RBFOEAERIZELD fOREERT MVIEBTHEIET 5. D AITHEEDONTITE T B HMD
up EEARZ MLTHD (DFD f(u)) =ru) LLTENW. 2O E fORBTIIERD X 5124 5.

. -
r2 82
A=
Tn—1 Sn-—1
- rn -
ZIT, 5-1 =085 u; BEARZ MV THD. —Tisj # 0 DEEFu; ORODIT oy 25
J&& & U CHUAIE,
1 1 1 1
f<.W>:‘,ﬂ%):‘(%]ﬂjl+”@ﬂ:ujl+ﬁ<UJ
Sj—1 Sj—1 Sj—1 Sj—1

THEHNS s, = 1 OBANKEMTH B, £/, AR EZMATHTHEHS, & rj 13 A DFEAE
(DY fOREEMHE) IZR-oTWS (H127.3.7). T, Flry,-- ,r BEEEMEI L ICFELLIAT
WA LSRR ARG EEME L LS. Thbh, f OMBERDEAMEE M\, A\ 2L, U DEEK

84:0)& ecr'(, RIZAWATWB T MV ’LL]+1 E@?‘éqﬁ f(uj+1) = SjUj +Tjr1Uj+1 Ls’)\z\yc W u; %%%*ﬁz.ﬁ.hlb Sj
o518 WCEEMMADBENDH D, HICFAROHEREZEAL, BELSIE ujp 2ESMABLIET,s;=0Fzids; =1¢&
T%é.:m%m*ﬁbﬁﬁﬁ§8jh%y“ﬁn1%0iti1 IEESHAIONDG.
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[ Mo sa
A, Ak Sxp2
A= : : Ay, = S . (31.2.1)

A Ak Sapnp—1
Ar N
k]

ZIZTH Ay, 13 ng RIEFITIITH D, 5, ;=0 F72ld sy, =1 TH5.

R, BEEME N OEENZ MVEDRL S —DIIFETS. £ T Ay, DHE 1LHEHIPBEENZ MVITHIRT
55 75 k5%, HIRHARBAEDAE I I TIFFEATVWS. ZOLE, A, T3 (1,1)-K3D—> LD
HIEOTHY, AFERXDEIZAS.

ZD& %‘, Uy, ,j (] = 2, s 7nk) ﬁ‘ﬁ’\7 ]\}l/fﬁﬁj/ui Shp,j—1 = 1 @)Z)_ f(u,\m) = u,\m_l-l—)\ku,\k’j
Thd. PRI

Un, -1 = (W) = At = (F — Ad)(un,5)-
DED, uy, j ITHIEEE f— NI ZREDIRUIEEZ T I ETuy, jo1,Uy j—2, - DREEFON, ZH
ZHil) B & RBRITIE N\ ITBET BEA RS bLuy, e 21558, 7,
(f = Med)(wy, j—e) = fun, j—r) — MpUn, j—r = AUy, j— — AUy, j—¢ = 0
THBHBNH

/= f— Sl f=2Axl f=Akl
Uy,j 3 U, j—1 3 U, j—2F cee uy, j—¢ — 0.

TRDL,
uy, ; € Ker(f — M) (31.2.2)

5L THXRBEFMAEHOMSIZES:

& 31.2.1. ARG ZEM U EOMEE L g : U — UZx LT, #2208 k%] Ker g C Ker g2 C
Kerg C- FTFOMEIZEIVFDORENNIZOVWT, Ker gV = Ker gVt = KergV 2 = ... %/
T.ZDrE Kergh % g DEZTERDZ2RE & IFIF 586,

& 31.2.2. SEEM f U — U OFIEME MU T, SR (f — M) : U — U OFEFH S22 %
f OEAE N IZET 5 —#EBZEM[ (generalized eigenspace) d 5 WILFREEZEE L WS, AFHT
X, ZhEIE W, f) TRT. HIZ, EAFH AIZOWT, WA Ty) & WA A) LbERT. BT L
NVTHRWW(N, f) Dit%k, f OEAH MBS 2 —BEERY ML LIEER

BR. W\ f) =Ker(M — f) = Ker(f — M) &0, f OFEAMHE N ICBT 2 EA2MIE, BAMHE N BT 25—
HREMOHHEMTH 5.

UFTldg e End(U) 2 (DML LTSI BDD, g=f - AN DI L eEZTHO L%
CTWEDNAA=IUMRELZ L ES

i 31.2.3. HIROCAIPER U EORYPZEM g : U — U 2B W TRV LD,
(1) Kerg C Kerg? C Kerg® C ---

(2) Ker g™ = Ker g"*! 72 51F, Ker g" = Ker g" ™! = Ker g"*2 = Ker g"*3 =

BHLY un 1 BN KT BEARZ PV THEDS, f— M & jEIEE TR A KT BEAR2 P VBT
Bons.
S DAFIIREDATHELZHDTHS. Kergt™V B LWV, TOEMIZ-BRNZRLTRIEZ 50TV,
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(3) dimU = N %513, Ker gV = Ker gV ! = KergV+2 = .. ..

Proof. (1): u € Kerg™ &3 HIE, g"(u) = 0. £-57T, ¢""(u) = g(g"(u)) = g(0) = 0 DX u €
Ker g"*1.

(2): Kerg"t! = Kerg"t? 27R3E1E, & IXRMNAIZE Ker g™t B8R T—HT 52 030015,
Kerg"t! € Kerg"™2 1% (1) TR U7ZW X Kerg"t? € Kerg"™! #R% 5. K u € Kerg"™2 1220\ T,
0 =g""%(u) = ¢g""(g(u)) £ g(u) € Kerg"™! = Kerg". &>, g(u) € Kerg" ®Z g"(g9(u)) = 0.
2%, ucKerg"' TH5.

(3): g WHEH R 51X {0} =Kerg =Kerg? =Kerg? =-.- Th5. TI T, BFTHRVWIHEEEFZ X X
5. ZDEE dimKerg > 1Ths. Kerg"t! 2 Kerg" KW HHICKEL LD L E, M 2241 L0 %
NOEDRTHLEIZKREL RS, RIZ, TRTDn=1,--- ,NIZDOWT Ker¢"t! 23 Ker¢g" & » HEHIZK
L BTN,

dim Ker gVt > dimKer g™ + 1 > (dimKergN_l—l—l)—i—l >...>dimKerg+ N >1+ N

D dimU =NIZFELTLES. LizdioT,n=1,--- ,NOWTNRIZEWT Ker g" ! = Ker g”
ERBREDNDHY, TNLAEIL (2) E DI RT—ET 5. O

HRE. EOMIE (3) 128V T, Z<DHEAIEdnU LD H/NI WK IZ2WT, gf BEOKBIEL L 25,

InFETcoFEimzr s e, X (31.21) DX S BWEORBITHZ[FL7-0121F, X (31.2.2) 12D,
DR B —REGRT MUD 5702 U DIEPINDS BERH D Z L nhr otz R, K C Lo
B2 81 2 EBEOMIBEBIZDOWT, ThAHEETH 5 (THE 32.1.1).

— M E A BB PR EMTHD I LA HERLTE IS,

8 31.2.4. f,g: U - U 2 EEHIE §5 (Tbb gof=fog). 2OLE, W =Kerg &
[AERDZEFTH 5.

Proof. % u € WIZDOWT, f(u) e W ZRU7Z\W. ZD72DITE g(f(u) =025 AIXL0. g& f 23
AU 2, B0 g(u) =005,

9(f(u)) = go f(u) = fog(u) = f(g(u)) = f(0) = 0.
U

ML g (SES DR ¢" EAHTHD. £z, MBEH f LT (f — A", f—~L FZNZT A
TH5 (i 21.5.6). ZHoDHEFELLOHFIENISRERG5.

% 31.2.5. f,g:U = U B{EEHE TS, £ N, 7 KIZDWTRMEKD LD,
(1) g: U — U OFEEHSZEMW X g-REWHERTH 5.

(2) f— A DEZMHEMW 3 f-ALETHS. Thbb, f OEAGMNZET 2 —HEEAZ- W, f)
X f-ARETHD.

(3) f— A DREBMHZEW X (f —1)-AETH 5.

31.3 WoEBRFREY T MEBAZRO—EEBXRY ML

T 2 CEABEMOMAERAR L BHIZEM O Y 7 MEHZIZDOWT, ED &SR MLA—#EA X
MV ERBNPRTEIS. I ZTRRZH0%, WAL O — IR H M 5 JRE RO — i O RiE
RERT 25 AT L 223 DTHD (FELLIE323HER ).

9, e U TROMEZ HET 5. 20k, #17.2.3 TRAR7ZFIEO — bz & 20,
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fRE 31.3.1. ML g U U BLPucUIZD0WT, g"(u) #0512 g"  (u) =051 ntl
fHDORZ D558 u, g(u), g?(u), -, g"(u) IFAEHITH 5.

Proof. %k =10,--- ,niZ2WT, k+ 1EDHM g"(u), g" 1 (u), - g" *(u) LML THEZ &% k
T BIRMETRES. k< n 2l THRE L IZOWT, EADH ¢"(u), g" 1 (u),--- g"* D (u)
DRI TH B LAKE L, k+ LD g™ (w), g" 1 (u), - ¢" *(u) DFEIEISIM: 27T, SRR
Sk g (w) = 0 BGEL, ZOMIIC g & IFE ZEIE,

rog”_0+1(u) + rlg”_Hl(u) + Tan_2+l<'u) 4ot T’kgn_k+1(u) -0
r1g"(u) + 729" (w) + -+ g F V() = 0.

g (w), g" (), g" F D () WL TH 72D A r  =rg=--- =1, =0. PRIZr9g"(u) =0T
HY,g"(u) #0 &KV rg=0. AELD b+ 1EHDKH g"(u), g" H(u), - ¢" *(u) IMEHITHZ. O

ROFNZBWT K = C DGEEIFEZRBEBIZOWTOHEEBLETHS. 2 2T, EEBUEREKIZE
WTHEBEBABR OB G & AEOMA AR INE I L2 MADOHEETH L L LTHEE2ED .

Bl 31.3.2. D:C®(K) —» C®(K) 2WEFHFE D)=y &L, ¥/ AeK&T5.
(1) FEEEH n 12DV T 2™ € Ker(D — M) 22D 2me?® ¢ Ker(D — AI)™.
(2) e, wer® 22 .. g IIREINI TH B

Proof. (1): n IZBT 2L THRT. n=0122VWT M IXFEAMHE N DFEARZ MLD X M € Ker(D —
). R, 2" 1 € Ker(D—A)" 92D 2" te’ ¢ Ker(D—M)" ! Z{EL T, 2" € Ker(D—\I)"H!
B LUz ¢ Ker(D — \X)™ 2/R% 5.
(D _ )\I)(l,ne)\m) — (wne)\ac)/ _ )\wnekz — (nxn—le)\ac _|_xn)\e)\ac) _ )\l‘nekx
= nz""1eM € Ker(D — \)™.
D2z 2"eM € Ker(D — A" TH 5. £7z, na" e ¢ Ker(D — A" D X 2"e ¢ Ker(D — A"
ThH5Y.
(2): g=D - AN BLVPu=z"MIZOVTHIMEZHEHT &, N4+ 1{HDM

xne)\z’ nxn—le)\z’ ’I’L(TL _ 1)xn—26)\z’ e n!e)\m
EREHSITH D, DI, TNSHIZAN T —ER2IFEZ Uizfll ane’®, o 1ers, gn2eM ... M 3
RIEHNLTH 5. O

B, (2) 1, Ma=0TBT 2RV AF—(FHRABHEA BRI 06 EEMPND. FE, e DT A 7 —EiZ AV
E ghed = 3000 ATgntk P RIRTESD. DRI f(2) = 2% 1Xi=0,--- ,k—11Z20T fAD0)=0T

n.

HY, fEO) =K 275, ULizhoTHl M, ze?®, 22, oo | 2" BT 5 a=01lB 120V AF—17
L, SARKRDPIZ 0 Z2RERWTIZATHTH Y, PXIZAHTH 5. O

1 31.3.3. S : KN - KN %3 7 Mif% S((:pn)neN) = (i )neny ET 3. A #0 B LOIEEEH N
IZOWT, Bl xy e RN 2 RTED .

= (1, 2NN, 32 4NA3 ) (D E D 2y = (VAT en).
2, A=0DHBAEITOVTIE, BN + 1 EED 1 TENDSDEEAT RT 00 Z 28, LEDS.

(1) ) € Ker(S — M)Vt 22D 2 & Ker(S — M)V,

STt 72 & ) AR w = 2™e™® € Ker(D — XI)™ 2ARET T (D — M) (u) € Ker(D—AN""' &7 0, Zhik (D — ) (u) =
ne"te* ¢ Ker(D — AD" M IZFFELTLES.
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(2) 2}, 27, 2y NI TH B.

Proof. A =0 OHEEHS »DZFHIFERTS. AN A0L U, HHICRShED o)y 2 oy LTS,

(1): NIZBET2RMETRT. N =00D5G, oo l$HHE1 /N DFELEITHD, 2L S DN
BT BEERT MLTHED 6 xg € Ker(S — M) THD. RiZEk=0,--- ,N—1IZDOWVWTxy €
Ker(S — A 1 22D 2y, ¢ Ker(S — AP 2{KEL T, xy € Ker(S - AV 8L Py ¢ Ker(S — AN
ZIRTD.

(8 = AD (@) = (8 = AD ("N Vaenr) = ((n+ DY) = A(m¥ )
((n+1 N)/\”>n€N:)\(((n—l—l)N—nN)/\”_l)

2T, (n+ )N N En BB N - 1ROZHATHZH5 5 (n+ 1)V —nlV = S0 L an® LET

neN.

N-1 N-1
)\(((n + 1)V — nN)Anfl)neN =\ ((Z aknk> )\"1> =\ (Z aknk)\n1>
neN k=0 neN

N— N-1
Z (axn™ A" 1) g =AY agay, € Ker(S — ALY
k=0 k=0

PLEXD, (S —A)(zy) € Ker(S — AV W x xy € Ker(S — AN F7z, IREOIKEIZ L 0 &
k=0, ,N—=2Z20WT (S =AD" Yzp) =0 B X (S - ADN Yy 1) A0 THo72h 5,

(S — ADN(zn) = (S — AN ((s - )J)(:I:N)) (S — ADY ()\ 3 akack)

N-1
=AY ap(S = ADN N (ap) = Aany—1(S — ADN(xy-1) #0.
k=0

D2 xy ¢ Ker(S — AI)V.

(2): g=S5—-XI k’)b\fﬁuﬁﬂ_% T L, 2N, g(xN), -, g (en) IEEMNITH S, F72, (1)

DEEATIT - 723HRIC

(N, g(@TN), - ,QN(CUN» C{xN,TN-1, ", %)
ThHd. Lizh>T
N+1 :d1m<$Nvg(wN)7 7gN(mN)> < dim<mN’$N—17"' 7m0> <N+1

0 dim{zy, TN 1, -+ ,20) = N +1. ZThEmE 22.3.33) 2E5DLET, zN, TN_1, -, To DI
Mz2Es. O

BIR. x), ), ,x\ D N+1 Iﬁif‘%jﬁ/\‘fy\i LS 575 % N+1KIESHTH 2 |N+1,az1 IN41s TN N
O FEMERSH (2) 1XELND. EEE N =0 DEEIX I OFHIXEMATATHY, 25 fm\i ERES-S :z:,€|N+1 %
FRT M EAR LT Z L, 77 ‘/T}l/:E > FOFHA (B 11.2.2) )

1 1 1 1
A 2\ 22)\ 2N\
det (%‘SlNH,mT Nl ,w?v|N+1> _| A 3\2 32)\2 3N )2
AN DAY (N 120N o (N D)NAN
1 1 1 1
1 2 22 onN
e 2 e N ces . .
— 2N | ] 3 3 3 — \l+2+ N H (j—1i)#£0.
: : : : 1<i<j<N+1
1 (N+1) (N+1)* -+ (N+1)V
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314 EBERPEEERERDEEANDDHE
HEWDEMENT R ERE UT, KM EMPEREIND:
EE 31.4.1. ARG ZER U LOMIEER g: U — U I LT, #3204 S Img D Img? D

Img? D - EROMEIZEDFHREVNIZOWTImgY =ImgN T =ImgVN T2 =... 23, Z
DI 2EM Im gV % g DREERSZ2M & I 5 88,
& 31.4.2. MYLEM U LOMEES g : U — U IZBEWTRIEL D LD,

(1) Img>Img?>Img3 D ---.

(2) Img" =Img" ™' 251, Img” = Img"*t! = Img"*t2 = - .-

(3) dimU = N 51E, ImgY =ImgV ! =ImgN*t2 = ...

Proof. (1): %& ¢""H(u) € Im gt iZDWVWT, g™ (u) = ¢"(g(u)) € Img". &> T, Img"*! C Img™.

(2): ITm g™t = Im g"*2 X ZREIE, L IFRANIZE Im g™t (72720 m e N) T RT—HT 52
D5, Img" DImg" 21 (1) TRUZD XA Img" ™! C Im g2 2R % 5. & g™ (u) € Im g™t
22V, ¢"Hu) = g(g"(u)) TH 2. £7z, ¢g"(u) € Img" = Img"™ ' WX, Hdv e UEHNT
§(w) = g (0) LB B £ 5T, ¢ () = glg" (w) = glg™ () = g (v) € Tm g™+,

(3): R 31.2.3(3) & FHLLDREG %2 3 E M DWW U THEHT TR V. g WEHRLIXU =
Img=Img> =Img3 =--- TH%. TIT, BRTRVEAE2EZILD. 20L& EME 224.7(2) &b
dimU > dimImg+1TdH 5. Img"H 2 Img" KWL EIZNS KRB & M 2241 X0 ZNS5DR
FTHBEIZNIL 25, I, TRTDn=1,--- ,NIZ2WTImg"" RImg" KD HEIZNS B L
T,

dimU > dimImg+1> (dimImg? +1)+1>--- > dimImg" '+ N+1> N +1

D dimU =NIZFELTLED. LEX>T,n=1,--- ,NOWITNRIZENT Img"t! = Im g
ERBMEN DY, TNLAREIL (2) KD TRT—ET 5. O
WRE. Lo (3) OFfH, B X UHiRE 31.2.3(3) DEFHIIZBEWT, g B &4 (H D WIXHES) TH 2 0ELDOHED T
ARETHD. EBE, ¢ =idy (ICERL, TRTDn=0,---, N I U TEHLEFOPA (BEK) FINREIZNE L (K
) RBEZIZFENELE Z L2 RmEI L.

EROMILES g : U - UIZDOWT, U DR ICIFEEIRSZEM DIt & LA ZEMDOIIT I ng.
INERTTZDIZ, WS OPDHFEIZOWTHERL LS.

R 31.4.3. HIRRITHILZEM LOMIEER g: U — U OZEBHZEM V IZEWT, KA D 2D,
(1) g(V)=V. &IV X g AR TH 5.
(2) gly : V = VIIERRTH 5.

Proof. HARBN 1+ RKESHD, V=ImgN =Im¢g"t =... THB LT 5.
(1): g(V) = g(Img") = Tm g" ' = V.
2): (1) &V gly:VoVIEEHTHY, PICTHE2248 KO AEETH 5. O

iR 31.24 B L U%R 31.2.5 LMD EEIZEH D ERIZEWTHEK D LD,

8 31.4.4. f,g:U - U 2B E L 5 (T7hbb gof=fog). ZOLEV =Imglk f-
REFRR B TH 5.

BINHEAETLPELRVWAIFTH S.
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Proof. %v e VIZDWT, f(v) e VERLEW. veV =gU) &b, glu) =v Zili7=§ u c U DPMFHE
T5. ZOLE frgnafattLy

fv) = flg(u)) = fog(u) =go f(u) =g(f(u) € g(U) =V.

% 31.25 LFEIBROHEEIZEL D, XREHS:

% 31.4.5. ARRXTIEEM EOMIEER f .U > UBIOPN e KIZHLUT, f— A OLEHTZM
& fAEH S ERTH S,

RO FERIE, BEwIZ B 1) 5 Fitting OfEIZHY T 5. REFIZBWTRTEEHEDICH S 12 ] Dfi &
A5,
EIE 31.4.6. fMELEM g : U — U OEFWMOIEEZ W, ZEHDZEM%Z V & T ULRDEK D 7 D:

(1) WnV = {o}.

(2) wy, w2 W OEE, vy, v, 2 VOREELTNE ZhozdbEk+m ORI K
WG BMIEU DRETH 5.

Proof. HSRBN #+ 0 RKELHY, W =KergV 2V =ImgV Mz INTnWb L35,
D:ueWnVedhE ueW &0 ¢Vu)=0ThHs. @E3143 &0 ¢V|y: V = VITHET
HH, I ucKerg|y 2HbENIEu=0%218%.
(2): EFMPMNIIERRZ S, 8 cow; + 3 v = 0 2REL, ZORERD & 5 ICEKT 5.

k m
W > Zci'wl- = —er’vj eV.
i=1 j=1

FOEABEKRTRIZMVEW NV OILTHE16, 2Hold (1) K0EXRT MLIZELW. DFD
Zle ciw; =022y rju; =0THDY, Maw, -, w, BELO vy, v, DFIEHNIMEL D ¢; =0,
r;=0%/%. k+mEDOXRT MVOMwy, - w1, v DU ZERT DI EE2WVSITIE, fE
22.3.3(2) £ 0 dimU =k +m ZREELV. ¢V U - U R U TRITEEA2EHT 5 &,

dimU = dimKer gV + Im¢" = dim W + dimV = k + m.

31.5 BEMDMHE (T5x)

JeDER 31.4.6 REAZEMAREIZENT, WS DDA ZEHORE- B E2AUARS Z & TEEMODIE
25258 WSEERITo. ZOXIBPMDZ & ZEMOHEE NS .

EFE 31.5.1. MILZEMV OFSZER Wy, - W, BDROFEMERZTEE, VIEW, - W, 725IT
Lo TEMPBEEND LV,

() FIEAWLUWLU---UW, XV 24EKT 5.
(i) BFu; €W IZ2VWT, wuy+us+-+u, =0 = uy=us=--=1u, =0.
F-ZDk ¥,

V:@Wi HHENE V=W aWyd- --aW,
=1

ERT.
. BAL, B U =Uo {0y } BEMDHEE AT,
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Bl 81.5.2. FH RZIZBIT 2 2 MIOLTHEA X = {(2,0)eR? |z eR} BLTyHORTHEEY =
{(0,9) eR? |y e R}IRZDFHFHZEMTH D, R2 =X QY WY LD,

BEW, W ERTHEZ 06, EOFKME Q) IXREFEMETH S:
o TEDveV X, w, e W; ZHVWCv=w + - +w, XT3,
72, &M (1) 1, XRIZE > TIERD LS IZBEMZ 51D,
fBrE 31.5.3. MPEM V O oM Wy, - W, IZDWT, RIZFEMETH 5:
(1) Eu, e W IZ2VWT, wu+-+u=0 = u=--=u,=0.

(2) ERDOEERINL < my <mg < - <my <r BIMMEREDERY MILTHR uyy, € W, ICDWVWT,
Uy, Uy, (FERIEIHNLTH 5.

B)veVB&w, e W, D& LTRINDLHIE, ZORLLHIE—ENTH 5.
BIZV ARSI, INSIEROFMLEEFAETH 5:
(4) Wit Win, - Uiy, B Wi DEEL TN, Zh522TEDE
B={uwjl|i=1---,r, k=1, ,n;}
BRI 2R 2 FVOMTH 5.

Proof. (1)=>(2): tm, € Wi, BE TPty #0, Y5, cjtt, =0 2RET 2. (1) &9 cjtty, =0 TH Y,
INE Uy, #0025 ¢; =025,

(2)=03): Y jui = w; (7ZL w,w, €W;) ZIREL, & v, =u; —w; € W; DIFEXRT ML
BRBHEZEERED. WEY T 0, =0THD. RIZEXRT MUVZRSBRVN o, DD EL, TNHETA
THEL 2 EDE vy, U, LTI, (2) &0 ZNRBBIIMNITHS. —H, 3\ vm, =0 TH Y,
NI EABRIEERD X, vy, -, U, ORISR T 3.

B)=(1): ur+ - 4u, =02T3. BERZIIF0eW, 2BV T0="_0&EIF3. (3) &P
W; DEOMELTOZ2RTHEITEBOLLRNVWIENS, u, =0 %2155,

(1)=(4): 281 FHTHB A7z 28.1.1 DHFEHH L FEIZ U TR EIND D07 D0 ciptty =029 5.
wi =Y cpuip EBTIEw, e W, THY, 3T jw; =0 PRIT(1) &Y w; =087%05. Lidio
Ty i Ciptiy=0THY, w1, uin, -, Ujp, OEIEINIVEDS ¢; ), = 0.

(D)=(1): Fw; € Wi IZ2WT, w4 4w, =0 Z2fEL LS. ZDEE, (4) XD w; =310 ¢tk
LEFB. T, YT S cpui s =0TH D, BOMIEHINEDRS ¢, =0. 2D w; =0TH
%. O

U723 T, RD (2) HB WX (3), (4) ZEMOREDOEHZ L LTH L. AETIHEIC Q) 2HNTW5S.

% 31.5.4. fIPZEM V OS2 W, - W, IZDWT, RIZFAMETH 5:

1) V= @W
i=1

(2) Hove Vﬁ)wl e W; D& L/’Ci%‘é?h, FEDE K] 1 <mi<mo<---<my<r EBJ:UHE%
DENYT FIVTIRN Uy, € Wi, IZDWVT, Uy, -0 Uy, [ SFRIEHNLTH 5.

(B) HveVrw eW, D& LTRIN, PDOZEDRLAFZ—ENTH .
FIZV RAERRTRSIE, TINS5 IEROEM L EFAETH 5:
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(4) Wi, Wio, Uiy, 2 W, DEERE TN, Zh6 22 THEDE
B={uj;|i=1---,r, k=1,---,n;}
XV OERKETHS.
# 31.5.5. U 2 G RRciPER & 5.
(1) #ELH g U — U OEFEERDZEME W, ZERDERZV LT, U=WaeW (EH 31.4.6).

(2) LA f U — U ORBUTFIDATEETH D & &, Ul f OFEAZEMICENHMI NS
(FEHE 28.3.1).
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32 —REBZEEDEEZDILA (REK)

FHATH & UTH AT 2NN BRI EBIZBEWTIE, &7 MUAEARZ MLOFEREEG TR X
NBEDTH o7, ZHUZH U T—RROBILZEHIZ OWTIE, FOEMLIEHRDARBMAT Z 3725 I1F&AN
I MV EAREE RS NVOMIEAEETEL IR ES. AHiTIEET, ZOHENSELN S TERIN
FIIZDOWTE ML, RBRIZFEHZ 5 A 5.

32.1 —KREAZEEDHE

ROEHOFEHIIATHOBYTEZ 22 LT, £TIEZOEHD SE PN L FAWNFEFIZ DO W THH
L&9.

EIE 32.1.1 (—MEAZEEDMHE). ARXTCKIPER LOMIPER f . U - U OMRL2EAEZ
AL, A & U, f ORFEZIEAAD

@f(t) = (t — /\l)nl (t _ )\Q)nz ... (t _ )\T)nr

PREAREINTVWE LTS, Z0LE dmW, f) = ng (k= 1,---,7) DK LD, £z, &
WA, f) DI uy, 1, s un,n, EENTH—HAST, TNSE2TRTEDZART MLO

B={ux,|lk=1,--,r j=1-- n;}
ZEAUK, BIX U OHEIZR S

WR. L, EHWRU = @W)\k, f)PBRALT B e B ERLTVS

k=1

HRELTC2ES5E133%285.6 12K 0 EH 32.1.1 OFHERB I/ I, ULz TRBEIND.

% 32.1.2. U 2K C LOBERITARLZERE T2, EEOEEM f: U - U IZD2WT, U ik f O—f%
EH X7 MVP SR B EE%EFFD.

REBUTHIDN AL HRETH D & &, —MEAZER & FEAZERIE—3T 5:
% 32.1.3. f: U — U ORBUTHIASTAARETH 2 & &, f ORBEAHENIZOWT W, f) = WA, f).
Proof. WHHETRY. BBEANN IZDWTW (N, f) # WA, f) THBLAET UL, dim W (), f) <
dmW(\,, f) TH5. ZOL X, FH 283155

dimU =Y dim WA, £) < Y dim W, f) = > nj, = dim U.
k=1 k=1 =

dimU < dimU »8Ehh, ZWEREHTH 5. O

BELZM g = (f =MDl WAk, f) = W, f) 2R LT dim W (A, f) = ng 3 & R

31.2.3(3) 2T 5 Z L TREHED.
% 32.1.4. EH32.1.1 OFHED S & T, WA, f) = Ker(f — A D)™

& 32.1.5. (1) EH321L1DBEDE LT, ROL 5% WA, f) DHEDEVHEEZ LS.

Up, 157 Uy, DIEOSTE LT, £ Ker(f—A\pI) DEIEEES, 23U Ker(f -\ 1) DIt AT
MAT Ker(f —\eI)2 DRE L U, FIZ Ker(f — A\ )3 DICETIMA T Ker(f — M\ I)2 DFJE L L--
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c‘_’_b‘?%ﬁﬁzﬁfﬁﬁb LT W()\k,f) DELE UN,, 15 s Udg ny 2155, 2 Z“C“u)\w' S Ker(f — )\kI)E
b N 114

(f = MD)(uy, ;) € Ker(f — M)
flun, ;) — Apuy, j € Ker(f — )\kl)z_l
f(’U,)\kJ‘) c Ker(f — )\kf)z_l + )\ku,\m.

E?ﬁ@ﬁ i, f(u,\k]) » uxk L U2, Uy ODﬁﬁﬁfft T Té z Z%LJ\"CV%. :0)2:
aﬁﬁ% 31 1.2 35 BN 31 1 3 %/\zottm;r‘, f @i‘%ﬁﬁﬁﬂ%i_ﬁaﬁﬂkWﬂé b 7’3%7»%.

(2) X & n RIESfTHE TS, R321212K0 CMIE Ty : C" —» C" O—fEHRT bV d 5755k
EEFD. ZorE (1) THALKECHET S Tx OXRBUTHIZ L=ATHE. 20, EEDIE
FTHNIEZBOHFIZ BT, 25 E=MITFEHEUC R 5. ol AEZEROHETTIZE W TIE,
WD SR & EAATH 2 AN =475 D E=fAA%m L s b,

(3) MELRFTHID b L — 2 L EASHRITE Ud 5 7= (M 26.3.5 3 L 0% 27.3.5). (2) L 0 EEOHE
RIEFITHNE E=ZMATH EHETH O, E=ATH O AL, T OEAHEPEE ZAD T
ATWD (B127.3.7). LD TITAID b L — A, EEEZAD-ERCTOEAMHEOANIZE L. §
bbb, BERE RS & T BIESTH ADEEZEHRD GA(t) = (t—M)™(E—A)"2 - (=)™
CIRBDREND & &,

trA = Z)\knk.
k=1

fEZ 32.1.6. FIE, I W\, f) DEIEEZBIZ LI2E 0, KBUTHIZR (31.2.1) DL S RIBIZTE
LZENHIOENTEY, ZThzaYaly UViBERe =SS,

ROEHITHHE 27.1.6 DNEZ I SIZHEBELZHEDTH 5.

EIE 32.1.7 (7TURZTVR), ML f: U — U ODEELEAD Op(t) = [, (t — ) & NEREX
NTWBLTE(DED vy, 7, FEEZADE fOBEEETH ). ZOL SEEDOLIER U(t) 122
W, MR AH U(f) OREZLIERIL

Py (t) = H(t = U(%))-

YUz, A eK & f OREAME THIE, dim W, f) < dim W(T(N), U(f)) TH 5.

Proof. fii% 32.1.5(1) 12k 0, U OEEE EFL LB LT f ORBTH A% E=ffrdliccE s, Z
DEE, ZOEEIZHIT S U(f) ORBITHIE U(A) THD (5226.2.5). £/ AW E=MAFFITHE L
NS, TOEAEZLIENIIH 27.3.7 DL SIZFHEI N, UL7zh > T A DX IIBEDLHNILNER %2 A
NEZ T, i THDBZELTEWN. 20k E AR E E=ZMTHY, TORMEDIEE, - 7.F &%
2% Lo TU(A) S E=ZATHY, TONMEDIE U(y), -, U(y,) THE. PRI Pyp)(t) =

Pya)(t) =TTz, (= Y (7). H
BRE. BEY: v, ) = {Un), -, Uly) } BB THZHAIF dm W (N, f) = dim W (T(N), U(f)) H
A ASN

89722 3.3.1 DEFIICH B EE R L.
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32.2 T—Y—-NIJKNVOER (BR)

— R E A AN DR ANz —) — - NIV NV OCHDOIFAZ BN T 5. SEHOE = D dE
2843 LHLLTWAZ L ZHERLTIFL L.

EIE 32.2.1. n RIEHITHI AITDOWT P4(A4) =O.

Proof. BEBOFEMIZBENT @a(t) = (8 — M) (t — A)™ - (t — A\)" ERBDMEL LS. 22T,
M, A IR ADBEEMHETHSD. Ty : C* — CT Iz U THR32.1.2 2HEHT N, C* DEILIE
—REA R PLOMIAEATERES. Lizhio T, & v e WA, A) 1I220WT &y(A)v = 0 ZRtiE T
HTHB (W 18.1.4). H£32.1.4 & D W (A, A) = Ker(Ty — A\ D)™, D% 0,

(A= MeE)™ v = (T — \p)™ (v) = 0
THD. Pyu(t)1F, n—ng REHEKXO() ZHNT OA(t) =O1)(t — A\p)™ &HFHITBI L5,
D 4(A)v = O(A)(A — \yE)™v = O(A)0 = 0.
BEED da(A) =O. 0

ANEBEED T HESTHTH Y, REOHMIZEWT A DRELIHADPKRBE IS N nWGE
P, R READERR 2 R -2 0WIEE (DR VEANZ MVPFELBRWGE) IZ8WTH LOGE
PHIIAERTH L. ZOFEFEF, EBITR-23EETH > THEBLRIHFZ AT TH L Z & THENES
2R R R L T\ 5.

32.3 MEEHMLX &P EMD AEX (BR)

KRG AL RO Iy HRRADREZHANEMZ R O5EIL, EEDORT MLVEEBAXRZ MLz
NIRRT B LIETERD 572, ZOHEIZEIT 5 —REDRRIL, —MREFEMEOREIZ X S
RIZE->TEONS.

WM A (30.3.1) B X ORI LN (29.3.1) OREZ AL &(t) = t" +an_1t" 1+ +art +ag
Th otz BBy PWEMD AR (30.3.1) 25729 2 21%, RO=ZDORMERRNZIS VA 55!

D¥(y) + ax—1D* 1 (y) + ax—2D*2(y) + - - + a1D(y) + aoI(y)
(Dk +ap 1 DM dap oDF? o pag + a01> (y)
®(D)(y)

FRRIZ U THS € KN 2 ER (29.3.1) 2723 2 L IR E- T L LFAETH 5:

0,
0,
0.

®(S)(x) = 0.
Wy SRR (30.3.1) Oz 2 W, #i{b=X (29.3.1) 2 7- $BBN2/%E F L3 5.

frE 32.3.1. HEMD SRR (30.3.1) DRMEZHERXD O(t) = (t — )™ (t — Xo)™2 -+ (t — \) LIRS
fRXNBLT5. ZDEE, Kk=1,--- ,riZ2VWT, #131.3.2 THEZ=—REAGXT bVIZ X B ng ffl
DIFEINL A2 Mo, wes® x2eM® o g™ 1M X Dy« W — W OEAE N\, (2B 2 — &A%
6 W (A, D) DRJETH 5.

Proof. ¥ 32.1.1 &V dimW()\k,S) = P X, M geMT o gl ¢ T X ZORBEIE W, D
E0, Hyi(r) =2 (i =0,--- 0 — 1) IZ2VT O(D)(y;) = 0 ZRBIEXWV. n— ny REHRX
Ot) ZHWVWT ®(t) = O@)(t — )™ EEFITIX, &(D) = O(D)(D — N\ )™ TH 5. #l31.3.2(1) &b
i € Ker(D — MI)™ B A, (D)(y:) = O(D)(D — MI)™ (3r) = O(D)(0) = 0. =

239



W PR TREZES.

R 32.3.2. MYEWILR (29.3.1) ORFEZIHRD (1) = (£ — M) (= A)™2 -+ - (= \)"™r EREMR X
nNdeds5. Z0LE, Kk=1,--- ,riZ20WTC, #3133 THAZ—MBEETZ FVIZ X B ny HOFR
ST ), -t X S| F — F OEAE N ST 2 —REEZER W\, S) DRETH 3.

» P —1

T 32.1.1 DEFE I DRIBRES:

EIHE 32.3.3. HHOHER (30.3.1) OREZIHRXR O(t) = (¢ — M) (t—X)"2---(t— \)"m THD L
5. ZEDE, ROES BIFHEMT RN (30.3.1) O ERORKE 72 5:

B= {6)\1@1’ xe)"“m, x2€)\km’ - 2~ LAk | k=1, ,1"}.
SE D, WEA AR (30.3.1) ORI B IZHN S B OBIVE S L LTRATE 5.

EIE 32.3.4. FHLN (29.3.1) OFFEZIHAD O(t) = (t — \)" 1 (t—A)"2 - (t = \)"" THB LT
5. 20t E, 2O ETHZTHEINIRDOREKIZ X 5MEAATRINS:

B:{mg"“,w-, z,r g k=1, T}

ZIT, &y 13131.3.3 THEAEGIERET. £ <IT, ZOWLR % i 80— RIEIE, BICEH
LHHNDO—IHDKIEAEE L UTRRTE S,

32.4 Ei¥ 32.1.1 DA

RZICEEHOMHEZBRR LS. RETIXEH 32.1.1 1IZHZIREN I NTVWEZ L, TROEXR
RHiRE T 5!

o MUPAHL f U — U OMBERBEAE Ay, A & U, f OREZERD 4(t) = (t— )™ (t—
A2)"2 - (= A LRI NT VR LT 5,

ROFEZBNT, W, f) 2 (f —y[)-AEHAEHETH S Z LITiHELTH L (R 31.2.5).
8 32.4.1. f OEHME NI DWTRAED L.

(1) v # A ETHUE, W, f) ZEEME y BT 3EARY MV EEE R
(%7#Ak?h&(ﬂwﬂwﬁfﬁﬂxﬂ—ﬁﬂxﬂﬁﬁ%ﬁﬂﬁ%a

(3) ZHR () = (t—01) - (t—6p) Bt — N ERTFIZEEARVETNIE, NCBT 2 —BEAR2 b
Vv #01ZDWT U(f)(v) 0.

Proof. (1): W(A, f) = Ker(f —ADN DO SO L5+ HRERARBN 25200, v e W, f) 12
DWT (F=AD)N(v) = 0B LD, 2 Z Do diy IS 2EERY MV TH B LT, (f—A)(v) =
YW—A=(y=ANvTHO, IO (f-A)ZRIFEITIET, (f-M)VWw)=(y-N)Nv 285 ¥
ZIZ(y=ADNo=024D, vy A£0DZ2v=0 ZNEFvDEERT MLV (DFEDv#£0)THEIL
T 5.

(2): HHHERZ RHE LV, v e W, )IZOWT, (f—7D)(v) =0 L TN v IFERY ML TH B
EGTEy 1B BEAENZ MV TH S, (1) KW BEFBESN, PXIZv=0. T48bb, (f—~I)
OIFHEBATH D, ZHNITHFTH 5.

(3): FIBIEH (f — 5Dl o p) ZIEXRIFEZ T TEREZES. O

|W(A,f>

EH32.1.1 DETEZRT S.

R 32.4.2. dimW (N, f) =np, (k=1,---,7).
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Proof. W = WA, f) £BL. WG (f — M) : U —» U OREERHZEMTHS. W OHIEKE
wy, o wg EFTB. W FARETHY, COREICHETS flyw W > W OXFGFHE AT 5. R
W,V B (f— M) ODZEEFEFE L, TORIEE v, 0, £T5. VE FAETHD, ZOREIZ
B35 fly: Vo VORETHZBELES. EH3146 LD URW &V ICENAHINS. $74b
How, -, wg BEF v, v, EEDEZAdFmBEORI NV SRLBMIIU ORELRS. Z
HIKIZET2 f:U - U OXRBUTHZ X 230, @@ 31.1.2 k0,

A O
O B

X =

&%, AR ZHAZRD LS oI s:

Dp(t) = Px(t) = Pa(t)Pp(t) = Py, (1) Py, ().
WEDS Op (1) = (E— )™ BRZD. ZTOHICIEHE 28.5.9 £ XD RERHRT T L
o N\ ZFR< fOEBEM A IZDWT, Bpp,, (8) 1 (E—v) ZRFITR2R0.

Proof. @y, (t) 2 (t —~) ZRFIZFDETNE 5 I flw DEFBETH Y, DXITyIZBT 5 flw
DEFRZ Mo e W BFET S, UL ZHIEHIE32.41(1) ICFFELTLUES. O

o Oy (1)1 (t— M) ZEFITRZ720,

Proof. {RIZ @y, (t) B3 (t— ) ZH T2 %‘Ot*fhi VI A\ (ZBT 5 fly DEAERZ Mbo £0

EED. ZOLE(f-MDw)=0THY, THIE(f —M\) : V = V OHEGME (7 31.4.3(2))
2T %. O
BAEIZ& D, @pp (8) = (= X\)™ THY, LEzd>TdimW =n, THS (5 27.3.9). O

RKDOEEREIFZT—V— - NIV N OEBEOEHTEN UZAE28.1.4 D—LIZIEF e 57\, ZFH
FHiESH KLU TEWIZR .

ffRE 32.4.3. ukEW()\k,f) (k=1,---,r)DDu+-+u, =045 uy=---=wu, =0.

Proof. 5 32.1.4 X0 W (A, f) = Ker(f — M), DF 0 (f — MI)™(ug) = 0 THB. VWENDS
uy+ o+ uy =0 DM (f — NeD)™ (k=2,---,7) ZIRIZEZT I ETuy, - ,u, DEHBHEZT
uy (T 2HDOANEL Z L2 H &S,

ZHA U1(t) = (t— X)"2-+-(t — N\)"™ &, BIDOZIHK O4(t) ZHWT Uy(t) = Op(t)(t — M)
(k=2 1) EEBFB. 2F0 U () = O(f)(f = N])™ TH 5. uy + - + u, = 0 DFHLIZHILE
WU (f)RIFEITL

Ui(f)ur+---+u,) =0

Ui(f)(u)=0. (22T (f = )™ (up) =0 ZFAVFE)

PR ﬁ%w4m)ibm:0T@im£&6ﬁw

Rz ot u, = 0 DT (f — N D)™ (k=1,3,4,---,7) ZIHRIFEI T I L Tuy =0 %247
5. Ih bt*ﬁwmsalfﬁ%mﬁmsﬁb BU, uy = - _ur_o%??é. O
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EH 32.1.1 DEFEIIROED TH 5.

B 32.4.4. KW, f) DFEE g1, upp, 2TNEN—MX ST, TS ETRTHEDEAY b
VD

B:{uk,j|k:1? T ]:17 ank}
IS, BIXU ORIEIZ/AR S,

Proof. i 32.4.2 £V

S dim W, f) =Y g =dimU

k=1 k=1
THDDPS, dimU HDORT MVip 672 558G B OIS 2RI, @i 22.3.3(2) &0 BIZU D
RIK L 725, MMM, BOMES K@@ 315312815 (1) & (4) oFREE»E» NS, O
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